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APVJBKTISBMENT. 



The design of the writer of the following treatise, as 
stated in the notice to the first edition, was to provide a 
convenient text book for the Students, in whose instruc- 
tion he is immediately concerned. In the selection of ma- 
terials for the work, free use was made of the best elemen- 
tary treatises on the subject, particularly those of Lacroix 
and Bourdon. The whole was, however, written anew, and 
the subjects were presented in such a manner, as appeared 
from reflection or actual experiment best adapted to the 
business of eleipentary instruction. 

In the present edition various alterations have been made. 
SimpUfications have been introduced wherever they were 
thought to be necessary. Modifications have been made 
in the arrangement and mode of presenting several of the 
topics discussed, in order to exhibit them in a more perspicu- 
ous and natural order. Considerable attention has been 
paid to the selection of examples for illustrating and apply- 
ing principles. The number of examples has been mate- 
rially increased ; a more copious praxis has also been added, 
designed particularly to bring to view some of the artifices 
employed in the reduction of the more complicated equa- 
tions. And in general such changes have been made, as 
in the use of the work seemed best fitted to adapt it to the 
wants of the student. The work, though designed prima- 
rily for the class of Students usually to be found in our Col- 
leges, will, it is believed, with such omissions on a first 
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reading as will naturally occur to the judicious teacher, be 
found sufficiently simple for any, who may wish to become 
acquainted with the first principles of Algebra. Students, 
desirous of obtaining a more extended knowledge of the 
subject, are referred to the excellent treatise of Bour- 
don, two translations of which have recently been made in 
this country. The collection of Problems and Formulas by 
Meier Hirsch, which has also been recently translated, fur- 
nishes a valuable exercise for the learner, and should be in 
the hands of every one who would make himself famifiar 
with the elements of Algebra. 

Bowdoin College, August, 1833. 
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Section I. — explanation of algebraic signs. 

1. Let it be proposed to divide the number 56 into two such 
parts, that the greater may exceed the less by 12. 

To resolve this question, we remark that, 

10. The greater part is equal to the less aMed to 12. 

2^. The greater part^ added to the less part, is eqwd to 56. 

It follows therefore that, 

3<>. The less part, added to 12, added also to the less party is 
equal to 66* 

But this language may be abridged, thus, 

4^. Ttoice the less part, added to 12 j is eqUal to 56, whence 

5<>. Twice the less part is equal to 56 dimmished by 12* 

Subtracting therefore 12 from 56, we have 

6®. Ttffice the less part equal to 44 ; wherefore 

7°. Once the less part is equal to 44 divided by 2, or perform- 
ing the division, we have 

8^. Once the less part eqttal to 22, 

Adding 12 to 22 we have 34 for the greater pmrt. The parts 
required therefore are 22 and 34. 

? 2. In the process of reasoning required in the solution of 
the proposed question expressions, stich as " added tOy^^ '< dt- 
minished by,^^ " equal tOy^^ &c. are often repeated. These ex- 
pressions refer to the operations, by which the numbers given 
in the question are connected among themselves, or to the re- 
lations, which they bear to each other. The reasoning there- 
fore, which pertains to the solution of a question, it is evident, 
may be rendered much more concise, by representing each of 
these expressions by a cpnvenient sign. 

2 
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It is agreed among mathematicians to ];epresent the expres*^ 
sion " added /o" by the sign -}- read plus^ the expression " di^ 
minished 6y" by the sign -^ read mirms, the expression " muliir 
plied by^^ by the sign Xj that of " divided by^^ by the sign -r-* 
Lastly tie expression " eqtuil /o" is represented by the sign =- 

3. By means of the above signs the reasoning in the ques« 
tion proposed may be much abridged ; still however we have 
frequent occasion to repeat the expression " the less parU^ 
The reasoning therefore may be still more abridged by repre- 
senting this also by a sign. 

The less part is the unknown quantity sought directly by 
the reasoning pursued. It is agreed in general to represent 
the unknown quantity or quantities sought in a question by 
some one of the last letters of the alphabet, as, x, ^, z. 

4. Let us now resume the question proposed and employ in 
its solution the signs, which have been explained. 

Let us represent by x the less of the two parts required, we 
have then 

X + 12 = the greater part, 
X + 12 + X = 56 
2 X X + 12 = 56 

2 X X =56 — 12 
2 X X =44 

X =44-1-2 
X ==22 
The multiplication of x by 2 may be expressed more con- 
cisely thus, 2. X, or still more concisely thus, 2 x. Division 
also is more commonly indicated by writing the number to be di- 
vided above a horizontal line, and the divisor beneath it in the 
form of a fraction ; 14 divided by 2, for example^ is indicated 
thus, 14 

5. The question, wjiich we have solved, is simple ; it is 
sufficient, however, to show the aid, which may be derived 
from convenient signs in facilitating the reasonings, which 
pertain to the solution of a question. Indeed in abstruse uid 
complicated questions, it would ofteu be difficult, and dome- 
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times absolutely impossible to conduct, without such aid, the 
reasonings required. 

6, The signs which have been explained, together with 
those which will hereafter be introduced, are called Algebraic 
signs. It is from the use of these that the science of Algebra 
is derived. 

Let us now employ the signs already explained in the solu- 
tion of some questions, i 

1. Three men, A, Band C trade in company and gain $405, 
of which B has twice as much as A, and C three times as 
much as B. Required the share of each. 

Let X represent the share of A, then 2 x will represent the 
share of B and 6 x the share of C. Then since the shares 
jadded together should be equal to the sum gained, we have 

X 4- 2 a: -|- 6 X = 405 
9x = 405 

x = -^ = 45 

Thus vud have A's share = $45 ; whence B's share is $90 
and C's $270. 

2. A fortress is garrisoned by 2600 men; and there are nine 
times as many infantry, and three times as many artillery as 
cavalry. How many are there of each ? . 

^ From two towns, which are 187 miles distant, two trav- 
ellers set out at the same time, with an intention of meeting. 
One of them goes 8 miles, and the other 9 miles a day. In 
how many days will they meet ? 

4. In fencing the side of a field, whose length was 450 
yards, two workmen were employed, one of whom fenced 9 
yards and the other 6 yards per day. • How many days did 
,they work ? 

6. A gentleman meeting four poor persons distributed 5 shil- 
lings among them ; to the second he gave twice, to the third 
thrice, and to the fourth four times as much as to the first. 
What did he give to each ? 

^. To divide the number 230 into three such parts, that tb^ 
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excess of the mean above the least may be 40, and the excess 
of the greatest above the mean may be 60. 

Let X represent the least part, then a? -(- 40 will be the mean, 
and ar -|~ 4^ + ^^ will be the greatest part ; we have therefore 

a: + a? + 40 + a?.+ 40 + 60 = 230 

3 a? + 140 = 230 
3x = 90 
a? = 30 
The parts will then be 30, 70 and 130 respectively- 

7. A draper bought three pieces of cloth, which together 
measured 159 yards. The second piece was 15 yds. longer 
than the first, and the third 24 yds. longer than the second. 
What was the length of each ? 

8. Three men. A, B and C made a joint stock ; A puts in a 
certain sum, B puts in $115 more than A, and C puts in $235 
more than B ; the whole stock was $1753. What did each 
man put in ? 

9. A cask which held 146 gallons was filled with a mixture 
of brandy, wine and water. In it there were 15 gallons of 
wine more than there were of brandy, and 25 gallons of water 
more than there were of wine. What quantity was there of 
each ? 

10. A gentleman buys 4 horses, for the second of which he 
gives £12 more than for the first, for the third £6 more than 
for the second, and for the fourth £2 more than for the third. 
The sum paid for all was i&230. How much did each cost ? 

11. A man leaves by will his property, amounting to $ 14000, 
to his wife, two sons and three daughters ; each son is to re- 
ceive twice as much as a daughter, and the wife as much as 
all the children together. What will each receive ? 

12. An express sets out to travel 240 miles in 4 days, biit in 
consequence of the badness of the roads, he found he must 
go 5 miles the second day, 9 the third and 14 the fourth day 
less than the first. How many miles must he travel each day ? 

13. The sum of $300 was divided among 4 persons ; the 
second received three times as much as the first, the third 9.$ 
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much as the first and second, and the fourth as much as the 
second and third. What did each receive ? 

14. A sum of $1245 is to be divided among three persons, 
A, B and C. A is to receive $175 less than B, but C $320 
more than B. What will each receive ? 

15. A silversmith has 3 pieces of metal. The second weighs 
6 oz. more than twice the first, and the third 9 oz. less than 
three times the first. What is the weight of each ? 

i6. A poor man had 4 children, the eldest of which could 
earn 7d. a week more than the second, the second 9d. more 
than the third, and the third 5d. less than the first. They 
together earned £2. 3s. IJow much cbuld each earn a week ? 

17. To find a number such, that one half and one third of 
this number will be equal to 30. 

Let X represent the number sought, then one half of the 

plumber will be represented by i a: or | and one third by - a? or -^ 

we have then 

^ + ^ = 30 
2^ 3 

Reducing the fractions -, - to a common denominator, we 



have If 4.ji^=30 



3z . 2x 
6 



whence --f = 30 

6 

and ar ==36 

18. A farmer sold 96 loads of hay to two persons. To- the 
first one half, and to the second one fourth of what his stack 
contained. How many loads were there in the stack ? 

19. A gentleman gave to three persons 98 pounds, the sec- 
ond received five-eighths of the sum given to the first, and 
the third one-dfth of what the second had. What did each 
receive ? 

20. All the joumeyings of a traveller taken together amount 
to 3040 miles ; of which he travelled 3^ times as much by 
water as on horseback, and 2^ times as much on foot as by water. 
Bow many miles did he travel in each of these throe ways t^ 

2* 



18 EtEMENTS OF ALGEBRA. 

21. A person bought 612 gallons of beer, which exactly 
filled three casks, the second held 1^ times as much as the 
first} anfHhe third 2^ times as much as the second. What 
did each bold ? 



Section II. — Equations. 

7. The diflference between two numbers is 25 and the 
greater is 4 times the less ; required the numbers. 

Let X represent the less, then a: + 25 will represent the 
greater, but since by the question the greater is 4 times the 
less, 4 X will also represent the greater, these two expressions 
for the same thing will therefore be equal to each other, and 
we have 

a; 4- 25 =^ ^ ^ 

An expression for the equality of two things is called a^ 
equation. The two equal quantities, of which an equation is 
composed, are called members of the equation ; the one on the 
left of the sign of equality is called the first member,, and the 
other the second. 

If a member consist of parts separated by the signs + and 
— , these parts are called terms. 

Thus in the equation x -f 25 := 4 x the expression x + 25 
is the first member, and 4 x the second. 

The quantities x and 25 are the terms of the first member. 

A figure written before a letter, showing how many times 
the letter is to be taken, is called the coefficient of that let- 
ter. In the quantities 4 or, 7 x, 4 and 7 are the coelSicients 
of X. 

Equations are distinguished into different degrees. An 
equation, in which the unknown quantity is neither multiplied 
by itself, nor by any other unknown quantity, is called an 
equation of the first decree, 

8. In the solution of a question by the aid of algebraic signs 
there are, it is evident from what has been done, two distinct 
parts. In the first; we form an equation by means of the re- 
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latlons established by the nature of the question between the 
known and unknown quantities* This is called putting the 
question into an equation. 

In the second part, from the equation, thus formed, we deduce 
a series of other equations, the last of which gives the value 
of the unknown quantity. This is called resolving or reducing 
the equation. 

9. No general and exact rule can be given for putting a 
question into an equation. When however the equation of a 
question is formed, there are regular steps for its reduction, 
which we shall now explain. 

In order to this we remark, that when equal operations are 
performed upon equal quantities the results toUl be equal. This 
is self evident. It follows, therefore, since the two members 
of an equation are equal quantities that, 1 ^. the same quantity 
may he added to both sides of an equation without destroying the 
equality ; 2^. the same quantity may he subtracted from both sides 
of an equation vnthout destroying the equality ; 3^, both sides of 
an equation ntay be multiplied^ or 4^. both sides may be divided by 
the same quantity vnthout destroying the equality. 

10. Let it be proposed to resolve the equation 

3 a? 4- 25 =60 — 4 a: 
To resolve this equation, it will be necessary to transfer the 
terms 26 and 4 x from the members,- in which they now stand 
to the opposite. In order to this, let us first subtract 25 from 
both members, we then have 

3a?+ 26 — 25=60 — 4 a: — 25 
or 3a:=:60 — 4 a: — 26 

Adding next 4 a: to both sides of this last, we have 
3a:4-4a:=60 + 4a: — 4 a:— .25 
or 3a:+4a:=60 — 25 

Comparing the last equation with the proposed, the follow- 
ing rule, for transposing a term from one member of an equa- 
tion to the other, will be readily inferred, viz. Efface the term 
in the member in which it staruky and vmte it in the other with 
the contrary sign. 

11. Let us take next the equation ^ -}- t s= 20 
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To resolve this equation, we must first free it from denom- 
inators ; in order to this multiplying*;first by 3, we hare 

a; + "7 = 60 

multiplying next by 4, we have 

4ar + 3a? = 240 

To free an equation therefore from denominators, we muUi" 
ply the eqaation by the denominators mccesdvely. 

Ex. 1. To free from denominators the equation 

X . X X 

Ex. 2. To free from denominators the equation 

f X X X X 

3 + 7—12=^^+11 

Since in this equation tne denominator 12 is a multiple of 

3, multiplying by 12, we have 

. 12z , 12x 

4 a: + --Z- — X = 156 + zrr 

Thus by multiplying first by 12 the' numi3er of multiplica- 
tions necessary to fjree the equation from denominators is di- 
minished, and the equation itself, when freed from denomina- 
tors, will be left in a more simple state. 

Ex. 3u To free from denominators the equation 

7+9~2i = ^^^~ 18 
Ex. 4. To free from djsnominators the equation 

6""4+ 12""3 + 2 

Ex. 6. To free from denominators the equation 

2 + iO + T-5+« = ^ 
The least number divisiBle by each one of the denominators 
of the proposed, it is easy to see, is 20- Multiplying by 20, 

we have 

lO^-f 2x-f 15 a? — 4a: + 120 = 180 

thus the proposed is freed at once from denominators, and the 

equation which results, it is evident, is the most simple to 

which it can be reduced free from denominators. 
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From what has been done we have the following rale, to 
free an equation from its denominators, viz. find the least 
common multiple of the denominators, multiply each term by this 
common muUiphj observing to divide, as we proceed, the numera^ 
tor of each fractional term by its denominator. 

12. Let it be proposed next to resolve the equation 

5x 4x 7 13^ 

T2~"3 ~ 8~ 6 

Freeing from denominators, we have 

10 a? — 32 X— 312 = 21 — 52 a? 
transposing and reducing, we have 

30 ar := 333 
whence dividing both sides by 30 we obtain 

The unknown quantity in equations of the first degree can 
be combined with those which are known in four different 
ways only, viz. by addition, subtraction, multiplication and di- 
vision. From what has been done, we have therefore the 
following rule for the resolution of equations of the first de- 
gree with one unknown quantity, viz. 1®. Free the proposed 
equation from its denominators ; 2^, bring aU the terms, which cor^ 
tain the unknown quantity into the first member and aU the known 
quantities into the other ; 3^. unite in one term the terms which 
contain the unknown quantity, and the known quantities in another ; 
4^. divide both sides by the coefficient of the unknown quantity. 

13. Applying the above rule to the equation 

6 — 4"'' ^^^^3*^2 + llj we obtain a? =12. 

In order to verify this result we substitute 12 for a: in the 
proposed, it then becomes 

12 12 , ,^ 12 12 . ,, 
■g--+10 = ^-- + ll 

whence performing the operations indicated we obtain 

9 = 9 
The value a? ;= 12 satisfies therefore the proposed equation- 
In general, to verify the value of the unknown quantity de- 
duced from an equation, we substitute this value for the un-» 
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known quantity in the equation. If this renders the two 
members identically the same, the answer i6 correct. 

14. The following examples will, serve as an exercise for the 
learner in the reduction of equations. 

5T^3 
3 J , 3c x^ 57 

* 4" "T- 6 10 4 
4. 32 + 4 — 1 = 46 — 2a? 

6. J + 5x + | = 28 + ^^_^ 



3 • "-'^3~''"~7 2 
6. ~ — ?1 = 39 — 5a?4--_i 



3x 
5 


7a; , 
10 ' 


3i 

4 ' 


7x 

8 


15 




5a; 
3 


2._ 
•^ 7 


4z 
9 • 


15^ 


20 




4x 
5 


^ 4 


7x 
'3 


13 X 
10 


5x 
2 


+1 



8. 
9. 

10. 

The equations above have been taken at random. It should 
be observed, however, that an equation may always be con- 
•sidered as derived from the enunciation of some question. 
Thus the first equation in the preceding article may be con- 
sidered as derived from the following enunciation, viz. to find 
a number such thai one half^ one third and one fifth of this number 
may together be equal to 31, 

15. Tiough no general and exact rule can be given for put- 
ting a problem into an equation, yet the following precept will 
be found very useful for this purpose, viz. Indicate by the aid 
of algebraic signs upon the unknown and known quantities the 
same reasonings and the same o^erationsy that it would be neces- 
sary to perform J in order to verify the answer ^ if it were known. 

Let us illustrate this precept by some examples. 

1. A gentleman distributing money wanted 10 shillings to 
be able to give 5 shillings to each person ; he therefore gave 
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esu^h 4 shillings only and found that he had 5 shillings lefid* 
Required the numher of persons. 

In order to verify the answer if it were known, we should 
multiply it first by 6 and from the product subtract 10 ; we 
should next multiply it by 4 and add 6 to the product. The 
results thus obtained would be equal to each other, if the 
answer were correct. 

Let us indicate the same operations by the aid of algebraic 
signs. Putting x for the number of persons sought and multi- 
plying a; by 6 we have 6 x, subtracting 10 from this we have 
5 X — 10 ; again x multiplied by 4 gives 4 x, adding 5 to this 
we have 4 x -|- 6. Then as these two results should be equal, 
we have for the equation of the problem 

5x — 10 = 4x + 5 
which being resolved gives x=: 15. 

2. A person expends the third part of his income in board 
and lodging, the eighth part in clothes and washing, the tenth 
part in incidental expenses and yet saves $318 yearly. What 
is his yearly income ? 

3. A and B began to play ; A with exactly four-ninths the 
sum B had. After A had won $ 10, he found that they had 
each the same sum. What had each at first ? 

4. A General having lost a battle found that he had only 
3600 men more than half his army left, fit for action ; 600 
more than one-eighth of his men being wounded, and the rest, 
which were one-fifth of the whole army, either slain, taken 
prisoners or missing. Of how many men did his army consist ? 

5. A sum of money was to be divided among 6 poor per- 
sons, the second received lOd. the third 14d. the fourth 25d. 
the fifth 28d. and the sixth 33d. less than the first. Now the 
sum distributed was lOd. more than the treble of what the first 
received. What money did the first receive ? 

6. A father intends by his will that his three sons should 
share his property in the following manner. The eldest is to 
receive 100 pounds less than half the whole property, the 
second is to receive 80 pounds less than a third of the whole 
property, and the third is to have 60 pounds less than a fourth 
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of the property. Required the amount of the whole property, 
and the share of each son. 

7. A cistern is supplied by two pipes, the first will fill it 
alone in 3 hours, the second in 4 hours. In what time will 
the cistern be filled if both run together ? 

If the time were known, we should verify it by calculating 
what part of the cistern would be filled by each pipe separate- 
ly, these parts added together would be equal to the whole 
cistern. To indicate the same operations by the aid of alge- 
braic signs, let x = the time, and let the capacity of the cis- 
tern be represented by 1. It is evident, that if one of the 
pipes will fill the cistern in three hours, in one hour it will 
fill J of it, in X hours it will fill x times as much, that is, a 

part denoted by -. In like manner in the time or, the second 

pipe will fill a part denoted by j ; since then these two 

parts should be equal to the whole cistern, we have for the 
equation of the problem 

X , X 

-4--= 1 
3~4 

from which we obtain a? = If hours. 

8. A cistern is furnished with three cocks, the first will fill 
it in 5 hours, the second in 13 hours and by the third it would 
foe emptied in 9 hours. In what time will the cistern be filled 
if all three run together ? 

9. A gentleman having a piece of work to do hired three 
men to do it ; the first could do it alone in 7 days, the second 
in 9, the third in 15 days. How long would it take the three 
together to do it ? 

10. To divide the number 247 into three parts, which may 
be to each other as the numbers 3, 5 and 11. 

If one of the parts, the first for example, were known, we 
should verify it thus. We should find a number, which would 
be to this part in the ratio of 5 to 3, this would be the second 
part; we should find also a number which would be to the 
same part in the ratio of 1 1 to 3, this would be the third part ; 
the sum of these parts would then be equal to 247. 
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To imitate this process let x = the first part, the second 
will then he -o, and the third -o-. We have then for the 
equation of the question 

, 5a; , 111 ^^^ 

whence a; = 39 

11. A sum of money is to he shared between two persons 
A and B, so that as often as A receives 9 pounds, B receives 
4. Now it happens that A receives 15 pounds more than B« 
What are their respective shares ? 

12. A merchant bought a piece of cloth at the rate of 7 
crowns for 5 yards, which he sold again at the rate of 11 
crowns for 7 yards, and gained 100 crowns by the traffic. How 
many yards were there in the piece ? 

13. On an approaching war 594 men are to be raised from 
three towns A, B, C, in proportion to their population. Now 
the population of A is to that of B as 3 to 5 ; whilst the pop- 
ulation of B is to that of C as 8 to 7. How many men must 
each town furnish ? 

14. A gentleman employed two workmen at different times, 
one for 3 shillings, and the other for 5 shillings a day. Now 
the number of days added together was 40 ; and tl^ey each 
received the same sum. How many days was each employed ? 

If the number of days one of the workmen was employed, 
the second for example, were known, we should verify it thus 
we should subtract this number from 40,^this would give the 
number of days the first workman was employed ; multiplying 
next the number of days the first workman was employed by 
3, and that of the second by 5, the two products would be 
equal. 

To indicate the same operations let x = the number of 
days the second workman was employed, then 40 — x will be 
the number of days the first was employed, and the product 
of 40 — X multiplied by 3 should be equal to or X 5. 

The multiplication of 40 — x by 3 is indicated by inclosing 
this quantity in a parenthesis and writing the 3 outside, thus^ 

3 
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3 (40 — x) ; we have therefore for the equation of the ques- 
tion 

3 (40 — x) =5 X 

With respect to the multiplication required in this equation, 
it is evident, since 40 should be diminished by the number of 
units in x, that 40 multiplied by 3 will be too great for the 
product required by. the number of units in x multiplied by 3 ; 
to obtain the true product therefore from 40 X 3, we must sub*^ 
tract X X 3j we have then 

120 — 3 a? == 5 a? 
from which we obtain ar=15 

16. Two workmen received the same sum for their labor ; 
but if one had received 15s. more, and the other 9s. less, then 
one would have had just three times as much as the other. 
What did they receive ? 

16. A has three times as much money as B ; but if A gains 
$60 and B loses $93, then A will have five times as much 
money as B. How much had each ? 

17. A and B engaged in trade, A with iS240, and B with 
£96. A lost twice as much as B, and upon settling their ac-* 
counts it appeared that A had three times as much remaining 
as B. How much did each lose ?. 

18. Two merchants engage in trade, each with the' same 
sum ; A gains $150, B loses $63, when it appears that three 
times A's money is equal to five times B's. What had each 
at first ? 

19. A man, when he was married, was three times as old as 
his wife ; after they had been married 15 years, five times the 
man^s age was equal to nine times that of his wife. Required 
the agft of each when they were married. 

20. A laborer was hired for 48 days, for each day that he 
wrought he was to receive 24 shillings, but for each day that 
he was idle he was to forfeit 12 shillings. At the end of the 
time he received 604 shillings. How many days did he work 
and how many wa& he idle ? 

To verify the numbers Required in this problem we should 
multiply them if knows by 24 and 12 respectively; subtract- 
ing the last product: firom tiie first, the remainder would be 604. 
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To indicate these operations by the aid of algebraic signs let 
:r=the number of days in which the laborer wrought, then 
48 — - a? will be the number of days, in which he was idle ; 24 
X will be the sum due for the nuitnber of days in which he 
wrought, and 576 — 12 a: will be the sum which he forfeited. 

The subtraction of 576 — 12 a: from 24 x is indicated by in- 
closing this quantity in a parenthesis and writing the sign — 
before it, thus, 24 a? — (676 — 12 a;); we have then for the 
equation of the question 

24x— (576 — 12 a:) at= 504 

To perform the subtraction required in this equation, it is 
evident, since 576 should be diminished by 12 a; before sub- 
traction, if we take 576 from 24 x we subtract too much by 
12 2, 12 a; must therefore be added to this result in order to 
have the true remainder, we have then 

2^4 z — (576 — 12 a; ) =r 24 a? — 576 + 12 z 
the equation of the problem therefore becomes 

24 z — 576 + 12 a; = 504 
from which we deduce x = 30 

21. A father being questioned as to the age of his son re- 
plied, that if from double his present age, the triple of what 
it was six years ago were subtracted, the remainder would be 
exactly his present age. Required his age. 

22. A person has two boxes. Now when he puts Sa, into 
the first it is then half the value of the second ; but when he 
takes the 8^. out of the first and puts it into the second, then 
the second is worth three times as much as the first What 
is the value of each ? : 

23. Divide the number 68 into two such parts, that the 
difference between the greater and 84 may equal three times 
the difference oetween the less and 40. 

24. Two men commenced trade ; A had twice as much 
money as B ; A gained $50 and B lost $90, then the differ^ 
ence between A's and B's money was *equal to three times 
what B then had. How much did each commence with ? 

25. A person at play won as much as he began with and 
then lost 18 shillings ; after this he lost five-ninths of what 
remained, and then counting his money found he had 14 shill-^ 
ings less than at first* What had he at first ? 
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Let X = the number of shillingsi he began with, then 2 x 
will be the sum he had after winning a:, and 2 x — 18 tlje sum 
remaining after the first loss, four-ninths of which will be 
the sum remaining after the second loss. One-ninth of 2 x — 
18 is expressed thus, 2g--18 

9 ' 

g jg w 

four-ninths therefore will be jr— , 

and we have for the equation of the question 

8z — 72 

X = 14 

9 — 

from which we obtain 9 x — 8a;-j-72 = 126 

whence x =3r 54 

26. Divide the number 96 into two such parts, that four- 
fifths of the greater diminished by three-^fourths of the less 
will be equal to 15. 

27. A merchant purchases two pieces of the same cloth of 
unequal length for $151 ; if three-fifths of the price of the 
less piece be subtracted from the price of the greater, the re- 
mainder will be equal to five-ninths the price of the greater 
subtracted from twice the price of the less. What is the 
price of each ? 

28. It is required to divide the number 91 into two such 
parts that the greater being divided by their difference and 
the quotient diminished by 5, the remainder may be 2. 

29. A and B began to trade with equal sums of money. In 
the first year A gained 40 pounds and B lost 40 ; but in the 
second A lost one-third of what he then had, and B gained a 
sum less by 40 pounds than twice the sum A had lost ; when 
it appeared that B had twice as much money as A. What 
money did each begin with ? 

30. What two numbers are as 3 to 5 to each of which if 4 

"be added the sums will be as 5 to 7« 

5x 
Let X c= the less number, then -^ 3=t the greater ; adding 

4 to each the first will he a: -{- 4 and the second 

5 X I , 5 1 4-12 
-r--r4 or — 5 — : 
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but by the question seven-fifths of the first should now be 
equal to the second, we have therefore 

7 {x + 4) _ 5 g + 12 
5 ~ 3 

31. Divide the number 49 into two such paits, that the 
greater increased by 6 may be to the less diminished by 11 as 
9 to 2. 

32. A and B begin trade, A with triple the stock of B. 
They gain each iS50, which makes their stocks in the propor- 
tion of Y to 3. Required their original stocks. 

33. A man bought a horse and chaise for $273. Now if 
three-tourths the price of the horse be subtracted from the price 
of the chaise, the remainder will be equal to five-elevenths 
the price of the chaise subtracted from four times the price of 
the horse. Required the price of each. 

34. A, B and C make a joint stock. A puts in £G0 less 
than B, and JS68 more than C, and the sum of the shares of 
A and B is to the sum of the shares of B and C as 5 to 4.. 
What did each put in ? 

35. A man being at play lost one fourth of his money and 
then won 3 shillings ; after which he lost one third of what 
he then had and won 2 shillings ; lastly he lost one seventh of 
what he then had ; thjis being done he had but 12 shillings 
left. What had he at first ? 

36. There are three pieces of cloth, whose lengths are ia 
the proportion of 3, 5 and 7 ; and 6 yards being cut off from 
each, the whole quantity is diminished in the proportion of 
20 to 17. Required the length of each piece at first. 

37. Two persons, A and B have both the same annual in- 
come. A lays by one-fifth of his ; but B by spending $80 
per annum more than A, at the end of 4 years finds himself 
$220 in debt. What did each receive and expend annually ? 

38. Three men. A, B' and C entered into partnership* A 
paid in as much as B and one third of C ; B paid in as much 
as C and one third of A, and C paid in iSlO and one third of 
A. What did each man contribute to the stock ? 

39. A footman, who contracted for JS8 a year and a livery 

3* 
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suit, was turned away at the end of 7 months and received 
only £2. 3s. 4d and his liveiy. What was its value ? 

40. Two men find a purse with shillings in it, A takes out 
two shillings and one^sixth of what remains ; then B takes out 
three shillings and one-sixth of what remains ; and then they 
find that they have taken equal shares. How many shillings 
were in the purse, and how many did each take ? 

41. A person had a certain sum of money before him. From 
this he first took away the third part and put in its stead $ 50 ; 
a short time after, from the sum thus increased he took away 
the fourth part and put again in its stead $70. He then count- 
ed his money and found $ 120. What was the original sum ? 

42. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year $1000 for his expen- 
ses. At the end of the third year, after deducting the last 
$1000, he finds himself in possession of twice the sum he had 
at firtit. How much did he possess originally ? 

Section III. — Solution of questions in a general 

MANNER. 

I 

16. In the solution of a question in numbers, there are, it 
must have been perceived, two distinct things which require 
attention, l^. To determine by a process of reasoning what op- 
erations must be performed upon the numbers given in the ques- 
tion in order to obtain the answer sought, 2°. to perform these 
operations. In the questions which have been solved thus far, 
the operations have each been performed as soon as determin- 
ed. Let us now resume the question, art. 1, and instead of 
performing the operations, as we proceed, let us retain them 
by means of the proper signs. 

Representing as before the less part by x, the greater will 
be X -}- 12, and we have 

X + X + 12=66 
2x+12 = 56 

2a? = 66 — 12 

56 12 

*~ 2 2 
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Here the process of reasoning required in the solution of 
the proposed has been conducted by itself; the expression, at 
which we arrive, is not the answer sought, but the result of 
the reasoning pursued ; it shows what operations must be per- 
formed in order to obtain the answer, viz. that from one half 
of 56, the number given to be divided, there must be subtract- 
ed one half of 12 the given excess. Performing next the op- 
erations thus determined, we have 22 for the less part as be- 
fore. 

Let us next resume the sixth question, art. 6 ; representing 
again the least part by Xj the mean will be z + 40, the great- 
est X + 40 -|- 60, and we shall have 

. X + X + 40 + a? + 40 -I- 60 = 230 
3 a; = 230 — 40 — 40 — 60 
3x==:230— 2 X 40—60 
230— 2 X40 — 60 
3 
Here also the result shows the operations to be performed ; 
according to which to find the least part sought, from 230 the 
number given to be divided, we subtract twice 40, or twice 
the excess of the mean part above the least, and also 60 the 
excess of the greatest part above the mean, and take one third 
of the remainder. 

17. If the reasoning pursued in the solution of the preced- 
ing questions be examined with. attention, it will be perceived, 
that it does not depend upon the particular numbers given in 
these questions. It will be precisely the same for any other 
numbers. The same operations will therefore be necessary to 
obtain the parts sought, whatever the given numbers may be. 
By preserving the operations therefore we resolve the pro- 
posed in a general manner, that is, we determine once for all 
what operations are necessary for all questions, which differ 
from the proposed only in the particular numbers, which are^ 
given. 

Let the learner resolve the following questions in a general 
manner. 

L A company settling their reckoning at a tavern pay 8s^ , 
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each ; but if there had been 4 persons more, they should only" 
have paid 7s. each. How many were there ? 

2. Divide the number 91 into two such parts, that 6 times 
the first, diminished by 5 times the second, may be equal to 40. 

3. Divide the number 56 into two such parts, that one part 
being divided by 7 and the other by 3, the quotient^ may to- 
gether be equal to 10. 

18. In the solution of questions in a general manner, accordr 
ing to the method above explained, we should be liable, 
through inadvertence, to perform some of the operations as we 
proceed ; thus the result would not show how the answer is 
to be found by means of the numbers originally given in the 
question. To avoid this inconvenience and at the same time 
to render the solution more concise, it is usual to represent 
the given things in a question by signs, which will stand in- 
differently for the particular numbers given in the question, or 
for any other numbers whatever. 

It is agreed to represent known quantities, or those which 
are supposed to be given in a question, by the first letters of 
the alphabet, as a, 6, c. 

Representing by a the number to be divided, and by b the 
given excess, the question, art. 1, may be presented generally, 
thus ; To divide a number a into two such partSy that the grecUer 
may exceed the less by b. 

To resolve the question, thus stated, we denote still the 
less part by x ; the greater will then be a: -|- 6, and we have 

a: + * + ^ == ^ 
2x4-6 = 

2 X = a — b 

a b 

* — 2*^2 

19. The above expression for x is called a formula for z, 
since it indicates the operations to be performed upon the 
numbers represented by a and b in order to obtain x. 

The translation of a formula into common language is called 
a rule. Thus we have the following rule, by which to obtain 
the less of the parts required according to the question pro- 
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posedy viz. From half the number to be dividedy subtract half the 
given excess, the remainder wiU be the answer. 

Knowing the less part, we obtain the greater by adding to 
the less the given excess. We may, however, easily obtain a 
rule for calculating the greater part without the aid of the 
less. Indeed since the less part is equal to 

a b 1 ^ ^ r 

5 — 2 > if we add b to this, we have r — g.—T b equal to 

the greater. But this expression may, it is easy to dee, be re- 

a . b 
duced to 2 • 2 ' ^^^^^^ we have the following rule, by 

which to find the greater part, viz. To half the number to be 
^videdy add half the given excess, the result toi/Z be the answer. 

To apply these rules, let it be required to divide $1753 be- 
tween two men in such a manner, that the first may have 
$325 more than the second. 

20. The sixth question, art. 6, may be presented in a general 
manner, thus ; To divide a number a into three such parts, thai 
the excess of the mean above the least mag be b, and the excess of 
the greatest above the mean may be c. 

Let X = the least part ; 
then X -{- b = the mean, 
and X -f- 6 + c =s the greatest, 
therefore x^x-\-b'\-X'^b'{'C = a 
or transposing and reducing ' Z x =s a — 26 — c 

a — 2 b — c 
whence x = 

Translating the above formula into common language, we 
have the following rule, by which to find the least part, viz. 
From the number to be divided, subtract tunce the excess of - the 
mean part above the least, and also the excess of the greatest 
above the mean and take a third of the remainder. 

To obtain a formula for the mean part, we add b, the ex- 
cess of the mean above the least, to the above expression 
for the least part, which gives for the mean 
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or reducing to a common denominator 

a — 2 b — c 3h 
3 """'"T 
whence we obtain for the mean part 

a + 6 — c 
3 
In like manner the following formula will readily be ob- 
tained for the greatest part, viz. 

a -[- ^ + 2 c 
3 
Translating these formulas into common language we ob- 
tain rules also for the mean and for the greatest part. 

1. To apply these rules let it be required to divide $973 
among three men, so that the second shall have $69 more 
than the first, and the third $43 more than the second. 
. 2. A father, who has three sons, leaves them his property 
amounting to $15730. The will specifies, that the second 
shall have $2320 more than the third, and that the eldest shall 
have $3575 more than the second. What is the share of each ? 
21. The operations necessary for the solution of this last 
question are, it is easy to see, the same with those for the pre- 
ceding. It may therefore be solved by the same formulas. In 
like manner the seventh, eighth and ninth questions, art. 6, 
may be solved by the same formulas. This circumstance is 
worthy attention, since we are thus enabled to comprehend in 
one the solution of a multitude of questions differing from 
each other not only in the particular numbers, which are given^ 
but also in the language, in which they are expressed. 
Let now the following questions be generalized. 

1. The sum of $3753 is to be divided among 4 men, in 
such a manner, that the second. will have $159 more than the 
first, the third $275 more than the second, and the fourth 
$389 more than the third. What is the share of each ? 

2. Three men share a certain sum in the following man- 
ner; the sum of A's and B.'s shares is $123, that of A's and 
C's $110, and that of B's and C's $83. What is the whole 
iBum and the share of each ? 

22. The seventh question, art. 15, may be seated generally,. 
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thus, A cistern w mppHed by two pipes ; the first wUl fiUitins, 
hoursy the second in b hours. In what time unll the cistern he 
fitted if both run together ? 

Let X = the time ; the capacity of the cistern being sup- 
posed equal to unity, we have 



X . X 



whence freeing fipom denominators 

ax -\' b x=i ab 
Here it will be observed, that x is taken a times and also b 
times ; whence on the whole it is taken a'\-b times \ a+b 

is then the coefficient of x, and the above equation may be 
written, thus, 

(a + ^) * = « ^ 
whence x = ^ 

Translating this formula, we have the following rule for 
every case of the proposed qmestion, viaf. Divide the product 
of the mmbersy which denote the times employed by each pipe in 
fitting the cistern, by the sum of these numbers; the quotient wiU 
be the time required by both the pipes running together tofiU the 
'cistern. 

Example. Suppose one pipe will fill the cistern in 54- 
hours, and the other in 9 hours ; in what time will it be filled 
if both run together ? 

23. The fifth question, art. 6, maybe thus generalized. A 
gentleman meeting four poor persons distributed a shiUings among 
them ; to the second he gave b times, to the third c times, and to 
the fourth d times as much as to the first. What did he qive to 
each ? 

Let X represent what he gave to the first, we then have 

x + bx'^cx + dx = a 
^^ (l + ^ + c + c^) x=a 



whence x 



a 



het next the following questions be generalized. 
1. A bankrupt wishing to distribute his remaining property 
among his creditors finds, that in order to pay them $176 
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/ 



apiece, he should want $30, hut if he pays them $168 apiece 
he will have $40 left. How m/iny creditors had he ? 

2. It is required to divide the number 91 into two such 
parts, that the greater being divided by their difference th« 
quotient may be 7. 

3. A person has two sorts of wine, one worth 20 pence a 
quart, and the other 12 pence ; from which he would mix a 
.quart to be worth 14 pence. How much of each must he 
Uke ? 

4. Divide the number 138 into two such parts, that 6 times 
the first part diminished by 4 times the second will be equal 
to 85. 

24. The twentieth question, art. 15, may be presented in a 
general manner, thus. A laborer was hired for a certain number a 
of days ; for each day thai he wrought he was to receive b shillings^ 
but for each day thai he was idle^ he was to forfeit c shillings* 
At the end of the time he received d shillings. How many days 
did he worky and how many was he idle ? 

Putting X = the number of days, in which he wrought, 
and resolving the question, we obtain 

d 4- a c 
+ c 

Example. A laborer was hired for 75 days ; for each day 
that he wrought he was to receive $3, but for each day that 
he was idle, he was to forfeit $7. At the end of the time he 
received $ 125. To determine by the above formula the num- 
ber of days, in which the laborer wrought. 

The three following questions may also be solved by the 
same formula. Why is this the case ? 

1. A man agreed to carry 20 earthen vessels to a certain 
place on this condition ; that for every one delivered safe he 
should receive 11 cents, and for every one he broke, he should 
forfeit 13 cents; he received 124 cents. How many did he 
break ? 

2. A fisherman to encourage his son promises him 9 cenls 
for each throw of the net in which he should take any fish, 
but the son, on the other hand, is to forfeit 5 cents for each 
unsuccessful throw. After 3t throws the son receives from 
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the father 335 cents. What was the number of successful 
throws of the net ? 

3. A man at a party at cards betted three shillings to two 
upon every deal. After 20 deals he won 6 shillings. How 
many deals did he win ? 

25. Let it be proposed next to make a rule for Fettowshqfy 
and in order to this, let us take the following example. 

Three men, A, B, and C commence trade together, and 
furnish .money in proportion to the numbers m, n, and p re- 
spectively ; they gain a certain sum a. What is* each man's 
share of the gain ? 

Let a; =s A's share ; 

then — = B's, and — = C's share. 
f» ' m 

By the question therefore 

, nz , px 

X i ^ + -=— =r= a 

mm 

Freeing from denominators, we have 

mx -^-nx -\-px = ma 

or, which is the same thing 

(m -\-n + p) X = m a 

m a 

whence x = ^ . ^ , = A's share. 

j» -[- n -f- J) 

Multiplying next the value of x by n, and dividing by 

m, we obtain 

^^ «, , 

— ; i — = B's share. 

m -j- n -f-p 

In like manner, we find 

pa 



= C's share. 



To find a share of the gain therefore ; Midtiply the Carres^ 
ponding proportion of the stock into the whole gain^ and divide 
the product by the sum of the proportions, 

26. Let now the following questions be generalized. 

L Three merchants, A, B, C enter into partnership. A ad- 
vances $750, B $1300 and C $825. A leaves his money 9 
months, B 13 months, and C 15 months in the business. 
They gain $830. What is the share of each ? 

4 
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8. A bankrapt leaves $18000 to be divided among three 
creditors, in proportion to their claims. Now A's claim is to 
B's as 2 to 3, and B's claim to C's as 4 to 5. How much 
does each creditor receive ? 

. 3. The sum of $539 is to be divided among four persons, 
the first is to receive 10 per cent., the second 16 and the third 
17 per cent, more than the first. What will each receive ? 

4. A gentleman hired three men to perform a certain* piece 
of work ; the first working 9 hours ^a day would perform the 
work in, 10 days, the second working 7 hours a day, in 15, 
and the third, working 12 hours a day, in 6 days. How long 
will it take them together to perform the work ? 

5. A merchant purchased 24 yards of cloth of two different 
kinds for $408. The first cost $18, the second $15 a yard. 
How many yards were there of each kind ? 

6. A gentleman hired two workmen for 60 days, to the first 
he gave $3, to the second $2 a day. On settling with them 
he paid both together $130. How many days did each work ? 

What have these last two questions in common, and what 
general statement will comprehend both ? 

27. Thus far we have employed the first letters of the al- 
phabet to represent known quantities, and the last to denote 
those, which are unknown. In some cases it is more conven- 
ient to represent the quantities, whether known or unknown, 
by the initials of the words for which they stand. 

Let it be proposed to determine what sum of money must 
be put at interest, at a given rate, in order to amount to a 
given sum in a given time. 

Let p = the principal or sum put at interest, 
r = the rate, 
a = the given amount, 
t = the given time. 
By the question, we havej> -^ t r p = a 
or (1 -[- <r) j)= a 

whence p = -; — r-r^- 

^ 1 -^ t r 

We have therefore the following rule, by which to find the 
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principal required, viz. MuUiply theraie by the time tmd add 1 
io the product ; the amount ^vided by the 9um thus obtained will 
^e the principal. 

Examples. — 1. What sum of money must be put at* inter* 
est at 6 per cent., in order that the principal and interest may, 
at the end of 5 years, amount to $748,80 ? 

2. A man lent a certain sum of money at 5 per cent. ; at the 
end of 7 years he received for principal and interest $1237,47. 
What was the sum lent ? 

3. A merchant finds that by a fortunate speculation with 
his floating capital, he has gained 15 per cent., and that by 
this means it has increased to $16571. What was his capi- 
tal? 

28. The equation p -j- f r p = a, contains, it will be per- 
ceived, four different things, any one of which may be detei^ 
mined, when the others are known. Deducing, for example, 

the value of t, we have 

a— p 

t=: — - 
rp 

Whence to find the time, when the amount, principal, and 
ra.te are* given ; From the amovnt subtract the prindpalj and dir 
vide the remainder by the product of the rate multiplied by the 
principdl. 

Examples. — 1. A man put at interest $345 at 4 per cent. ; 
at the end of a certain time he received for principal and in- 
terest $483. Reqxdred the time for which the money was 
lent. 

2. A merchant lets but his floating capital amounting to 
$5873 at 10 per cent interest. At the end of a certain num- 
ber of years he finds that he has received $418,11 interest 
For how many years was his csi,pital let out ? 

3. Let the learner prepare the formula and solve the follow- 
ing example. 

A gentleman put at interest. $6840, and at the end of 5 years 
received for capital and interest $8208. What rate per cent 
did he receive ? 

29.. In the preceding questions the object has been to de- 
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termine certain unknown numbers by meitns of others, whfeli 
are known, and which have relations to the unknown numbers 
established by the enunciation of the question. We shall 
now show the aid derived from the same signs in deinonstrat* 
ing certain properties in relation to known and given numbers. 

1. To demonstrate that if both terms of a fraction be mtilti* 

plied by the same number, the valtie of the fraction will not 

be changed. 

a 
Let the proposed fraction be designated by r , and let n be 

any number whatever. 

a 
Putting T^ = m, we have a = 6 tn 

multiplying both sides of this last by n, we have 

n a = n b m 

from which we deduce 

na 

no 

, na a 

whence -r=T 

no 

2. Let the same number be added to both terms of a proper 

fraction ; to determine what effect this will produce upon the 

value of the fraction. 

a 
Let us designate the fraction by r . Let m be the number 

added to both terms of this fraction ; it then becomes 

a -\- m 

h '\-fn, 
To compare the two fractions, it is necessary to reduce them 
to the same denominator. Performing this oj^eration, we have 
for the first 



and for the second 



hh •\-h m 
ah -^ hm 



hhr^hm 
Here the two numerators have the part a h common to both ; 
but the part 6 m of the second is greater than the part a m of 
the first, since h is greater than a ; the second fraction is there- 
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fore greater than the first ; Whence, Ij the same number be ndr 
ded to both terms of a proper, fraction^ the v€due of the fraction 
toifi be increased. 

3. It has been shown in arithmetic that, Ei>ery divisor com' 
mon to two numbers must divide the remamder after the dsmaioh 
of the greater of these numbers by the less. Let us now demon-^ 
strate this property by the aid of algebraic symbols. 

Let D be the divisor common, to the' two numbers ; let A ]) 
represent the greater of the two numbers and B D the less ^ 
let Q be the entire quotient arising from the division of the 
greater by the less, and let R be the remainder ; we have then. 

AD=BDXQ+R 

dividing both sides by D, we have 

A = BXQ+ ^ 

Here the first member of the equation is an entire number,, 
the second must therefore be equal to an entire number ; but 
of this member the term B Q is an entire number ; whence 

R 

-r must be an entire number, that is, R must be exactly divi- 
sible by D.' The proposition above is therefore demonstrated. 
The questions, art. 15, will furnish additional exercises for 
the learner in stating and resolving questions in a general man* 
ner. ' 

Section IV. — algebraic operations. 

30. A quantity expressed by algebraic signs is called an aln 
gebraic or literal quantity. 

From what has been done, it is easy to see that we shall 
have frequent occasion to perform upon algebraic quantities 
operations analogous to the fiindamental operations of arith- 
metic, viz. addition, subtraction, multiplication and division. 
It is to be observed, however, that the operations upon alge* 
braic quantities differ from the corresponding ones in arithme- 
tic in this respect, that the results to which we arrive in the 
case of algebraic quantities are for the most part only indica- 
tions of operations to be performed. All that we do is to 

4* 
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traBsform the operations originally indicated into others^ whieh 
are more simple, or which become necessary in order that Ihe 
conditions of the question may be fulfilled. Thus, in the 
equation x-^x -{- bas^a given by the conditions of the ques- 
tion, art 18, we simplify the operations originally indicated by 
reducing the expression x -{- x to one term, 2 x, by an operas 
tion analogous to addition in arithmetic, though not strictly 
the same. So likewise in question twentieth, art. 16, though 
we cannot strictly speaking subtract 576 — 12 x from 24 x, yet 
by an operation analogous to subtraction in arithmetic, we in« . 
dicate upon these quantities operations, which produce the 
same effect, as the subtraction which the conditions of the 
question require. 

31. Algebraic quantities consisting only of one term are 
called monomiabj as 3 a, — 4 b &c. Those which consist of 
two terms are called Mnomtais, as* a -^ 6, c — d. Those which 
consist of three terms are called trinamiahj &c. In general, 
quantities consisting of more than one term are called pdynau^ 
tab. Quantities consisting only of one term are also called 
timple quantiHeSy and those consisting of more than one term 
are called compound qtiatUUies. 

Quantities in algebra, which are composed of the same let- 
ters, and in which the same letters are repeated the same num- 
ber of times, ar^ called similar quantities, thus, 3 a 6, 7 a 6 
are similar quantities, so also a a by 5 a ab. 

ADDITION OF ALGEBRAIC QUANTITIES. 

32. 1. Let it be required to add the monomials a, 5, c, and 
d; the result, it is evident, will be a -f- ^ + ^ -j- rf. 

2. Let the quantities to be added be a 5, c, a 5, d. Here 
we have as before ab + c-\-ab'\'d'j but the quantities 
a by a bin this result are similar, they may therefore be united 
in one term, thus, 2 ab; whence the sum required will be 
2 a 6 -}- c -f- li. To add monomials therefore. Write them one 
after the other with the ngn--^- between them, obaermng to simpHfy 
tiie result by uniting in loney those which are similar. 

3. Let it next be required to add the polynomials a -f* 5 and 
c -f- d -}- ^« The sum total of any number of quantities what- 



ADDITION OF ALGEBRAIC (^UAMTITIEU* 43 

erer sbonld be equal^ it is evident, to the sum of all the parts 
of whieh these quantities are separately composed ; we have 
therefore for the sum required a-f'^'t'^'h^H"^^ 

Let the quantities proposed be a -j* ^ ^^^ ^ — ^* ^^ ^^ 
begin by adding Cy ^e result a -{- 6 -|- c will, it is evident, be 
too great by the quantity d, since it is not c, which we are to 
add, but c diminished hjd'j to obtain the true result therefore, 
from a-j^b^ cvre must subtract d ; whence c — d added to 

a -f- 6 gives 

a -|- h -|- c -^ d» 

To add polynomials therefore, Write in order .one after the 
other the qwmtities to he added mth their proper signs^ it being 
observed thai the termsy which have no signs before (Aem, o^c conr 
sidered as hamng the sign -|-. 

d3. Let it next be required to add the following quantities. 

9 a + 76 — 2 c 
2 a — 6 c 
Sb + c 

By the rule just given the sum required will be 

9 a-^-l b — 2c + 2a — 5 c + &b + c 

In this result the similar terms 9 a, 2 a may be united in 
one sum 11 a; also the terms 7 b and 8 b give 15 5. 

The similar quantities — 2 c, — 5 c being both subtrac- 
tive, the effect will be the same, if we unite them in one sum 
7 c and subtract this sum, and as there would still remain the 
quantity c to be added, instead of first subtracting 7 c and 
then adding c to the result, the effect will be the same if we 
subtract only 6 c. 

The sum of the expressions proposed will then be reduced 
to 11 a + 15 6 — 6 c. 

In order to verify this result, let us put numbers for the let« 

ters a, fr, c, in the proposed ; for example, the numbers 10, 4, 

3 respectively, we have 

9a + 76 — 2c=112 

2a — 5 c= 5 
85+ c= 35 

9a + 76 — 2c + 2a— 5c + 86 + c=152 

Making the same substitution in the expression 11 a + 15 i 

— -6 c, we obtain the same result 
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The operation, by whiph all similar terms are reduced Uy 
one, whatever signs they may have, is called redaction. To 
perform this operation. Take the sum of simUar quantities^ iohick 
have the sign 4* ond that of those, vMeh ha/oe the sign — ; svb- 
tract the less of the two sums from the greater and give to the 
remainder the sign of the greater. 

We have then the following general rule for the addition of 
algebraic quantities, viz. Write the quantkiesin order one after 
the other with their proper signs, observing to simplify the result 
by reducing to one, terms which are similar. 

EX AMELIAS. 

1. To add the quantities 
6 a-f-3 b — 4 c 
6 c-i-2 a— 6 6 -f- 2rf 
3c — 46 — 2c-f-a 
7a— 3 c-|-4 6 — 6 e 



Answer 15a — 2b — 3 c -f-* d — 3c. 

To verify this answer let the numbers 12, 6, 4, 3, 13, be put 
for the letters a, 6, c, d, c, respectively. 

2. To add the quantities 

7f»+3«— 14;) +17r 
3 a + 9 n — 11 m -f 2 r 
b p — 4m-}-S n 
lln-^26 — m — r + « 
Answer 31 w -^ 9 to — 9 1) -|- 18 r +.3 a — . 2 6 + 5. 

3. To add the quantities 

116c + 4 ad — Bac-^-bc d 
Sac-^lbc — 2ad'\'4cmn 
2 c d — 3a6-f-6ac + om 
9 aw — 2bc — 2ad+5cd 
Answer 16 6c-|-5ac4-12cd + 4TOn — 3a6-f-10am. 

SUBTRACTION OF ALGEBRAIC QUANTITIES. 

34. . 1. To subtract a from b. Here the quantities being^ 
dissimilar, the subtraction can only be expressed by the sign 
— , thus, 6 — a. 
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2. To subtract 5 a from 7 a. The quantities in this case 
being similar, the subtraction may be performed by means of 
the coefficients, and the result, it is evident, will be 2 a. 

3. To subtract 2 b '\-Sc from d. To . subtract one quan- 
tity from another we must, it is evident, take from this other 
the sum of all the parts, of which the quantity to be subtract- 
ed is composed. The result required will therefore be 

d — 2 6-r-3c. 

4. To subtract a — b from c. If we begin by subtracting 
a from c, it is evident, that we shall take away too much by 
the quantity 6, by which a should be diminished before its 
subtraction ; b should therefore be added to c — a to give the 
true result ; vtrhence a — b subtracted from c gives 

c — a + ^* 
6. To subtract 6c-f3d — 4* from t c —2d—b b. The 

result, it is easy to see, will be 

^c — 2d — 5b — 6c — 3d + 4b 

which becomes by reduction 

2 c — 5 d — b 

From what has been done the following rule for the sub- 
traction of algebraic quantities will be readily inferred, viz. 
Change the signs + into — , and the signs — irUo -|- w the 
quantities to be subtracted^ or suppose them to be changed^ and 
then proceed as in ctdMion. 

EXAMPLES. 

1. To subtract from 17a + 2m — 9b — 4c + 23d 
the quantity 51 a — 2 7 b -f- 11 c — 4 d ^ 

Answer 2 to — 34"a4- 18 6 — 15 c + 27 rf 

I 

2. To subtract from 5ac — S ab -{-9 b c — 4am 
the quantity 8 a to — 2 aft -f- llac — 7 c d 

Answer 9 b c — 6ac — 6 ab — I2am + 't cd 

8. To subtract from 

16a6c~13xy + 21 erf — 41 ar-— 25 
the quantity 75 x y — 4<i ft c + X 6 x — 5 3 c d —31 toc 

Answer 19 aft c — 88aiy — 67 x + 74 cil+ 31 toc— 26 
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MULTIPLICATION OF ALGEBRAIC QUANTITIES. 

35.' 1. The product of a quantity a by another quantity b 
is expressed, as we have already seen, thus, a X by or in a 
more simple manner, thus, a b. In like manner the product 
of a 6 by c (2 is expressed thus, ab X cc2, or thus, abed. 

2. The letters a and b are called factors of the product a b. 
So also a, 6, c and d are the factors of the product abed. 
The value of a product, it is easy to see, does not depend at 
all upon the order, in which its factors are arranged ; thus the 
value of the product arising from the multiplication of a by 6 
will evidently be the same, whether we write baov ab. 

3. Let it be proposed to multiply Z abhy 6 cd; by no. 1 
we have 3 a 6 5 c (2, or by no. 2, 3 X ^ g& c(2; but the fac- 
tors 3 and 5 in this result may, it is evident, be reduced to 
one by multiplying them together ; performing this operation, 
the product required will be 15 a i c d In like manner the 
product of the quantities 7 a bj 9 e d, IZ ef will be 

819 a bcdef. 

4. Let it be required to multiply a a by a. According to 
no. 1 we have for the result a aa; but this expression for the 
product required may, it is easy to see, be abridged by writing 
the letter a but once only, and indicating by a figure the num- 
ber of times this letter enters into it as a factor. The figure 
which indicates the number of times a given letter enters as a 
factor in a product is called the exponent of that letter. And 
in order to distinguish the exponent of a letter from a coeffi- 
cient, we place the exponent at the right hand of the letter 
and a little above it, the coefficient being always placed be- 
fore the letter, to which it belongs^ and on the same line 
with it. 

According to this method the product a a is expressed by 
fl?, a a a by a", a a a a by a*, &c. 

A letter, which is multiplied once by itself, or which has 
two for an exponent, id said to be raised to the second power. 
A letter which is multiplied twice successively by itself, or 
which has 3 for an exponent, is said to be raised to the third 
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power. In general, the power of a letter is designated ac- 
cording to the figure, which it has for an exponent, thus a 
with 7 for an exponent is called the seveifUh power of a. 

A letter which has no exponent is considered as having 
unity for its exponent, thus, a is the same as a\ 

From what has been said, it will be perceived, that in or- 
der to raise a letter to a given power y it is necessary to multiply it 
successively by itself as many times less one^ as there are units in 
the exponent of this power, 

5. Let it next be required to multiply a' by a*. According 
to no. 1 the product will be expressed by a^ a*. In this pro- 
duct the letter a, it will be observed, occurs three times as a 
factor and also five times as a factor, whence on the whole it 
is found eight times as a factor. The product a* of may there- 
fore according to no. 4 be expressed more concisely, thus, a^. 
In like manner the product of a! by a* will be a". Whence, 
in general, The product of two powers of the same letter wiU 
have for an exponent the sum of the exponents of the multiplier 
and multiplicand. 

6. Let it be proposed next to multiply a* J' c by a* 6* c* d. 
According to no. 1 the product will be o* 6' c a* 6' c* rf, or 
by no. 2, a* a* b^ b^ c <^ d ; but this expression may be reduc- 
ed by the rule just given to a* 6* c^ d; whence 

a*6*c X a*6»c«d=a'6»c»d 

From what has been done we have the following rule 
for the multiplication of simple quantities, viz. 1^ Multiply 
the coefficients together ; 2^. write in order in the product thus 
obtained the letters which are found a£ once in both the muUi- 
plier and multiplicand^ observing to give to each letter the sum 
of the exponents^ with which this letter is affected in the two 
factors; 3°. if a letter is found in one of the factors only^ 
write it in the product with the exponent which it has in this fa>ctor. 

EXAMPLES. 

To multiply 1. S cf b <?hjl ab c d? Ans. 66 a' 6» c" (P* 

2. 21 a* 6* c d by 8 a 6 c» Ans. 168 a* 6^ c* d. 

3. 17 a 6* c by 7 df Ans. 119 aV c df 



\ 
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36. Let XLS pas« to the multiplication of pol^momiitls. 

To indicate that a polynomial a ^ b^ for example, is multi- 
plied by another c + rf, we draw a vinculum over each and 
ccmnect them by the sign of multiplication, thus, 

a -j- b X c -^ dj 
or, which is the better method, we inclose each of the quanti- 
ties in a parenthesis and write them in order one after the oth- 
er, either with or without the sign of multiplication, thiis, 
(a.+ 6) X (c + rf), or (a + b) (c + d). 

1. To multiply a -f ^ by c. To form the product required, 
it is evident, that we must take c times each of the parts a and 
h of which the quantity a + 6 is composed. 

The product of a -\- b 
multiplied by c 

is therefore ac-^ be 

In like manner 2a-^b^ c -}- d 
multiplied by h , 

gives 2ah'\-b^ch'^dh 

2. To multiply a, — 6 by c. Since a — 6 is smaller than a 
by the quantity by a c the product of a by c, it is evident, will 
be too large for the product required by b times c or b c; 
whence to obtain the true result, from a c we must subtract b c. 

The product of a — b 
multiplied by c 

is therefore ac — be 

In like manner a' + c* — dh — ef 
multiplied by ah 



gives a®A-f ahc^ — adk* — ahef 

From what has been done it is evident that, If two terms 
each affected with the sign -{- be multiplied together^ the product 
must have the sign -[-; but if one of the terms be affected with the 
9ign -j~ and the other mth the sign — , the product must have the 
tign — . 

3. Let it be proposed next to multiply a — 6 by c — d. In 
this case, it is evident, that, if we take c times a — b the re** 
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salt wiH be toe "great by c2 times a — b; whence to obtain the 
tme product, from c times o — A or ac — 6c we must subtract 
d times '« — b or ad — bdj 

The product of a — 6 
multiplied by c — d 

is therefore ac — be — ad-^-bd 

From this example it appears that, If two terms be affected 
each loith the sign — , the product of these terms should be effect'' 
ed with the sign +. * 

If in the expression of a product there occur similar terms, 
the expression may be abridged by uniting these terms into 
one. 

Thus 2 a 6* + a* — c* 

multiplied by a* — ab^ + <^ 

^^r^\^ a* — a"" c" 

— 2a«6* — a^fc'^ + a^'c* 

2a6V + aV — c* 



gives a'^ft^H-a* — 2a* 6* + 3 ab^c^—d* 

To verify this result let a = 5, 6 = 2, c = 3. 

From what has been done ' we have the following rule 
for the multiplication of polynomials, viz. 1^ Multiply eaek 
term of the multiplicand by each term of the multipliery obsenwg 
with respect to the signs^ that if two terms multiplied together 
have each the same sign^ the product must have the sign 4-9 ittf • 
if they have different signsy the product must have the sign — ; 2^« 
add together the partial products thus obtained^ taking care to 
nmte in one^ terms which are similar, 

37. A polynomial is said to be arranged with reference to 
some letter, when its terms are wHtten in order according to 
the powers of this letter. The polynomial 

o2 6»-f a36_a** + tf» y 
for example, arranged in descending powers of the letter a 
stands thus, a* 6* 4. a' 6 -j* a* b^ — a b\ arranged in ascend- 
ing powers of the letter b it stands thus, d' 6 + a* 6* + c? A* 
— a J*. 

The letter with reference to which the a(rtangement is macle 
is called the ^pmdpoj letter. '^' 
5 
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To facilitate the multiplication of polynomials) it k usmil^ 
1°. to arrange the quantities to he multiplied according to the 
powers of the same letter; 2^ to dispose of the partial pno* 
ducts in such a manner that those terms, which are siinilar, 
shall fall under each other. Let it he proposed, for example, 
to multiply 

6> -j- 6« a -|- a' -{. 6 a* hy 4 6» — 3 6 a + 3 o'. 

The multiplier and multiplicand heing hoth arranged with 
reference to the letter a, the work will he as follows. 

3 o« — 360 + 4 5' 

3 a» + 3 6 a* -f 3 6* o» + 3 b* a» 

_ 3 6 a*— 3 6» a' — 3 6» a» — 3 6* a 
_^ 4 6' o' + 4 5» g^ -f 4 6^ g + 4h\ 

3 o* + 4 fc» a' + 4 6» a' + 6* a + 4 6* 

38. The following examples will serve as an exercise in the 
multiplication of polynomials. 

To multiply 

1. 6 a» — 4 a' 6 + 6 a 6» — 3 J» 

by 4 a* — 5g6 + 2y . 

Answer 20a* — 41o*6-|-60a'6'— 46a'6»-f-26a6*— 6fc* 

2. a' + 3 a* 6 + 3 a 6* + 6» 
by gg — 3 o» 6 4- 3 g y — 6' 
Answer a« — 3 g*^*^- 3 aH* — 6* 

3. x* + x^y + x^f + xy'^-^y^ 

hy x — y , 



Answer a?* — y* , 

39. A term, which contains one literal factor only, is satd 
to be of the first degree ; a term, which contains two literal 
factors only, is said to be of the second degree, &c. In general, 
the degree of a term is marked hy the number ^ which expresses the 
9um> of the exponents of the letters, which enter into this tern. 
The coefficient is not reckoned in estimating the degree of the 
iterm. Thus a* 5' c is a tenii of the 6th degree, and 7 a &* is 
a term of the fourth degree. 

A polynomial is said to be hamogenemu^ when all its terms are 
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of the same degree. Thus, 3 a* — 4 a by 6 a' -j- a 6 c — 6* 
fwe homogeneous polynomials. 

40. From the rules for multiplication, which have been laid 
down, it follows, 

1^ If the polynomials proposed for multiplication are each 
homogeneous, the product of these polynomials tmU also be ho^ 
9mg&^ou8y and Ihe degree of eath term of the product wUl be 
equal to the sum of the degrees of any two terms whenever of the 
multiplier and multiplicand. Thus, in the first example, art. 38^ 
all the terms of the multiplicand being of the third degree 
and those of the multiplier of the second degree, all the terms 
of the product are of the fifth degree. When therefore the 
factors of a product are homogeneous, we inay readily detect 
by means of this remark any error in regard to the exponents, 
which may have occurred in the course of the work. 

2^. In the multiplication of polynomials, if there be no re- 
duction of similar terms, the mmber of terms in the product wiU 
be equal to the number of terms in the multiplicand multiplied by 
the number of terms in the multiplier. Thus, if there be 5 terms 
in the multiplicand and 4 in the multiplier, there will be 20 
in the product. 

3^. But if there be a reduction 6f similar terms, then the 
number of terms in the product may be much less. It should 
be observed, however, that among the different terms of the 
product there will be two at least, which will not adn^it of 
reduction with any other, viz. 1^ The term arising from the 
multiplication of the term in the multiplicand affected with the 
highest exponent of one of the letteri, by the term in the multi^ 
plier affected with the highest exponent of the same letter. 2^. 
The term arising from the multiplication of the two terms af- 
fected with the lowest exponent of the same letter. 

The manner in which an algebraic product is formed by 
means of its factors is called the law of this product. This 
law, it will readily be perceived, remains always the same, 
whatever may be the values attributed to the letters which enr 
ter into the factors. 

41. A product being given, we may sometimes by mere 'in- 
spection decompose it into its factors, an operation which is 
frequently useful. 
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Let ^ere be the product a^h^efh^ in the formatioii of this 
product each term, it is evident, has been multi|rfied by «^ and 
also by 6, its factors therefore are a^, b and <«■— f A, and it may 
be put under the form 

a^b{a — h) 

In like manner the product ac-^ ad-\-hc^hd may be 
put under Uie form a {c^d) +h {c + d)^ or which is the 
same thing {a-^-h) {c-^-d), 

EXAMPLES. 

!• To find the factors of the product 
2* To find the factors of the product 

3. To find the factors of the product 

4. To find the factors of the product 

a*frc — 2 a' 6« c + a^'d — 2a^V^d 
. B* To find the factors of the product 

6. To find the factors of the product 

6 ««— 10 x*y^— 15 a:*z' + aO icy'z' 

BITISION pP ALGEBRAIC QUANTITIES. 

42. 1. The object of division in algebra is the same a^ 
that of division in arithmetic, viz. to find one of the factors of 
a given product^ token the other is hrnxm. 

According to this definition the divisor multiplied by the 
quotient must produce anew the dividend ; the dividend there- 
fore must contain all the factors both of the diviscn* and quoN. 
tient ; Whence the quotient is obtained by striking out of the divi^ 
dend the factors of the divisor^ 

Thus to divide a 6 c (2 by a c, we strike out of the dividend 
the factors a and c of the divisor and obte^in b d for the quo- 
ttent 

2. Let it be required to divide a^ b by a^ b. Decomposing 
<f into the two factors a' and a*, the dividend may be put un- 
der the form a' a' ft; whence striking out of the dividend the 
factors a' and b of the divisor, the quotient will be aK 
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I'rom this example it appears that in order to find the quo- 
tient of two powers of the same letter; Prom the exfponent of 
ihe dividend ive iUbtract that of the divisor ^ the remainder wiU be 
the eopporusnt of the quotient. 

3. If it he required to divide 72 a 6^ c hy 9 6*, we find that 
f2^ the coefficient of the dividend, may be decomposjed into 
the two factors 9 and 8 ; 6^ may also be decomposed into the 
two factors l^ and A* ; the dividend therefore may be put un- 
der the form 9XSab*b^c] whence, suppressing 9 and 6*, the 
factors of the divisor, we have 8 a 6* c for the quotient. 

From what has been said we have the following rule for the 
division of simple quantities, viz. 1®. divide the coefficient 
of the dividend by the coefficient of the divisor ; 2®. suppress in 
ihe dividend the letters , which are common to it and the divisor^ 
when they have the same exponent^ and when the exponent is not. 
the same, subtract the exponent of ihe divisor from that of the 
dividend and the remainder will be the exponent to be affixed to 
the letter in the quotient ; 3^. write in the quotient the Utters of 
the dividend, which are not in the divisor. 

EXAMPLES. 

1. To divide 48 a^ 6» c« c? by 12 aft* c Ans. 4 a^hcd. 

2. To divide 150 a* 6» c d* by 30 d" 6* d« Ans. 5 a« 6» c d. 

43. From the preceding rule, it is evident, in order that the 
division may be possible, 1°. that the coefficient of the divisor 
should exactly divide the coefficient of the dividend ; 2®. the 
exponent of a letter in the divisor should not exceed the ex- 
ponent of the same letter in the dividend; 3®. that there 
should be no letter in the divisor, which is not found in the 
dividend. 

When these conditions do not exist, the division can only 
be indicated by the usual sign. If it be required, for example, 
to divide 12 a* ft by 9 erf, the division, it is easy to see, can- 
not be performed, we therefore expfess the quotient by writ- 
ing the divisor under the dividend in the form of a fraction, 
.. naH 

6* 
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44. The e:q>res8ion -g^ is called an algebraic fradiofL. 

Fractions of this species may be simplified^ in the same man- 
ner as those of arithmetic, by striking out the fieictors, which, 
are common to both terms, or which is the same thing, by di- 
viding both terms by the factors, which are common to them. 
Let it be required, for example, to divide 48 a^ h^ c d^ by 
36a?l^(?d$] from what has been said, the most simple ex- 

ptession for the quotient will be gy^ 

In like manner a*b divided by 6 a^'h gives g^ for the quo- 
tient. 

45. It sometimes happens, that the exponent of a letter is 
the same both in the divisor and dividend. The rule for ob- 
taining the exponents of the letters of the quotient, art. 42, 
being applied to a case of this kind, will give zero for the 



fl» 



exponent of the letter in the quotient. Thus, ^ according to 

this rule gives a^ for a quotient; but ^, it is evident, is equal 

to unity, the expression a° may therefore be considered as 
equivalent to unity. In general, aMiter with zero for an ex- 
ponent i» to be regarded as a symbol equivalent to unity. 

This symbol, it is evident, will produce no eiOfect upon the 
value of the expression, in which it appears as a factor, since 
it signifies nothing but unity. Its only use is to preserve in 
the work the trace of a letter, which formed a part of the 
question proposed, but which would otherwise disappear by 
the eff'ect of division. Thus, if it be required to divide 
24 a^ 6* by 8 0^ 6', the quotient from what has been said may 
be put under the form 3 a 6^ The symbol b^ indicates that 
the letter b enters o times as a factor in this result, or in other 
words that it does not enter into it as a factor, but at the same 
time it serves to show that this letter belonged as a factor to 
the quantities, firom which the result 3 a is obtained by dir 
vision. 

46. We pass next to the division of polynomials. Since 
the divisor multiplied by the quotient should produce anew 
the dividend, it is evident, that the dividend must contain all 
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the partial products arising from the multiplication of each 
term of the diyisor hy each term of the quotient. This being 
the case, it is easy to see, that if we can find any one of these 
partial products in the dividend, and the particular term of the 
divisor ^pon which it depends is known, by dividing this 
term in the dividend by the known term of the divisor, we 
shall obtain a term of the quotient sought. 
Let it be required to divide. 

50a»6» — 41a*6 + 20a» + 10a6* — 33a*6* 
by 6a6« — 4a*6 + 6a* 

It is evident from what has been said, art. 40, that the 
term o^, being affected with the highest exponent of the let- 
ter a in the dividend, must have been formed without any re- 
duction from the multiplication of 5 a^, the term affected with 
the highest exponent of the letter a in the divisor, by the 
term affected with the highest exponent of the same letter in 
the quotient, that is, the term 20 a* of the dividend is the 
product of 5 a* of the divisor by a term of the quotient ; 
whence, dividing 20 a* by 5 a\ we obtain 4 a* one of the terms 
of the quotient sought. Multiplying the divisor by 4 a*, we 
produce anew all the terms of the dividend, which depend 
upon 4 a', viz. 20 a' 6* — 16 a* 6 + 20 a* ; subtracting these 
from the dividend, the remainder 

30 a'6*— 25o*6 + 10o6*— 33a»6» 
must contain all the partial products arising from the multipli- 
cation of each one of the remaining terms of the quotient by 
each term of the divisor. 

Regarding this remainder as a new dividend, it is evident, 
from what has been said, that the term — 25 a^ 6 must have 
arisen from the multiplication of 5 a° by the term affected 
with the highest exponent of the letter a in the remaining 
terms of the quotient sought ; whence, dividing — 25 a^ ^ 
by 6 a^y we shall be sure to obtain a new term of the quo- 
tient. 

With regard to the sign, which should be prefixed to this 
term of the quotient, it is evident, that it should be the sign 
— ; since, from the nature of multiplication, the divisor hav- 
ing the sign -^, the quotient must have the sign — in order 
that their product may produce anew the dividend — 25 a^ 6. 
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Performing the operation therefore, we have -*- 5 a i for 
another term of the quotient sought. Multiplying the divi- 
sor by this term of the quotient, we obtain all the terms of 
the dividend, which depend upon — 5abj viz. 

— 25a'6» + 20o»6» — 25o*6, 
subtracting these from 30ja» ^' — 25 a* 6 -f 10 a 6* — 33 o'bK 
the remainder 10 a* 6' +10 ab* — 8a^ b^, will contain all the 
partial products arising from the multiplication of each one of 
the remaining terms of the quotient sought by each term of 
the divisor ; whence, for the same reasons as before, dividing 
10 a' 6* by 6 a% we have 2 6* for a new term of the quotient ; 
multiplying the divisor by this term and subtracting as before, 
nothing remains ; the division is therefore exact, and we have 
for the quotient sought 4 a* — 5ab + 2b*. 

47. In the course of reasoning pursued above, w* have 
been obliged to seek in each of the partial operations the term 
in the dividend, affected with the highest exponent of one of 
the letters, in order to divide it by the term of the divisor 
affected with the highest exponent of the same letter. We 
avoid this research by arranging the dividend and divisor with 
reference to the same letter ; for, by means of this prepara- 
tion, the first term at the left of the dividend and the first 
term at the left of the divisor will, in each of the partial op- 
erations, be the two terms which must be divided, one by the 
other, in order to obtain a term of the quotient. 

The following is a table of the calculations in the preced- 
ing example, the dividend and divisor being arranged with ref- 
erence to the letter a, and placed one by the side- of the other 
as in arithmetic. 



20a^— 41a*6+60o*fc*— 33a*63-f.l0a6* 
20 a*— 16 a*6 + 2® a® &* 



5a^—4aH + 5ab' 



4 a' — 5o6 + 2A» 



— 25o*6-f-30a^ft*— 33a«fc'+10a6* 

— 25a*6+20a^^— 26a*6^ 

iba'^fc*— 8a«6»+10a6* 
» 10^b^—8a^b^-\-10ab* 

From what has been done, we have the following rule for 
the division of compound quantities, viz. 
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Raying arranged the dirisor and dividend with refer^ee to 
the powers of the same letter^ 1^ Divide the first term of the 
dividend by the first term of the divisor^ the result will he the 
first term of the quotient ; 2°. multiply the whole divisor by the 
term of the quotient just found, and subtract the result from 
the dividend ; 3^. divide the first term of the remainder by the 
first term of the divisor, the result will be the second term of the 
quotient ; 4^ multiply the whole divisor by the second term of^ 
quotient, and subtract the product from the result of the first 
operation, and continue the same course of operations, untU all 
the terms of the dividend are exhcmsted. 

Recollecting, that in multiplication the product of two terms 
affected with the same sign should have the sign 4~9 ^^^ ^^^^ 
the product of two terms affected with different signs should 
have the sign — , we infer 1^ that if the two terms of the divi" 
dend and divisor have each the same sign, the quotient arising 
from their division should have the sign -f- ; but if they are af 
fected with contrary signs it should have the sign — . This is 
the rule for the signs. 

EXAMPLES. 

To divide 

1. a* + 5a*6 + 7o»^+3a»J* 

by a^+Sha* 

2. X* — a5* + a;»— .x* + 2x— 1 
by «* + a: — 1 

3. 72x* — 78z*y— 10x«y« + 17xy* + 3y* 
by 12x» — 5xy — 3y* 

4. X* — a;*y— 13ar»y» + .t'y3 + 12xy* 
by x«+2a:*y — 3xy» 

5. _40y»+68xy + 25x«y« + 21x»|^»— 18x*y— sex* 

by 5y* — 6«y — 8x* 

48, The dividend and divisor being arranged with reference 
to the powers of the same letter, if the first term of the divi- 
dend is not divisible by the first term of the divisor, we infer 
that the total division is impossible, or in other words, that 
there is np polynomial, which multiplied by the divisor will 
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reproduce the dividend ; and, in general, we infer that the di- 
vision cannot be exactly performed, when the first term of a/ny 
cne of the partial dividenda is not divisible by the first term of 
the diffisar. 

When the division cannot be exactly performed, in order 
to complete the quotient, we write the remainder over the di- 
visor in the form of a fraction and annex it to the quotient ais 
in arithmetic. 

EXAMPLE. 

To divide 
6 a^ — 22 a* 6 ;f 12 o^ 6* — 6 a*ft' — 4 a»6* + 9a'»6« 
bySa^— 2a»6 + 4a»ft» _^ 

Answer a? — 4 c^ 6 +2 fc' + 



5a^ — 2a''b+4a^b^ 

49. We may remark in passing, that there is some analogy 
between division in arithmetic and division ' in algebra with 
regard to the manner, in which the calculations are disposed 
and performed ; there is however this essential difference, that 
in arithmetical division the figures of the quotient are obtain- 
ed by trial ; whereas, in algebraic division, we obtain with 
certainty a term of the quotient sought, by dividing the first 
term of each partial dividend by the first term of the divisor. 
In algebraic division moreover, we may begin, as it will be 
easy to see from the remarks, art. 40, at the right instead of 
the left of the dividend; ^ since, in this case, we shall have 
merely to operate upon the terms affected with the lowest, in- 
stead of those affected with the highest exponents of the letter, 
in reference to which the arrangement is made ; whereas, in 
arithmetical division, we must always begin at the left. In- 
deed, such is the independence of the partial operations in al- 
gebraic division, that having obtained one of the terms of the 
quotient and subtracted from the dividend the product of this 
term by the divisor, we may in the second partial operation 
divide, one by the other, the twa terms ot the new dividend 
and the divisor affected with the highest exponent of any 
other letter different from that, with reference to which th« 
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UTaiigemeii.t is made, and thus obtain a new term of the qtio- 
tient. It is indeed only for the sake of convenience, that we 
always regard the same letter in the course of the partial op* 
erations necessary to obtain the quotient. 

50. In the process of division, the multiplication of the 
different terms of the quotient by the divisor often produces 
terms, which are not found in the dividend, and which it is 
i^essary to divide by the first term of the divisor. These 
terms are such, as cancel each other in the process of forming 
the dividend by the multiplication of the divisor by the quo* 
tient 

To divjde «» — 6» by a — 6, 



a« — 6» 


a — b 


0* — ab 


a* + ab + b* 

3 


a^b — b* 
a*b — ab* 


» 


ab* — b^ 
a6» — ft»' 



If we now multiply the divisor by the quotient in this ex- 
ample, in order to produce anew the dividend, we shalj find, 
that the new terms, which arise in the process of division, 
are those which cancel each other in the result of multiplicar 
tion. 



EXAMPLES. 



1. To divide 6 a:* — 96 by 3 x— 6 

2. To divide x« — y^ by a; + y 

3. To divide (t* — «* by o — or 

51. It sometimes happens, that one or both of the quanti* 
ties, proposed for division, contains several terms affected with 
the same power of the letter, in reference to which the ar* 
rangement is made. The following examples will exhibit the 
course to be pursued in cases of this kind. 

1. To divide 
llo»6 — 19a6c + 10oa — 16a«c + 8a6*-f 16ftc*--5 6^e 

by 5 a* + 3 c 6 -^ 5 6 c. 
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The tenns 11 o* 6 — 15 a* c may be put under tte form 
(11 &— 15 c) c^y or which is the more convenient method 



116 
15 c 



«S 



a vertical line being employed instead of a parenthesis to in- 
dicate that the quantities 11 6, — 15 c, placed one under the 
other at the left hand, are multiplied each by aK In like 
manner, the terms — 19 a !tc + Sah^ may be put under the 

form — 19 6 c a 
36» 

Arranging the quantities with reference to the letter a, the 

calculations may be performed as follows. 



10 0^+116 
— 15 c 



o«— 196c 

+ 36* 

10 a» -I; 6 6 I a*— 1 be\a 

1st Rem. 

+ 56 a* — 96c 

— 15 c 3 6* 
+ 5h a*—9bc 

— 15 c 



a— 66»c+156c«|5o» + 3a6 — 56 c 



2a + 6 — 3c 



a_66*c+ 156c» 
a — 56*c + 156c» 



2d Rem. 

Dividing first 10 a" by 5 a*, we have 2 a for the quotient; 
subtracting the product of the divisor by 2 a from the divi- 
dend, we obtain the first remainder ; dividing the part affected 
with a* in this remainder by 5 o*, we obtain 6 — 3 c for the 
quotient ; multiplying successively each term in the divisor by 
5 — 3 c, we exhaust the dividend ; whence the quotient is 

2a+6 — 3c. 



2. 12 6» 


a» + 23 6» 


a» + 10 6* 


«7 


— 296c 


— 3l6»c 


— 6 6>c» 




15 c« 


— 96c» 


f 




15 c» 


i 



86 
— 5c 



a + 26» 



46 
— 3c 



-3cJ 



Ist Rem. 


15 63 


d»+10 6* 


» 


— 25 6«c 

— 9 6c» 


— 6 6»c» 




15 c» 


• 



2d Rem. 
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la like manner the following examples may be performed. 
a, Tb divide 



— «« — 6* 
Answer — <«* -^ 2 ft* 



4, To divide f 

—y 



. —c* 



(f—b^ 



26*c» 



bya*— 6* — c« 



b* c» 



by 



y 
1 



«" — 3y 



=IM 



3y 
3y 
3y 



3y 

2 



10 y* 
3y^ 
_10y« 
_2 y 



6f 



52. When the dividend is not divisible by the divisor, we 
may still attempt the division, according to thie rales which 
have been given, and continue it at pleasure. 

Thus let it be required to divide x by x -f- 2: 



X 



X -{- z 

z . z* z^ z* 



z — — 

X 



z 

X 



X +x' 





z^ 




-"-" 


)^ 




1 


x» 


«♦ 


• 


JC*" 


,«'. 









• » 

<— 1 



.(::: . 






6S 
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Prom tbe number of terms in tfae q^ootieiit already obtained 
in the above example, the learner will readily infer a law, by 
which the quotient may be continued at pleasure without per^ 
forming any more operations. 

63. Miscellaneous examples in the division of algi^raie 
quantities. 

1. To divide 32x» — 8c»a:»+12«» — c*+l 

2. To divide jc* -f- 1 by x + 1. 

3. To divide 1—5* + 10a«— 10»» + 6a:* — a:» 
by 1 — 2 a; 4" X*. 

4. To divide a* -[" x* by a + a?. 

6. To divide a* — 6 a*;r + 10 o»;?*— 10 o' «* + 6 o z*— x* 
by rf — 2 a z + «*. 

6. Todivide 6 a:« — 6a;*y' + 21 «»y' — 6 x* y* + af" y" -{- 15 y"" 

by 2 ar» — 3 x«y* + 6 y'. 

7. To divide 1 by 1 — a. 

— 26 



by 



9. To divide l + dx + 6x*-f-ca:» + d x* + &c., 
by 1 — X. 

10. To divide a — 6x+cx* — Jx*-|-&c.y 
by 1 + «• 

54. As a further illustration of the use of algebraic symbols, 
art. 29, the following propositions may now be demonstrated. 

1. If the sum of any two quantities be added .to their dif- 
ferencci the sum will be twice the greater. 

2. If the dijOference of any two quantities .be taken fiom 
their sum, the remainder will be twice the less. 



8. To divide 6 b 


a* — IV 


a» — 36» 


a» + 46» 


— 10 


23 6 


22 6« 


— 96* 


— 20 


— 316 


66 


5 


— 5 


r 36 


c^j^V — 2b 




— 5 









3. *!rhe second power of th^ sum of two quantities contains 
the second power of the : first quantity, plus double the pi^ 
duct of the first by the second, plus the second power of the 
second. 

4. The second power of the difference of two quantities is 
composed of the second power of the first quantity, minus the 
double product of the first by, the. .second, plus t)ie second 
power of the second* 

5. The product of the sum and difference of two qiMintities 
is equal to the difference of their second powers. 

Section V. — algebraic fractions. 

55. When the division of two algebraic quantities cannot 
be exactly performed, the quotient, as we have seen, is e^^ 
pressed in the form of a fraction, the dividend being taken |br 
the numerator and the divisor for the denominator. 

A. firaction in algebra has the same signification as a firaction 
in arithmetic ; the denominator shows into how many parts 
unity is divided, and the numerator how many of these parts 

a 
are taken. Thus, in the algebraic fraction t9 unity is suppos- 
ed to be divided into b parts, and a number a of these parts is 
supposed to be taken. 

REDUCTION OF FRACTIONS TO THEIR LOWEST TERMS. 

56. A fraction is said to be in its lowest tern^s, when there is 
no quantity, that will divide both of its terms without a re^ 
mainder. To reduce a fraction therefore to this state, we sup* 
press in the numerator and denominator the factors, which are 
common to them. 

When the two terms of an algebraic firaction are simple 
quantities, it will be easy, from inspection, to determine the 
faetors common to them ; but if the terms of the firaction are 
polynomials, this will not be so easy, and we must in this case 
have recourse to the method of tlie grecUe$t common (Umsor. 

By the greatest common divisor of two algebraic quantities 
wire understand the greatest in regard to coefficients and expo^ 
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nents^ that wtU exacth/ divide these quantities. Its theory tesU 
upon the same two principles, as that of the greatest common 
divisor in arithmetic, viz. 

V. The greatest divisor common to two quantities contains as 
factors aU the particular divisors cmfimon to these quantities and 
no others. 2®. The greatest divisor common to two quantities is 
ffie same wi^ the greatest divisors cominioh to the less of these quaii'^ 
tides and the remainder after the division of the greater by the less, 

67. This being premised, let it be proposed to fi6d the great- 
est common divisor of the polynomials 

«• — a*6 + 3 a62_363^ and a^*— 5 a6 -[-4 6* 

Pursuing the same general course as in arithmetic, we com- 
mence by dividing the first of the proposed polynomials by 
the second ; we thus obtain a -\' 4 b for b, quotient with a re- 
mainder 19a6»^-I9ft'i 

By the second of the above principles the question is now 
reduced to finding the* greatest common divisor to this re- 
mainder and the divisor a* — 5 a ft -f- 4 6*. But 19 ab*-^ 19 ft* 
may be put under the form 19 b* (a — b) ; and since the fiic- 
tor 19 6* of this quantity will not divide a' — 5 a 6 -f- 4 6*, it 
will not from the first of the above principles be a factor of 
tlie greatest common divisor sought, it may therefore be re- 
jected ; thus the question will be still fiirther reduced to find- 
ing the greatest common divisor to a — b and a* — 5 o 6 + 4 6*. 

Dividing the last of these two quantities by the first we 
obtain an exact quotient a — 4 b', whence a — b is th^ir 
greatest common divisor ; and by consequence it is the greats 
est common divisor of the polynomials proposed. 

The following is a table of the calculations. 

1st operation o« — a» 6 + 3 a 6» — 3 6^ ) a» — 5 aft + 4 6« 

a^ — 5a^b+Aab^ ) a-f4ft 

, . 4(j«^ — aft»— 3ft^ , 
4aaft — 30aft2 + 16ft9 



19o6a — 19ft» 
or 19ft'«(a — ft) 
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a— 4b 



•2d operation a* — 6 a 6 + 4 ^f 

a* — a6 

— 4ab + 4b* 

. 

Let it be proposed, as a S€)coiid exasmpl^ to find the greatest 
common divisor of the polynomials :^ 

6 5' — 18 6«a + ll6a^— 6c^ aiid7 6» — 23 6a-f 6 a^ 

In this example 5 b\ the first term of the dividend j is not 
divisible by 7 6*, the first term of Aie divisor. It will be ob- 
served, however, that 7, the coefiicient of the first term of the 
divisor, will not divide the tietnaiaing terms of the divisor. 
We may therefore, in virtue of the first principle, multiply the 
dividend by 7 without affecting the greatest common divisor 
sought. Performing this operation, we have for the dividend 

35 6' — 126i»a-f-776a«^42a» 

Dividing next 35 6' by 7 6*j we obtain 6 6 for a quotient. 
Multiplying the whole divisor by 5 6, and i^ubtracting, we have 
for a remainder — 1 1 6* a -{- 47 6 a* — 42 a'. 

The exponent of 6 in this reihainderj being equal to the ex- 
ponent of the same letter in the divisor, w^ continue the op* 
eration"; and in order to render the. first term divisible by the 
first term of the divisor, we multiply anew by 7, which gives 
— 77 6» a rf 329 6 a*— 294 a'. Dividing this by the divisor, the 
quotifent is — - 11 a, which we separate fi:om the other by a 
comma, to show that it has no connexion with it, and the re- 
mainder is 76 6 a* — 228 a', or 76 c^ (6 — 3 a). 

Siq^ressing, as in the preceding example, the factor 76 a', 
die qiiestion is reduced to finding the greatest divisor oommon 
to 6 — 3 o and 76*— 23 6 tf +6 a*. IHviding therefore the 
last of these quantities by the first, we obtain an exact quo- 
tient 76 — 2 a; whence 6 — 3 a isr the greatest common divis- 
or sought. 



«•; : 
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See a table of the oalculatioM. 

Ut operation 

35 6»— 126 6»o + T76 0^—4^0' \ 'yft«—28&g4-6rt' 



%d operation 



_ll6«a+47 6aa— 42o^ 

— 77 A* a + 253 Atf[^-_66^ 
""■ 76 6 «» — 228 o» 

or 76 a* (6 — 3 a) 



7y^23&a + 6fl*) &~3 c^ 
7ft«— 21ft^ )7& — 2a 



— 26a + 6a» 

— 26a-f-6<** 

Tte suppression of the factors 19 6*, 76 o? respectively ia 
the first remainder of the preceding examples serves not only 
to simplify the calculations, but it is also indispensable; for 
unless thift is done, we must itiultiply in the first example the 
new dividend by 196% and in the second by 76 a», in ordw to 
render the first term divisible hy the first term of the divisor ; 
we should thu& introduce into this dividend a factoi, which is 
found in the divisor, and by consequence we should introduce 
into the greatest common divisor sought a factor, which does 
not belong to it. 
3* To find the greatest common divisor of the polynomials 

n» + 6a*6 + 3o6* — 6> 

o»4.2a6-f-^ 
4» To find the g;reatest common divisor of the polysonials 

fl4_2o»6H-2a6» — 6* 

5» To find the greatest coimnon divisor of the polynomiab 

a?^r- 10 afe^s 4-3 fe» 

6a»— .16a6 + 36» 
6. To find the grealtest common divisor of the polynomials 

3a?_3a^6+o6»— 6» 



58^. Let it be proposed next to find the greatest cottmoii di* 
Tisor of the polynomials 

15 a» + 10 €r*fr + 4 (i^6» + 6 a«M — 3 tfft* 
«nd 12a?6^+38a^6» + 16a6*— 106* 

Before proceeding to the' division of the proposed polynomi- 
als, we observe that the first* contains the letter a as a factor 
common to all its terms ; and since this letter does not enter 
as a factor into the second polynomial, we may suppress it, as 
forming no part of the greatest cfommon divisor sought. 

For a similar reason, the factor 2 b* may be suppressed in 
the second polynomial. Thus the question is reduced to find- 
ing the greatest common divisor of the polynomiab 

16a* + 10te»6-f4a*6« + 6a6»— 3 6* 
6 a»-j- 19 a« 6 4- S «*'— 6 ** 
Pursuing with these polynomials the same course as in the 
preceding examples, we should multiply the dividend by 6, 
the coefficient of the first term of the divisor. But since 15 
and 6 have a common factor 3, it will be sufficient to midtiply 
by 2 the other factor of 6, which does not enter into 15, mul- 
tiplying therefore by 2 and continuing the operations as above, 
we obtain for the greatest common divisor 3 a* -(-2 a 6— 6*. 

2. To find the greatest common divisor of the pdynomials 

6a» + 10a*6-f 5o'6« 
a»6+2a>6«+2a6»-f-6* 

3. To find the greatest common divisor of the polynomials 

e (T^ + 1« a* c — 4 o' c« — 10 a* c' 
9a^b + ^7a*bc—6abd^—lSb<^ 

4. To find the greatest common divisor of the polynomials^ 

6a*— 4x*— llx' — 3a*— a«>— 1 
4a:*4-2a?'— 18a?« + 3a: — 5 

From what has been done, we have the fdilowiiig ndcj by 
which to find the greatest common divisor of two polynomi- 
alsy viz. The polynomials proposed being arranged with refer- 
ence to the same tetter, 1*. We mipprtss in ew^ the factorti 
wUek are noifowtdmthe oih«p ,* 2^. we divide one of the poly^ 
wmAdh by the other ^ and if the £mrion eamtei be exactbf pep^ 



1, 
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fixnmdymB. dMMthe -fintadmmr h^* ^ retimndierf md 9»^mj 
observing to prepare each dividend wfifii^ necHamy mnw^i^ 
manner J as to refiider i^efifsj^ ttpa divtsHle ^ the first term of the 
divisor J and to suppar^s m.«acA.f<maind^r the faclorsy which ari^ 
not contained in the^refieding divisor ^ and that remainder y which 
wUl exactly divide the precedinjg^ wiU be the greatest common di- 
visor sought, 

59. The research, for tl]^^ greatest conampn divisor ojf two 
polynomials; 4dmit^, in cerl^n cases^ of simplifications i^^hicb 
yre shall ^ow explain. 

1. Let it be proposed to find the greatest. common divisor 
of the polynomials . 

6a« + 10 a* X + 6 a^a;* 
and a* x + 2 a° of* + 2 a' ar^ -f- a a?* 

The letter a, it will be perceived, enters ,as a factor into 
each of the terms of the polynomials proposed. This Letter 
will therefore be a factor of the greatest common diyispr 
sought. Suppressing a in, the proposed, and applying the rule 
to the polynomials .which jresult^ we obtain a + x for their 
greatest common, divisor. The greatest common divisor nought 
will therefore be a (a + x) or a? + ax. 

2. To find the greatest common divisor of the polynomials 

6x^ + 55x' + 160z 

3. To find the greatest common divisor of the polynomials 

3a«ft^6a^6«4-2a6? 

■ 

4. Let it be required next to find' the greatest common di- 
visor of the polynomials 



— c* . — be 






a 



2 



b 
— c 



a*+V \.<f+.b 



a 



— i'c 



:«• 



-^9 
The proposed, it wiU..xeadiIy be tp^rceiyed, hftve a aimpie 

factflir lO^ comn^on to bQth>; r^o^toctipg:.th4t;tbi$ mil be A 
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tor of the gi^eatest common divisor sought, we suppress it in 
the proposed, and the polynomials, which result, will be 



— i? 






a» + 6*c» , h d^ + h 
Zfc»^4and_^ J, 



he 



a + 6» 



6'c 



We may now commence the division of one of these poly- 
nomials by the other according to the rule, in order to deter- 
mine their greatest common divisor. Before proceeding to 
this, however, let us see if there be not a polynomial divisor 
common to the coefficients of the letter a, with reference to 
which the arrangement is made. 

Comparing for this purpose the two coefficients of the low- 
est degree 6' — c* and h — c, we find that h — c will divide 
both without a remainder. We inquire next if 6 — c will 
divide tibe remaining coefficients of a. This is the case ; 
& — c therefore is a divisor common to all the coefficients of 
the two last polynomials. Recollecting that h — c will also 
foe a factor of the greatest common divisor sought, we suppress 
h — c, and the polynomials, which result, will be 



h 
c 



hi: 



a« -j- 6» c* + h^ c% and a* + 6 a + 6« 



Applying the rule to these, the first, it will be perceived, 
contains a factor h -{- c^ which is not contained in the second. 
Suppressing this, it remains to find the greatest common di- 
visor of the polynominals 

o*-|-6a» + 6*c», and a» + 6 a 4- V 

These, it will be found, have no common divisor. The 
gneatest common divisor of the proposed will therefore be 

' a' (6 — c), oro^6 — aJ^ c 

5. To find the greatest common divisor of the polynomids 



a' 



— a»c» 



— 4ac 



2 c' 



d 



6. To find the greatest conunon divisor of the polynomials 



X* 

3« 



— 3x> 
9* 



y» + x* 
--3 a;' 
—18 z* 



X 

3 



9 



y» + X^ 



9x 



9x' 



y-{-3x' 
9«« 
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8. To $nd the gr^ate^t common divisor of the polynomials 



2 



— 3 I lOy 

2 



ar-4r3/ 
-33^ 
— 6y 



4. To find the greatest common divisor of the polynomials 



h c" 
Vcd 



a* + 2 5V 
2 6V 



a* + 2 6*c' 



0* 



6»C£i 



6*C£i 



a 



6. To find the greatest common divisor' of the polynomials 



— 9x 



a? 
3x 



2a;^ 

— 18a; 
y* — 3 x« 

6a: 



y* — 3x* y»+2a;*|y« 



27 x' 



— 18a:» 



— 12«* 



y^4-4a;^ 
12a?» 



€0. To reduce a fraction to its lowest terms, we divide the 
two terms of the fraction by th^ir greatest common divisor. 



EXAMPLES. 



2-4 5* 

1. Reduce rr— r to its lowest terms. 



2. Reduce 



3. Reduce 



4. Reduce 



5. Reduce 



2 a a?* — a*x — a^ 
2a;a +3 aa: + o> 

a* — »* 
a^^a^x — ox* — X* 
3a3 — 24 a — 9 



to Its most simple form. 



to its lowest tennis. 



2a3 — 16a — 6 
6 ox^ + ax^ — l^ax 
6 ax — 8 a 



- to its lowest terms. 



to its most simple farm. 
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6, Beduce -i- ^ to its 

lowest terms. 

61. Algebraic fractions being of the same nature as fractions 
in arithmetic, the rules for the fundamental operations are the 
same. We shall merely subjoin these rules, with some exam- 
ples under each. 

MULTIPLICATION OF ALGEBRAIC FRACTIONS. 

Rule. — Multiply the numerators together for a new numerator ^ 
end the denominators for a new denominator. 

EXAMPLES. 

1. Multiply -by ^^, Ans.j^. 

2. Multiply -^^^_f^ by _-. Ans. -L^. 

3. Multiply ^-^-by^-^-^.. Ans. (^_X)a • 

x-4- 1 X 1 

4. Multiply 3 x, -r — , and — r-r together. 

^ a a — j~ 

3x»— 3x 

Ans. 



2o» + 2oy 

6. Multiply — r-ri 1 — n-^ndaA together. 

'^ ^ a.+ p aaj-f-x' ' a — z ° 

a^{a—h) 



Ans. 



DIVISION OF ALGEBRAIC FRACTIONS. 

Rule. — Invert the divisor^ and then proceed as in mtdtipUcOr 
turn, 

EXAMPLES. 

1. Divide — ^- by --^\. Ans. -r 3. 

6 
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8. To $nd the greatest commoQ divisor .of the polynomids 

— 4y« 
-8/ 



2 



— 3 I lOy 

2 



ar-4r3.y' 
-3y^ 
— 6y 



4. To find the greatest coingmon divisor of the polynomials 



b c' 
b*cd 



a* + 2 6V 
2 6V 



a* + 2 6*c' 
26»c« 



a' 



b'^cd bUd 



a 



6. To find the greatest common divisor of the polynomials 



— 9x 



y* — 2 X* 

2x' 

18x* 

— 18x 



-3x^ 
27 x' 



y^ + 2xMy« 



— 18x» 



x» 


y*-3x« 


y' — 4rc» 


f + 4x' 


3x| 


— 7d:» 
6x 


— 12x* 


12a?» 



€0. To reduce a fraction to its lowest terms, we divide the 
two terms of the fraction by th^ir greatest common divisor. 



EXAMPLES. 



3.4 J4 

1. Reduce -, r:^^ to its lowest terms. 



2. Reduce 



3. Reduce 



x" — 6^x3 

2 ax* — a*x — a^ 

2xa + 3ax + a> 



to its most simple form. 



a' 



X* 



a^j^a^x — ox* — X* 



to its lowest tennis. 



4. Reduce — — ^ . ■ to its lowest terms^ 

2o3 — 16a — 6 

■ ■ ' , - ^ 

^ T» J 6 ax^ + OX* — l^ax . .' _ . . , - 

6. Reduce ^ . ^ — to its most simple fann. 

6ax — ^8a 
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6, Reduce ■ ^ to its 

jc* — 3x*— 11x5 ^-27a;« + 10a? — 24 

lowest terms. 

61. Algebraic fractions being of the same nature as fractions 
in arithmetic, the rules for the fundamental operations are the 
same. We shall merely subjoin these rules, with some exam- 
ples under each. 

MULTIPLICATION OF ALGEBRAIC FRACTIONS. 

Rule. — Multiply the numerators together for a new numerator^ 
end the denominators for a new denominator. 

EXAMPLES. 

, ^ , . , 6c, aH* . 6' 

1. Multiply -by ^^,. Ans.j^. 

2. Multiply ^~^_f- by _-. Ans. .L_i.. 

3. Multiply ^-^-by^-^-^,. An8. (^_X), • 

3.-1-1 X 1 

4. Multiply 3 x, — r — , and — r-r together. 

^ a a — j~ 

Ans. 



2a» + 2ay 

5. Multiply-^, ^^r and a + ^- together. 

a«(a— 6) 



Ans. 



DIVISION OF ALGEBRAIC FRACTIONS. 

Rule. — Invert the divisor^ and then proceed as in muUiplicOr 
turn, 

EXAMPLES. 

1. Divide — i— by --i-f. Ans. -^ 5. 

X — y ^ a — b or — y* 

6 



14 ELEMEKTS OF ALGEBRA. 

2. Divide ^3 '3 by -. Ans. ^a , ^l; . > , 

x*—b* x' + ftar x' + i' 

3. Divide -= — 5-7 — rTi^y jT- Ans- • 

ar — 2oa:+6* "^ x—- 6 x 

(a-UxY ' 12 X 

4. To divide 12 by ^— ^ — ^ a. Ans, -,— 



ADDITION OF ALGEBRAIC FRACTIONS. 

Rule. Reduce the fractions to a common denominator ; then 
add the numerators together^ and place their sum over the common 
denominator, 

EXAMPLES. 

1. Add together "^^ and --Hi^. Ans. ^''!'^V> 

x—y x+y u^ «'— r 

x' + v* x*— V* 2(x'4-xv4-v') 

2. Add together ^^and ^. Ans. ^ ^ ,^^^\ 

«^ x+y x — y x + y 

^ ^ _, ., « a — 36 .a' — 6' — ab 

3« Add together t ; 5 — % and r^—r • 

^ b cd bed 



Ans. l^±rJ}l±J^, 
bed 



4. Add together — and 



o' — 4y* ac'^2 ctf* 

. ac^ -^-abd — 2 b dy 

c (a' — 4y') • 

5 . Add together 

l+2x 7 J a: 

' - . and ' 

(3— x)(l + x)'(2 + a;)(l-3x)' (1 + x) (2+*)- 

. 23 + 161 — 301"— 3r» 

• (3_x)(l+x)(2+x)(l-3x)' 

SUBTRACTION OF ALGEBRAIC FRACTIONS. 

'RvAe.'^Reduce the fractions to a common denominator ; then 
place the difference of their numerators over the denominaiory and 
ii unS be the difference required. 



> , 
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EXAMPLES. 



1, From ^JZll subtract ^^±^. Ans. ^^-^^^+^ 

x-^l x — l a* — I 

2, From subtract . Ans, ^ 



S. From /^^ subtract ?L!Z.^. Ans. ^^.~^ ~ -. 

or — sr a'\-z a* — :^ 

4. From -iLZZ-JLlL— subtract ?— — Ans- 



f—y y y—i 

Section VI. — Equations. 

62. The above rules are sufficient for the solution of all 
equations of the first degree, however complicated. 

Let it be proposed, for example, to find the value of x in 
the equation 

10 x-^bc 12 a? — c* 9x + 36c 

a 13 a — 6 b 

Indicating the operations required in order to make the de- 
nominators disappear, we have, 

(10x + 6c) {I3a—b) b—(l2x — c')ab = a{9X'^3bc) 

(13 a— 6) 

performing the operations, transposing and reducing, we have 

127o6x — 117a»z — 10 6»x = 39a*6c— 16a6*c + 5»c— o 
be" 

, 39a*6c — 16 a6»c + 6* c — aft c* 

whence x == \- 

127a6— 117 a*— 106* 

The following examples will serve as an exercise for the 
learner. 

1. Given '^^~^-L^^^ + ^=:3x — ^^~^ to find the 

11 ~ 13 ^ ' 

value of x« Ans. x «= 9. 

« ^. 2x + l 402— 3x ^ 471— 6x. i: j xi,^ 

2. Given — -i =s 9 » to find the 

29 12 2 ' 

value of X. Ans, x ss= 72, 
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9x+^<?^liZll?. + ?, to find the value of r. 

Ans. X = 8. 

13a:— 16 9 ' 




Ans. ar = 4. 

^x. ^^9 ll. + 21^9x + 15 ^^ ^^^ ^j^^ 
^ (?»'«" "'18 ^ 6 a; + 14 14 

,, Ans. x=7. 

^5 AND EQUATIONS OF THE FIRST DEGREE WITH 
f*^' TWO UNKNOWN QUANTITIES. 



6$- 



}lost of the questions, which we have hitherto consid- 

*r j-^yolve more than one unknown quantity. We have 

able to solve them, however, by representing one of the 

tflovi^n quantities only by a letter', since, by means of this it 

been easy, from the conditions of the question, to express 

. ^(her unknown quantity. In many questions the solution 

.^goflies more simple by representing more than one of the 

^jiawn quantities by a letter, and in complicated questions, 

it is frequently necessary to do this. 

The question, art. 1, yiz. To divide the number 56 into two 

g^ parts J that the greater may exceed the less % 12, presents 

^iself naturally with two unknown quantities. Thus, denot- 

jug the less part by x and the greater by y, we have by the 

conditions of the question 

X -f y = 56 
y — a;= 12 

Deducing the value of y from the second equation, we have 
y = X -|- 12 ; substituting for y in the first equation its value 
X + 12, we have x -j- x -J- 12 = 56, an equation, which con- 
tJBiins only one i]^iknown quantity, and from which we obtain 
X = 22. 

A person has two horses and a saddle, which of itself is 
worth $ 10. If the saddle be put upon the first horse, his 
value will be twice the second ; but if the saddle be put upon 
the second, his value will be three times the first. What is 
the value of each ? 



1 
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Let X =7= the y&lue of the first horse, and y that of the sec- 
ond) we have by the question 

X + 10 = 2 y 
y -{- 10 = 3 X 

Deducing the value of y from the second of these equations, 
and substituting it for y in the first, we have 

a: -{- 10 = 6 i — 20 
whence x = 6 

Substituting next for x its value 6 in the second equation, 
we have y -j- 10 = 18 

whence y = B 

The process by which one of the unknown quantities in 
an equation is made to disappear, is called elimination. The 
method of eliminating one of the unknown quantities, pursu- 
ed above, is called elimination by stibstitiUion, 

64. Since the two members of an equation are equal quanti- 
ties, it is evident, 1^. that we may add two equations member to 
member without destroying the equality, 2\ we may subtract the 
memhers of one equation from those of another without destroying 
the equality. 

Taking advantage of this remark, we may frequently elim- 
inate one of the unknown quantities in a more simple manner, 
than by the process of Substitution. 

Let there be proposed, for example, the equations 

5 X + 7 y = 43 
llx + 9y = 69 

If either of the unknown quantities in these equations were 
affected with the same coefficient we might, it is evident, 
eliminate this unknown quantity by a simple subtraction. But 
if the first equation be multiplied by 9 the coefficient of y in 
the second, and the second by 7 the coefficient of y in the 
first, we shall obtain two new equations, which may be sub- 
stituted for the proposed, and in which the coefficients of y 
will be equal, viz. 

45 X + 63 y = 387 

77 X + 63 y = 483 
6» 
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Subtracting then the first of these equations from the sec- 
ond, we have 32 x c= 96, from which we obtain x = 3* Sub- 
stituting this value of x in either of the proposed we obtain 
the value of y. 

In like manner, if we wish first to eliminate x, we multiply 
the first of the proposed equations by 11 the coefficient of x 
in the second, and the second by 5 the coefficient of x in the 
first, we thus obtain two new equations, which may be substi- 
tuted for the proposed, and in which the coefficients of x will 
be equal, viz. 55 x + 77 y = 473 

55 X + 45 y = 345 * 

Subtracting therefore the second of these equations firom 
the first, we have 32 y = 128 ; whence y = 4. 
Let us take as a second example the equations 

8 X — 21 y = 33 
6 X + 35 y = 177 

The coefficients of x in these equations have. It will be per- 
ceived, a common factor 2. It will be sufficient therefore, in 
order to render these coefficients equal, to multiply the first 
equation by 3 and the second by 4. Performing the opera- 
tions we have 24 x — 63 y = 99 

24x-f 140y=708 

whence, subtracting the first of these equations from the sec- 
ond, we obtain 

203 y = 609 

therefore y = ^ 

In like manner since the coefficients of y contain the com^ 
mon factor 7, in order to render the coefficients of y equal we 
multiply the first * of the proposed equations by 5 and the 
second by 3, which gives the two new equations 

40 X — 105 y = 165 
18 X + 105 y = 531 

whence by addition, we obtain 

58 X = 696 

therefore x =: 12 

65. The method of elimination, which we have now ex- 
plained, is called elimination by addition and subtraction^ since 
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the equations being properly prepared, we cause one of the 
unknown quantities to disappear by addition or subtraction. 

In the use of this method, it is important to ascertain 
whether the coefficients have common factors, since, if this 
be the case, by omitting the common factors in the multipli- 
cations required, the calculations to be performed become 
more simple. ^ 

EXAMPLES. 

•4 

1. To find the values of x and y in the equations 

4a? — 3y = 1 

3 a; + 4 y = 57 

2. To find the values of a; and y in the equations 

5x + 7y = 201 
Sx — 3y = 131 

3. To find the values of x and y in the equations 

8 y — 3 a: = 29 
6 y — 4 X = 20 

4. To find the values of x and y in the equations 

5 + ^ = 8 

3 2 

5. To find th^ values of x and y in the equations 

6+4 — ® 

6. To find the values of x and y in the equations 

?L+i+10a?=«192 

7. To find the values of x and y in the equations 
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8. To find th€ values of x and y in the equations 

Ans. :r =r 3, y =2. 

9. To find the values of x and y in the equations 

^ 7 ~ 14 

5x — 4y lltf — 19 

^2 4 

Ans. a; = 6, y = 5. 

66. We pass next to the solution of some questions produc- 
ing equations involving two unknown quantities. 

1. A number consisting of two figures when divided by 4, 
gives a certain quotient, and a remainder of 3 ; when divided 
by 9 gives another quotient and a remainder of 8. The value 
of the figure on the left hand is equal to the quotient obtained, 
when the number was divided by 9, and the other figure is 
equal to -^ of the quotient obtained, when the number was 
divided by 4, Required the number. . 

Let X and y == the figures in order ; then 10a;+y = the 
number, and we have by the question 

10 X + y ,8 



lOar + y 3 , ,^ 



Deducing the values of x and y from these equations, 'we 
obtain x = 7, y = 1. The number required is therefore 71. 

2. A purse holds 19 crowns and 6 guineas. Now 4 crowps 
and 5 guineas fill ^ of it. How many will it hold of each ? 
Let a?= the number of crowns and y = the number of 

guineas, then -= the space occupied by a crown and-ti: the 

space occupied by a guinea, we have therefore by the question 

19,6 ^4,6 17 

h- = l, and - +^=-- 

X ' y ^ « y 63 

from which we obtain x=:21, ys=63. 
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3. What fraction is that, whose numerator heing douhled, 
and denominator increased by 7, the value becomes f ; but the 
denominator being doubled, and the numerator increcu»ed by 2, 
the value becomes ^ ? Ans. ^, 

4. A vintner sold at one time 20 dozen of port wine, and 30 
of sherry, and for the whole received $120; and at another 
time sold 30 dozen of port, and 25 of sherry at the same pri- 
ces as before, and for the whole received $140. What was 
the price of a dozen of each sort of wine ? ♦ 

Ans. $3 and $2 respectively. 

5. A farmer with 28 bushels of barley at 2s, 4c?. per bushel, 
would mix rye at 3 shillings per bushel, and wheat at 4 shil- 
lings per bushel, so that the whole mixture may consist of 100 
bushels, and be worth 3s. 4d, per bushel. How niany bushels 
of rye, and how many of wheat must he mix with the barley ? 

Ans. 20 bushels of rye and 52 bushels of wheat. 

6. A and B speculate with different sums ; A gains $ 150, 
B loses '$50, and now A's stock is to B's as 3 to 2. But if A 
had lost $50 and B gained $ 100, then A's stock would have 
been to B's as 5 t<V^. What was the stock of each ? 

Ans. A's $300 and B's $350. 

7. A rectangular bowling green having beeti measured, it 
was observed, that if it were 5 feet broader, and 4 feet longer, 
it would contain 1 16 feet more ; but if it were 4 feet broader, 
and 5 feet longer, it would contain 113 feet more. Required 
the .length and breadth. 

Ans. The length was 12 and the breadth 9 feet. 

8. There is a number consisting of two figures, the second 
of which is greater than the first ; and if the number be di- 
vided by the sum of its figures, the quotient is 4 ; but if the 
figures be inverted, and the number which results be divided 
by a number greater by 2 than the difference of the figures, 
the quotient becomes 14. Required the number. 

Ans. 48. 

9. A person owes a certain sum to two creditors. At one 
time he pays them $53, giving to one four-elevenths of the 
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sum due to him, and to the other $3 more than one sixth of 
his debt to him. At a second time he pays them $42, giving 
to the first three-sevenths of what remains due to him, and to , 
the other one-third of what is due to him. What were the 
debts? Ans. $121 and $36. 

10. Some smugglers discovered a cave which would exactly 
hold the cargo of their boat, viz. 13 bales of cotton and 33 
casks of wine. Whilst they were unloading, a custom house 
cutter coming in sight, they sailed away with 9 casks and 5 
bales, leaving the cave two-thirds. full. How many bales or 
casks would it hold ? Ans. 24 bales or 72 casks. 

11. A person having laid out a. rectangular bowHng green, 
observed that if each side had been 4 yds. longer, the adjacent 
sides would have been in the ratio of 5 to 4 ; but if each ^ad 
been 4 yds. shorter, the ratio would have been 4 to 3. What 
are the lengths of the sides ? Ans. 36 and 28 yds. 

12. A vintner has two casks of wine, from the greater of 
which he draws 15 gallons, and from the less 11 ; and finds 
the quantities remaining in the proportion of 8 to 3. After the 
casks become half empty, he puts 10 gidlons of water into 
each, and finds that the quantities of liquor now in them are 
as 9 to 5. How many gallons will each hold ? 

Ans. The larger 79 and the smaller 35 gallons. 

13. Two persons, A and B, can perform a piece of work in 
16 days. They work together for 4 days, when A being cal- 
led off, B is left to finish it, which he does in 36 days more. 
In what time would each do it separately ? 

Ans. A in 24 and B in 48 days. 

14. Two loaded wagons were weighed, and their weights 
were found to be in the ratio of 4 to 5. Parts of their loads, 
which were in the proportion of B to 7 being taken out, their 
weights were then found to be in the ratio of 2 to 3 ; and the 
sum of their weights was then 10 tons. What were their 
weights at first ? Ans. 16 and 20 tons. 

15. There is a cistern, into which water is admitted by 
three cocks, two of which are of exactly the same dim^^sions. 
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When they are all open, five-twelfths of the cistern is filled 
in four hours ; and if one of the equal cocks he stopped, sev- 
en-ninths of the cistern is filled in ten and two-thirds hours. 
In how many hours would each cock fill the cistern ? 

Ans. Each of the equal ones in 32 
hours and the other in 24, 

16. A has a capital of $30,000, which he puts out to inter- 
est at a certain rate per cent, and he owes $20^000, on which 
he pays a certain rate per cent, interest. The interest which 
he receives exceeds that, which he pays, by $800. B has a 
capital of $ 35,000, which he puts out to interest at the same 
rate per cent, that A pays on his debt, be also owes $24,000) 
on which he pays interest at the same rate, that A re^ceives 
for his capital. The interest which he receives exceeds that, 
which he pays, by $310. What are the two rates of interest ? 

Ans. 6 and 5 per cent, respectively. 

17. There is a number consisting of two digits, which is 
equal to four times the sum of those digits ; and if 18 be ad- 
ded to it, the digits will be inverted. What is the number ? 

Ans. 24. 

18. To find a fraction such, that if 3 bie subtracted from the 
numerator and denominator, it is changed into ^, but if 5 be 
added to the numerator and denominator it becomes ^, What 
is the fraction ? Ans. -f^. 

19. A has a certain capital which he puts out to interest at 
a certain rate per cent. B has a capital of $ 10,000 more than 
A, which he puts out to interest at one per cent, more, and re- 
ceives $800 more interest than A. C has a capital of $ 15,000 
more than A, which he puts out at 2 per cent, more, and re- 
ceives $ 1500 more interest than A. What is the capital of 
each and the three rates of interest ? 

Ans. A's capital is $30,000, B's $40,000, 
C's $45,000, and the rates of inter- 
est, 4, 5 and 6 per cent, respectively. 
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PROBLEMS AND EQUATIONS OF THE FIRST DEGREE WITST 
THREE OR MORE UNKNOWN QtANTITIES. 

67. Let now the following question be proposed, viz. 

There are three persons, A, B, and C, whose ages are as fol- 
lows ; if from 4 times A's age added to 5 times B's age, we 
subtract 3 times C's age, the remainder- will be 70; if from 3 
times A's age we subtract 4 times B's age, and to the remain- 
der add twice C's age, the sum will be 26; and if twice A's 
age, 3 times B's, and 5 times C's age be added together, the 
sum will be 240. What is the age of each ? 

This question presents itself naturally with three unknown 
quantities. Thus denoting A's age by x, B's by y, and C's 
age by Zj we have by the question '' 

4x + 5y — 3^ = 70 
3x — 4y + 22: = 25 
2x + 3y + 5z = 240 

Multiplying the first equation by 2, and the second by 3, 
and adding the results, we obtain 

17ar — 2y = 216 

Again, multiplying the second equation by 5, and the third 
by 2, and subtracting, we obtain, 

— 11 a: + 26 y = 355 

We have now two equations with two unknown quantities 
only. Deducing next the values of x and y from these in the 
same manner as in the preceding equations with two unknown 
quantities, we have a; = 15, y = 20 ; substituting these val- 
ues in the first of the proposed equations, we obtain z = 30. 

In the same manner, if there be four equations with four un- 
known quantities, we combine the equations two by two, until 
one of the unknown quantities is eliminated from the whole ; 
we then have three equations with three unknown quantities. 
Combining next these three two by two, until one of the 
unknown quantities is eliminated, we obtain two equations 
with two unknown quantities, and so on. The process is al- 
together similar for five or more equations with the same num- 
ber of unknown quantities. 
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EXAMPLES. 

1 . To find the values of x, y^ and z in the equations 

6a? — 6y-\-4 z = i5 
'i X'{' 4 y — dz = 19 
2tlc+ y-}-6a; = 46 

S. To find the values of x, y^ and z in the equations 

2x + 4y — 3a; = 22 
4x — 2y-f5z = 18 
6x+7y — 2:-= 63 

^ 3. To find the values of x, y, and 2r in the equations 

3 X +• 5 y + 7 2; = 179 
8x4-3^ — 2 2:= 64 
6x — y -l-3z=r 75 

4, To find the values of x, y, and z in the equations 

3x + 2y — 4z= 8 
, 5 X — 3 y -f 3 z = 33 
7x+ ^4-5^ = ^5 
•5. To find the values of x, y, ;r and u in the equations 

x4- y+ ^ — 2tt= 5 

6x4-3y — 2«-}- tt = 10 
7x — 5y+3z — 4tf=:23 
3x + 2y — Z'\-'7ut=s20 

68. It sometimes happens, that all the unknown quantities 
>are not found in each of the equations. In this case, the elim- 
ination may, with a little attention, he veiy readily perform- 
ed. 

1. Let there he proposed, for example, the foKir following 
equations with four unknown quantities, viz : 

2x — 3y + 2z = 13 
4u — 2x = 30 
4y + 2z = 14 
6y-f3tt = 32 

With a little examination we see, that the elimination of z 
from the first and third equations will give an equation in x 
and y, and that the elimination of u from the second and fourth 

7 
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equations will also give an equation in x and y. From these 
last the values of x and y may be readily found. Perfonning^ 
the necessary operations we obtain a: = 3, y = 1 • Substituting 
next for X its value in the second equation, we have «=9y 
and substituting for y its vaJue in the third, we have 2r = 5. 

2. To find the values of x, y, z and u in the following equa:* 
tions 3i — y-t-5^ = 16 

9x — 3y-{-22:= 9 
8y — 3tt== 4 

3. To find the values of the unknown quantities in the fol- 
lowing equations 7x — 22r4-3tt = 17 

4y — 2z+ f=:ll 

5y — 3x — 2tt= 8 

4y — 3ti + 2f== 9 

32: + 8«=33 

69. We pass next to the solution of some questions. 

1. A merchant has three ingots composed each of gold, silver 
and copper in the following proportions, viz. in the first there 
are 7 oz. of gold, 8 of silver, and one of copper to the pound, 
in the second there are 5 oz. of gold, 7 of silver, and 4 of cop- 
per, and in the third 2 oz. of gold, 9 of silver, and 5 of copper 
to the pound. What parts must be taken from each of these 
three ingots, in order to compose a fourth, in which there shall 
be 4:^i oz. of gold, 7-ff of silver, and 3^ of copper to the pound. 

Let x, y, and z represent the number of ounces which must 

be taken respectively from the three ingots to form the ingot 

required. Then, since to every 16 oz. of the first ingot there 

are 7 oz. of gold ; to a number of ounces denoted by x there 

7x 
will be — oz* of gold. In like manner in y oz. of the sec- 

16 
ond ingot there will be -i- oz. of gold ; and in z oz. of the 

third there will be — oz. of gold. The proportion of gold in 

the ingot required will then be 

7« , 5y 25r ' 

16 "*" 16 "^ 16 
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Finding, in like manner, the proportions of silyer and cop- 
per, the equations of the question, freed from denominators^ 
will be 7a;4-5y + 25?=79 

8x4-7y + 9 2:=122 

a? + 4y + ^^= 66 
from which we obtain x = 4, ^ = 9, and z = 3, 

2. Three brothers purchased an estate for $16,000, aad the 
first wanted, in order to complete his part of the payment, half 
of the property of the second ; the second would have paid his 
share with the help of a third of what the first owned ; and the 
third required, to make the same payment, in addition to what 
he had, a fourth part of what the first possessed ; what was 
the amount of each one's property ? 

Ans. $3,000, $4,000 and $4,260 respectively. 

3. Three persons. A, B and C, compare their fortunes. A 
says to B, give me $700 of your money, and I shall have 
twice as much as you retain; B says to C, give me $1400, 
and I shall have thrice as much as you have remaining; C 
says to A, give me $420, and then I shall have 6 times as 
much as you retain. How much has each ? 

Ans. A $980, B $1640, G $2380. 

4. Three players after a game count their money ; one had 
lost, the other two bad gained each as much as he had brought 
to the play ; after the second game, one of the players, who 
had gained before, lost, and the two others gained each a sum 
equal to what he had at the beginning of this second game ; 
at the third game the player^ who had gained till now^ lost 
with each of the others a sum equal to that, which each pos- 
sessed at the beginning of this last game ; they then separat- 
ed, each having $ 1,20 ; how much had they each, when they 
commenced playing ? 

Abs. $1,96, $1,06 and $0J60 respectively. 

6. Three laborers are employed in a certain work. A and 
B together can perform it in 8 days, A and C together in 9 
days, and B and C together in 10 days. In how m^y days 
can each alone perform the same work ? 

Ans. A in 14f|, B in 17ff and C in 23^ days. 
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6. Three men, A, B, C, driving their sheep to market, says 

A to B and C, if each of you will give me 6 of your sheqp, I 

shall have just half as many as both of you will have left. 

Says B to A and C, if each of you will give me 5 of yours 

I shall have just as many as both of you will have left. Says 

C to A and B, if each of you will give me 6 of yours I shall 

have just twice as many as both of you will have left. How 

many had each ? 

Ans. 10, 20, and 30 respectively. 

7. A cistern is furnished with three pipes. A, B and C. By 
the pipes A and B it can be filled in 12 minutes,* by the pipes 
B and C in 20 minutes, and by A and C in 15 minutes. Ib 
what time will each fill the cistern alone, and in what time 
will it be filled if all three are open together ? 

Ans. A will fill it in 20, B in 30, and C in 60 minutes, 
and the three together in 10 minutes. 

8. It is required to divide the number 72 into four such 

parts, that if the first part be increased by 5, the second part 

diminished by 5, the third part multiplied by 5, and the fourth 

part divided by 6, the sum, difference, product and quotient 

shall all be equal. 

Ans. The parts are 5, 15, 2, and 50. 

Section VII. — ^Negative quantities, questions 

PRODUCING NEGATIVE RESULTS. 

70. The length of a certain field is eight rods and the 
breadth five rods, how much must be added to the length, 
that the field may contain 30 square rods ? 

Let X = the quantity to be added, then by the question 

40 -f- 6 X =t 36 
and 6 X = 30 — 40 

or dividing by 5 x = 6 — 8 

In this result 8^ the quantity to be subtracted, is greater 
than that, from which it is required to be taken ; the subtrac- 
tion therefore cannot be performed. We may, however, de- 
compose 8 into two parts 6 and 2, the successive subtraction 
of which will be equal to that of 8, and we shall have for 
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6 — 8 ihe equivalent expression 6 — 6 — 2, which is reduc- 
ed to — 2 or more simply — 2, the sign — heing retained 
before the 2 to show that it remains to be subtracted. 

A monomial with the sign — prefixed is called a negcUiv^ 
quantity, thus, — 2, — 3 a, -*- 5 a 6, are negative quantities* 

Monomials with the sign ^ either prefixed or understood 
are called positive quantities. Thus 2, 3 a, 5 a 6, are posi« 
tive quantities. 

Negative quantities, it will be perceived) diflfer in nothing 
from positive quantities except in their sign. They are dc* 
rived from endeavoring to subtract a larger quantity from one 
that is smaller, and are to be regarded merely as positive 
quantities to be subtracted. 

71. If it now be asked what is the sum of the monomials 
-^ a, — by -|- c, the question, from what has been said, is re- 
duced to this, what change will be produced in the quantity a, if 
the quantity b be subtracted from it and the quantity c be added 
to the remainder. Indicating the operations required to obtain 
the answer to the question thus proposed, the result will be 

a — 6 + c 

In order then to add monomials affected with the signs + 
and — , it will be sufficient to write them one after the other 
with the signs with which they are affected^ when they stand 
alone, 

72. If we now add the quantities + 6,— 6, the result b — 6, 
it is evident, will be equal to zero. If then the expression 
b — & be added to a, it will nqt afiect the value of a ; and 
a -f- 6 — b will only be a difierent form of expression for the 
same quantity a. If it now be proposed to subtract -|- b from 
o, it will be sufiicient, it is evident, to efface -|- 6 in the 
equivalent expression a -[- & — 6, and the result will be a — 6. 
Again, if it be required to subtract — h from a, it will be 
sufiicient to efface — bin the same expression, and we shall 
have for the result o -j- 6. Thus, to subtract a positive quan- 
tity is the same as to add an equal negative quantity, and to 
subtract a negative quantity is the same as to add an equal 
positive quantity. To subtract monomials therefore of what- 
ever sign, wp change the signs, and th-n ?>='"»'?.' 's in addition^ 
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73. If we multiply b-^bhj a the product must be a 6 — abf 
because the multiplicand being equal to zero, the product 
must be zero. Since then the profluct of 6 by a rs evidently 
a by that of — 6 by a must be — abia order that the second 
term may destroy the first. Fpr a similar reason the product 
of a by 6 — b will be a 6 --^ a ^; Whence if a negative qwinti- 
ty be multiplied by a prntivCy or a positine by a negaHvey the prO' 
duct wiU be negative. 

Again, if we multiply — a by 6 — by from what has been 
proved above, the product of — a by 6 will be — a by the 
product of — 6 by — a must therefore be -f- a 6, in order that 
the result may be zero, as it should be^ when the multiplier is 
zero. Whence, the product of a negative quantify by a negative 
quantity will bepoHtifve^ 

74. We arrive at the same conclusions by the definition of 
multiplication given in arithmetic, according to which to mul- 
tiply one number by another,, we form a number by means of the 
multiplicand in the same manner that the multiplier is formed by 
means of unity. Thus to multiply 5 by — 3, we form a num- 
ber by means of 5 in the same manner that — 3 is fonned by 
means, of unity ; but — 3 is formed by the subtraction of 
three units, the product required will therefore be formed by 
the subtraction of three fives, by consequence it will be — 16. 
In like manner the product of — 6 by — 3 will be found by 
the subtraction of three minus five's, it will therefore be -|r I^* 

The rules for division follow necessarily from those for mul- 
tiplication. We have therefore the same rules for the signs 
in the multiplication and division of isolated simple quanti- 
ties, as are applied to these quantities, when they make a part 
of polynomials ; and in general, morurmiaky when they are iso- 
latedy are combined in the same manner with respect to their signSy 
as when they make a part of polynomials, 

75. From what has been said, it will be perceived, that the. 
term addition does not in algebra, as in arithmetic, always im- 
ply augmentation. Thus, the sum of a and — b is, strictly 
speaking, the difference between a and bi it will therefore be 
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less than a. To distinguish this from an arithmetical sum, 
we call it an algebraic sum. Thus the polynomial 

3a 6 — Shewed — e/, 
considered as formed hy uniting the quantities 

3a6, — 6 6 c, + cdj — ef 
with their respective signs is called an algebraic sum. Its 
proper acceptation is the arithmetical difference hetween the 
sum of the units contained in the terms, which are additive, 
and the sum of those contained in the terms, which are sub- 
tractive. 

In like manner the term subtraction in algebra does not al- 
ways imply diminution. Thus — b subtracted from a gives 
a -{-by which is greater than a. This result may, however, 
be called an algebraic differ eticej since it may be put under the 
form a — ( — b) . 

76. Resuming now the question proposed, art. 70, we have 
for the answer ac = — 2. In order to interpret this negative 
result, we return to the equation of the question 40 + 5 ac = 30, 
Here, the addition intended in the enunciation of the ques- 
tion being arithmetical, it is evidently absurd to require that 
something should be added to 40 in order to make 30, since 
40 is already greater than 30. The negative result indicates 
therefore, that the question is arithmetically impossible, or in 
other words, that it cannot be solved in the exact sense of the 
enimciation. If, however, in the equation 40 -|- 5 ac =s= 30, 
we substitute — 2 for ac, we have 40 — 10 = 30, an equation, 
which is exact. In order then that the result may be posi- 
tive, or which is the same thing, that the question may be arith- 
metically possible, the enunciation should be modified, thus. 

The length of a certain field is eight rods, and its breadth 
five rods ; how much must be subtracted from the length, that 
the field may contain 30 square rods ? 

Putting X for the quantity to be subtracted, we have by this 
new enunciation 40 — 6 ac = 30, from which we obtain x = 2* 

2. The length of a certain fiield is 11 rods and its breadth 
7 rods ; how much must be subtracted from the length, that 
the field may contain 98 square rods ^ 
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4. To divide the number 30 into two such parts, that if the 
first be multiplied by 7 and the second by 5, the sum of the 
products will be 90. 

5. A gentleman put out at interest $1500, and at the end of 
6 years received for principal and interest $1326. What fate 
of interest did he receive ? 

6. What number must be subtracted from the numbers 70 
and 50 respectively in order that their differences may be as 4 
to 3 ? 

7. If B gives to A $5,00 of his money, B will have twice 
as much as A ; but if A gives B $5,00 of his money, A will 
have three times as much as B. How much has each ? 

8. Three persons comparing their property, it is found, that 
A's and B's together amount to $1000, A's and C's to $480, 
and B's and C's to $400. What amount of property has each ? 

9. A laborer wrought for a gentleman 10 days, having his 
wife with him 5 days and his son 4 days, and received $14,25. 
At another time he wrought 8 days, having his wife with him 
6 days and his son 3 days, and received $13. At a third time 
he wrought 6 days, having his wife with him 4 days and his 
son 5 days, and received $8,00. How much did he receive a 
day himself, and how much for his wife and son severally ? 

, Section VIII. — Indeterminate Analysis. 

79. Let it be proposed to find two numbers such, that the 
first added to three times the second shall be equal to 15. 

Putting X and y for the numbers sought, we have by the 
question 

2 + 3y=15 

here as we have two unknown quantities and but one equa- 
tion, the particular numbers intended in the question proposed 
cannot be determined. Deducing, however, from the equa- 
tion jthe value of one of the unknown quantities, x for exam- 
ple, we have x = 15 — 3 y 
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If we now assume arbitrarily any yahies whatever for y, we 
shall obtain values for Xy which will satisfy the equation, 

thus, let y — 1, 1), 2, 2^ 

we have a: = 12, lOJ 9, 8 

or otherwise y = — i, — i^ — 2, — 2^ 

we have z = 18, 19^, 21, 22 

pairs of values for x and y, which, it is easy to see, will satis- 
fy the equation, and the number of which may be increased 
without limit. 

In genera], if the conditions of a problem furnish fewer 
equations, than there are unknown quantities to be determin- 
ed, the equations of the problem will admit of an infinity of 
systems of values for the unknown quantities, if we undei^ 
stand by these any quantities whatever, entire or fractional, 
positive or negative. It is frequently the case, however, that 
the nature of the question requires, that the values of the un- 
known quantities should be entire numbers. This circum- 
stance, it is evident, will very much restrict the number of 
solutions, especially if we reckon the direct solutions only, 
that is to say, solutions in entire and positive numbers. 

Thus, if in the question proposed the numbers sought are 
required to be entire and positive, the value of y, it is evident, 
must not exceed 6 ; if then we put successively for y 

y = 0, 1, 2,3,4j5 
we have x = 16, 12, 9, 6, 3, 

and the question admits of six different solutions only, the so- 
lution in which is reckoned as a value of one of the un- 
known quantities being included. 

Problems oCthe kind, which we are here considering, are 
called indeterminate problems^ and that part of algebra, which 
relates to the solution of indeterminate problems, is called in- 
determinate analysis. 

80. The preceding question, in which the coefficient of 
one of the unknown quantities is equal to unity, presents no 
difficulty. We shall now show, that whatever the coefficients 
of the unknown quantities, the solution of the question pro- 
posed may be made to depend upon the solution of an equar 
tion, in which the coefficient of one of the unknown quanti- 
ties is equal to unity. 
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Let it be proposed thea to find the entire Talues of x and y 
in the equation 17 ar = 642 — 11 y 

Deducing from this equation the value of y, we have 

642 — 17 X 

y = IT— 

or performing the division as far as possible, we have 

•y '11 

But, by the question the values of x and y should be entire 

numbers, it is necessary y therefore, and it is sufficient y that 

should be equal to an entire number. Let t be this number 
(t is called an indeterminate) ^ we have 

y=49 — x + t 
11^== 3 — 6x (2) 
and the question is now reduced to resolve in entire numbers 
the equation (2), the coefficients of which are more simple 
than those of the proposed. Deducing from this equation the 
value of X and performing the division as far as possible, we 
have 

,3_5f 

x = — t-f- 

^ 6 
Here, since x and t are entire numbers, must be equal 

to an entire number ; let t' be this number, we have 

Xz=z—t + t' 

6«'==3 — 5«(3) 
and the question is still further reduced to resolve in entire 
numbers the equation (3), the coefficients of which are more 
simple than those of eq\iation (2). Dediicing from this equa- 
tion the value of f, we have 

3 ^/ 

but t and t^ in this equation are entire numbers ; must 

therefore be equal to an entire number ; let *" be this num- 
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ber we have t= — ^' -j- f" 

6 /" = 3 — ^ 
or t' =:3—6t'' (4) 

and the question is now reduced to resolve in entire numbers 
the equation (4), in which the coefficient of one of the un- 
known quantities f is equal to unity. Indeed the two prin- 
cipal unknown quantities and the several indeterminates 
employed are, it is evident, connected together by the equa- 
tions 

y = 49 — X + * 

/' = 3 — 5 i" f 

if then we give any entire value whatever to f and return to 
the values of x and y corresponding, the values thus found, it 
is evident, will be entire numbers and will satisfy the equar 
tion proposed. Thus, let /'' :^= 1, we have x = — 5, y = 67, 
values which, it is easy to see, will satisfy the equation pro- 
posed. 

To determine with more facility the values of /", which will 
give entire values for x and y, we express x and y immediately 
in terms of ^". In order to this we substitute for f' its value 
in the equation for f, which gives 

i = — (3 —.5 f) *+ i" =6 r — 3 
proceeding in like manner with respect to x and y, we obtain 
finally x= 6 — 11^ 

y = 40 + 17r 
If then we make successively t" = 0, 1 2, 3, . . . or other- 
wise, r" =5 0, — 1, — 2, — 3, . . . in the above, we shall ob- 
tain all the entire values of x and y proper to satisfy the equa- 
tion proposed. But if entire and positive values only are re- 
quired for X and y, it will be necessary to give to f such values 
only, as will render 6 — 11 t'\ 40 -j- 17 ^' positive. It is ev- 
ident, that r' = 0, r = — 1, ^'' =_2 are the only values of 
f , that will fulfil this condition ; for, every positive value of 
(" will render x negative, and every negative value of <" nu- 

8 
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merically greater than 2 will render y negative. Putting there- 
fore (" = 0, — 1, — 2 successively, we have 

a: = 6, 17,28 
y = 40, 23, 6 
Th<e proposed therefore admits of three different solutions 
in entire numbers, and of three only. 

2. Let it be proposed, as a second example, to divide the 
number 159 into two such parts, that the first may be divisible 
by 8, and the second by 13. 

Designating by x and y the quotients, arising from the di- 
vision of the parts sought by the numbers 8 and 13 respective- 
ly, we have by the question 8 x -|- 13 y = 169. 

Pursuing with this equation the same process, as in the pre- 
ceding example, we have the five equations 

a?=19 — y-^-t 

y= 1 — < +<' . 

r= \—r—r' 
r= 2r' 

Expressing x and y in terms of ^", we have 

x=15 + 13<' 
y = 3 — 8 r 

Here it is evident, that f == 0, and T" = — 1 are the only 
values of t"\ which will give entire and positive values for x 
and y. Making successively (•" = 0, /"' = — 1, we have 

a; = 15, 2 
y=3, 11 
Since then 8 x and 13 y represent the parts required, the 
proposed admits of two solutions, viz. 120 and 39 for the first 
solution, and 16 and 143 for the second. 

3. It is required to divide 25 into two parts, one of which 
may be divisible by 2, and the other by 3. 

4. A person has in his pocket pieces of 5 shillings and 3 
shillings only, and wishes to pay a bill of 58 shillings. How 
many pieces must he give of each ? 

5. A sum of $81 was distributed among some poor persons^ 
men and women ; each woman received $5, and each man 
(^ 7. How many men and women were there ? 
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81. Let it be required next to solve in entire numbers the 
equation 49 x — 35 y = 11. 

Here it will be observed, that the coejfficieiits of x and y 
have a common factor 7 ; dividing therefore both members by 

7, we have 7x — 6y = y, an equation which is evidently 

impossible in entire numbers ; the proposed therefore does not 
admit of entire and positive values for x and y. In general, 
the proposed equation being reduced to the form ax + byz=rCj 
if the coefficients of x and y have a common factor j which does 
not enter into the second member^ the equation is impossible in enr 
tire numbers. 

If there be a factor, common to the coefficients of x and y, 
which does not enter into the second member, and this factor 
be not perceived at first, the course of the calculation will 
make known sooner or later the impossibility of solving the 
question in entire numbers. 

Applying the process explained above to the equation 
49 a? — 35 y = 11, we obtain finally the equation 

t=:z2t' — l—^ 

«n equation, which is evidently impossible in entire numbers 
for i and ^, from which it is readily inferred, that the propos- 
ed will not admit of entire solutions. 

If the equation of the proposed question has therefore a 
factor common to both members, we suppress it ; the coef- 
ficients of x and y will then be prime to each other, if the 
question admits of solution in entire and positive numbers. 
This being the case, the process explained above will always 
lead to a final equation, in which the coefficient of one of the 
indeterminates is equal to unity. Indeed, it will readily be 
perceived, that in the course pursued we apply to the coef- 
ficients of X and y in the proposed the process of the greatest 
common divisor ; since then these coefficients are by hypothec 
sis prime to each other, we arrive finally at a remainder equal 
to unity, which will be the coefficient of the last but one of 
the indeterminates introduced in the course of the calculation. 

82. In certain cases the preceding process admits of simpli- 
fications, which it is important to introduce in practice. 
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1. Let it be required to solve in entire numbers the equa- 
tion 6af-f-3y = 49. 

Proceeding as before, we have 

3 y =r 49 — 5 X 

^ 3 

but the quotient on dividing 5 a? by 3 being nearer 2 x, we put 
the equation under the form 

3y = 49 — 6x-{- X 

whence y = 16 — 2 ac + ^~— 

from which we obtain x = 3t — 1 

y=18 — 6f 
By means of the simplification, here introduced, the num- 
ber of indeterminates, employed in the calculation, is one less, 
than would otherwise be necessary. 

2. A person purchases wheat at 16«. and barley at 9^. a 
bushel, and pays in all 167«. How many bushels of each did 
he purchase ? 

3. To find two numbers such, that if the first be multiplied 
by 7 and the second by 13, the sum of the products will be 
128. 

4. Let it be proposed next to resolve in entire numbers the 
equation 13 ac — 57 y = 101. 

Deducing the value of x, we have 

x = 4y + 7H Y^ ==4y-:t-7-f -^ 

In order that x and y in this equation may be entire num- 
bers, ^^"^ ^ must be equal to an entire number ; but since 
'13 ^ 

6 and 13 are prime to each other, it is necessary in order to 

this, that ?^- should be an entire number ; putting t for 
13 

this number, we have 

.t = 4y + 7-{-6f 

13f= y+2 

from which we obtain 

x = 67f— 1 

y=:13f— 2 
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Here, every entire and positive value for t vr ill give similar 
values for x and y ; but if we suppose f = 0, or to be neg^ 
tive, the values of t and y will be negative. The number of 
entire imd positive solutions of the proposed is therefore in/I- 
nitBy and the smallest system of values for x and y is 

a5 = 56,y==ll 

By means of the simplifieations, here introduced, one ind0> 
terminate only is employed instead of 3, which would othefr* 
wise be necessary. 

5. To divide 100 into two such parts, that if the first be 
divided by 5, the remainder will be 2 ; and if the second be 
divided by 7 the remainder will be 4. 

6. To find two numbers such, that 11 times the first, di- 
minished by 7 times the second, may be equal to 53. 

7. A person purchases some horses and oxen ; he pays |^31 
for each horse^ and $20 for each ox ; and he finds, that the 
oxen cost him $ 12 more than the horses. How many horse&f 
and oxen did he buy ? 

8. To find two numbers such, that if 8 be added to 17 times 
the first, the sum will be equal to 49 times the second* 

9. Let it be proposed next to resolve the equation 

39 a; — 66 y = 11 
Deducing from this equation the value of x^ we have 

17y+ll 



x = y + 



39 



Here, in the expression — ^^ it will be observed that 

the difference between 17, the coefficient of y, and the divisor 
39, contains the other term 11 as a factor; on this account 
we take the quotient 56 y divided by 39 in excess, which gives^ 

^39 ^39 

from which we readily obtain 

« = 56«' — 27 
y = 39^— 19 
10. To find two numbers such, tkat if the first be multipti-^ 
8* 
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ed by 11 and the second by 17, the first product is 5 greater 
than the second. 

11. In how many ways can a debt of 546 livres be paid^ by 
paying pieces of 15 livres, and receiving in exchange pieces 
of 11 livres. 

12. The difference between two numbers is 309, and if the 
greater be divided by 37 the remainder will be 5, and if the. 
less be divided by 64 the remainder will be 2 ; what are the 
numbers ? 

83. From what has been done, it will be perceived, that if 
the equation proposed be of the form a x -f- ^ y = <^j the num- 
ber of solutions in entire and positive numbers will be lindtedy 
but if the equation be of the form ax — by = CjC being either 
positive or negative, the number of solutions will be infinite. 

If moreover we compare the formulas for x and y with the 
equations from which they are derived, the coefficient of the 
indeterminate in the formula for x is the same, it will be ob- 
served, with the coefficient of y in the equation ; and the co- 
efficient of the indeterminate in the formula for y is the same 
with the coefficient of x in the equation, taken with the con- 
trary sign, or the converse, as it respects the signs of the co- 
efficients. Having obtained then a first solution of the ques- 
tion proposed, those which follow will be found by adding 
successively to the values of x the coefficient of y in the equa- 
tion, and subtracting successively from the values of y the ca» 
efficient of x in the equation or the converse, the coefficients 
of X and y being taken with the signs, which they have in 
the equation. 

84. We pass next to the solution of problems and equations 
with three or more unknown quantities. 

1. Let it be proposed to pay 741 livres with 41 pieces of 
money of three different species, viz. pieces of 24 livres, 19 
livres, and 10 livres. 

Let X, y and z represent respectively the number of pieces 
of each kind, we have by the question 

X + y + ^ == 41 

24 X + 19 y 4- 10 a; = 741 
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Eliminating one of the unknown quantities^ x for example, we 
have 5 y + 14 2; == 243 

Deducing from this equation formulas for entire values for z 
and y, according to the method explained above, we have 

y = 57 —14'^ 
Substituting next, in the first of the equations of the proposed, 
the expressions for z and y just obtained, and deducing the 
value of I, we have x = 9 f ~^13 

If we now put for fj in the above formulas for x, y, and z^ 
any entire values whatever, we shall obtain entire values for 
Xy y, and z^ which will satisfy the equations of the proposed. 
But to obtain the entire and positive values only, as the nature 
of the question requires, it is evident, 1^. that 9 t^ must be 
greater than 13, or which is the same thing, that f must be 
greater than 1^; 2^. that 14 f must be less than 57, or which 
is the same thing, that f must be less than 4^ ; ^ can there- 
fore have only the values 2, 3, 4, 

Putting in the formulas above f equal to 2, 3, and 4 succes- 
sively, we have 

X = 5, 14, 23 

y = 29, 16, 1 
z= 7, 12, 17 
The proposed therefore admits of three different solutions 
and of three only. 

2. Thirty persons, men, women, and children, spend 50 
crowns in a tavern. The share of a man is 3 crowns, that of 
a woman 2 crowns, and that of a child is 1 crown. Hovt 
many persons were there of each class ? 

3. The sum of three entire numbers is 15, and if the first 
be multiplied by 2, the second by 3 and the third by 7, thf 
sum of the products will be 65. What are the numbers ? 

4. Let it be required next to resolve in entire numbers th 

equations 

6x-{''7y-{'^z=:l22 . 

llx + Sy — 6z=145 

Eliminating z from these equations, we have 

40x + 37y=656 
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Deducing froms this equation formulas for entire values^ for 
X and y, we have 

a; =3 37 1 + 9 

y = 8 — 40 f 

Substituting these expressions iorx and y in the first of the 
proposed equations, and reducing, we have 

2z — 29f=6 

Deducing from this last, formulas for entire values for z and *, 
we have 

z = 29fl+3 

t = 2f 
Substituting next in the formulas for x and y, obtained above, 
2 f for tj the formulas for x, y, and z will be 

a; = 74t'-}-9 
y= 8 — 80f' 
5; = 29 f' + 3 

Putting any entire values whatever for t' in these formulas, 
we obtain entire values for a:, y, and a:, which will satisfy the 
equations proposed. But if entire and positive values are re- 
quired, it is evident, that f cannot be positive, for then t/ will 
be negative ; neither can f be negative, for then x and z will 
be negative. The hypothesis f = 0, however, will give 
ap = 9, y = 8, 2: = 3. The proposed equations therefore ad- 
mit of but one direct solution. 

From what has been done, it will be easy to see how we 
are to proceed in the case of three equations with four un- 
known quantities and so on. 

6. A coiner has three kinds of silver, the first of 7 ounces, 
the second of 5^ ounces, the third of 4 j> ounces fine per marc 
of eight ounces. How many marcs must he take of each 
sort, in order to form a mixture of the weight of 30 marcs, at 
6 ounces fine per marc ? 

' 6. To find three entire numbers such, that if the first be 
multiplied by 3, the second by 5, and the third by 7, the sum 
of the products will be 560 ; and if the first be multiplied by 
9, the second by 25, and the third by 49, the sum of the pto^ 
ducts will be 2920. 
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85. In the preceding examples, the numher of equations 
has been one less than the number of unknown quantities to 
be determined. It is sometimes the case that the number of 
equations is less by two or more units, than the number of 
unknown quantities ; the problem is then said to be indeter" 
mincUely indeterminate or more than indeterminaie. 

The solution of the following problem will exhibit the 
course to be pursued in cases of this kind. 

1. It is required to pay a debt of 187 francs with pieces of 
5 francs, 6 francs, and 20 francs without any other coin. 

Let ac, y, and z be the number of pieces of each sort re- 
spectively ; we have by the question 

5aj-j-6y-f"20 5r= 187 
which returns to 5 x -j- 6 y = 187 — 20 ;? 

Let 187 — 20 a; = c, we have 5 a + ^ y = ^> ^^"^ which 

we obtain 

c — 6y c—y 

a: = — 5- = -y+-g- 

let — —-^ = t ; deducing the value of y, we have y^=^c — 5 / 

and by consequence ' a? = — c + 6 f 

or restoring the value of c, we have finally 

a; = — 187 + 20z + 6( 

3^ = 187 — 20z — 5 ^ 

Here in order that x and y may be entire, it will be sufficient 

to give to z and t any entire values whatever ; but if, as the 

nature of the question requires, we seek the entire and Tposi- 

tive values of the unknown quantities, it is evident from the 

equation 6 x -|- 6 y + 20 2; = 187, that z cannot receive values 

187 7 

greater than 20 ^^ ^ 20' ^**^^rw*®® x or y would be negative. . 

Let us then put successively z = 0, 1, 2, . . . 9. Making 
2: = the values of x and y become 

x = — 187 + 6« 
y= 187— .6 i 

Here, in order that x and y may be positive, it is necessary 
that t should be greater than 31|, but less than 37f . Putting 
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therefore successiyely t == 32^ 33, • • • 37, we have for the 

hypothesis z =s (^ 

«= 6, 11, 17,23,29,36 
y = 27, 22, 17, 12, 7, 2 

Putting z = 1, the formulas for x and y become 

a? = — 167 + 6 * 
y= 167— 6 r 

Here, in order that x and y may be positive, t should be great- 
er than 27f , but less than 33f . Putting / = 28, . . 33 succes- 
sively, we have for the hypothesis z = 1, 

a: = 1, 7, 13, 19, 26, 31 
y = 27, 22, 17, 12, 7, 2 

Making z = 8, the formulas for x and y become 

ar = — 27 + 6 t 
y= 27 — 6* 

Here, in order that x and y may be positive, t should be great- 
er than 4 J^, but less than 6f ; whence for the hypothesis z = 8^ 
we have x = 3, y = 2 ; thus the proposed admits of but one 
solution for this hypothesis. 

If we put z = 9, the formulas for x and y become, 
x = — 7 + 6/,y = 7 — 6f; 
X and y therefore can have no entire and positive values for 
this hypothesis. 

2. A gentleman has a piece of work to be done, for which 
he is willing to pay 29 shillings, but is obliged to employ la- 
borers at three different prices, viz : at 6, 4, and 3 shillings a 
day. In how many different ways can he employ laborers at 
these prices to do the work ? 

3. A merchant purchases some pieces of cloth of three dif- 
ferent kinds for $67, giving $4 a piece for the first kind, $6 
for the second, and $9 for the third. How many pieces of 
each kind did he purchase ? 

MISCELLANEOUS EXAMPLES. 

1. To pay a debt of 78 francs with pieces of 5 jQrancs and 
of 3 francs, without any other coin. 
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2. A eompany of men and women spend 1000 shillings at a 
tavern. The men paid each 19 shillings, and each woman 
13. How many men and women were there ? 

3. To divide 1000 into two such parts, that the first may 
be divisible by 7, and the second by 13. 

4. Is it possible to pay a debt of 71s. with pieces of 78. 
and 13s. without any other coin ? 

5. A company of men and women club together for the 
.payment of a reckoning; each man pays 25 shillings, and 
each woman 16 shillings, and it is found that all the wo- 
men together have paid 1 shilling more t^an the men. How 
many men and women were there ? 

6. A coiner has gold of 15, of 17, and of 22 carats fine. 
How many ounces must he take of each, in order to form a 
mixture of the weight of 35 ounces, 20 carats fine. 

7. What numbers divided by 3, 7 and 10, leave the re- 
mainders 2, 3 and 9 respectively ? 

Putting X, y and z for the quotients respectively, the num- 
bers sought will be represented by either of the expressions 
3 X ^ 2y 7 y -\' 3y OT 10 z + 9, Comparing the first two of 
these expressions, we obtain 

x = 7t — 2 
y = 3f-l 
Substituting the values of x and y in the expressions 

3x.+ 2, 7y+3 
respectively, we obtain 21 t — 4. Thus to fulfil the first two 
conditions the numbers sought must be of the form 21 ^ — 4 ; 
comparing this with the expression 10 z^ 9, the numbers 
that will fulfil all three of the conditions will be found to be 
of the form 210 1 + 69. 

8. What numbers divided by 3, 4, and 5, leave the remain- 
ders 2, 3, and 4 respectively ? 

9. A fortunate gamester counting the guineas which he had 
won, finds that if he counts them by fours, sixes, or nines, 
there will be 3 remaining, but if he counts them by fifteens, 
there will be 12 remaining. How many guineas did he win ? 

10. What numbers divided by 11, 19, and 29, leave the re- 
mainders 3, 5, and 10 respectively ? 
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11. To find three numbers such, that if the first be multi'^ 
plied by 7, the second by 9, and the third by 11, the first pro- 
duct may be lless than the second, and 2 greater than die 
third. • 

12. A shepherd counting his sheep finds, that if he counts 
them by sevens, there will be none remaining, but if he counts 
them by threes, fours, or fives, there will be 2, 3, or 4 remain- 
ing respectively. How many sheep had he ? 

13. A person buys 100 head of cattle for 100 crowns, viz. 
oxen at 10 crawns each, cows at 5 crowns, calves rit 2 crowns, 
and sheep at j- crown each. How many of each kind did he 

buy? 

14. It is required to pay a debt of 139 francs, by means of 

pieces, of 3 francs, 5 francs, and 20 francs, without any other 
coin. 

15. To find three numbers such, that if the first be divided 
by 3 the remainder will be 2, if the second be divided by 6 
the remainder will be 3, and if three times the first be dimin- 
ished by twice the second, the remainder will be 21. 

16. Three bodies set out at the same time from a given 
point in the circumference of a circle, and move in the same 
direction with the velocities u, ©', t?" in an hour respectively. 
It is required to determine the times, in which the bodies will 
meet two and two, the length of the circumference being de- 
noted by c. 

Let us suppose V greater than v and »'' gr.eater than v\ The 
spaces passed over by the bodies in an hour will be as r, ©', »" 
respectively, and in order that any two of them may meet, it is 
necessary and it is sufficient, that the space passed over by one 
should be equal to the space passed over by the other in the 
same time increased by an exact number of circumferences. 
This being the case, let it be supposed that after x hours the 
first two bodies are upon the same point of the circumfemce, 
the spaces passed over by each will be c re, »' z respectively, 
and n representing any entire and positive number whatever, 
we shall have r' a: = tJx-|-nc 

nc 



X = 



©' 
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Putting in this fonnula n = 1, 2, 3, &c. successively, wc 
shall have the number of hours required for the second body 
to meet the first, for the first, second, third, &c. times. 

In like manner, let it be supposed that afler y hours the 
third and first bodies are upon the same point of the circum- 
ference, and that after z hours the third and second are upon 
the same point of the circumference, n' and «" denoting each 
any entire and positive numbers whatever, we shall have 

»' c n" c 

To determine therefore, the times in which the bodies will 
meet two and two, it will be sufficient, to give to the indeter- 
Minates n, n', n" in the above formulas, the values 1, 2, 3, 
&c. successively. 

The following are particular cases of this problem. 

1. The hour and minute hands of a watch are together at 
12 o'clock. When will they be together again for the first, 
s econd, third, &c. times ? 

2. There is an island 73 miles in circumference, and three 
•footmen all start together to travel the same way about it. A 
goes 5 miles a day, B 8, and C 10. When will they meet 
two and two at .a time ? 

Section IX. — Discussion op problems and equations 

OF THE J'IRST DEGREE. 

t 

86. When a problem has been solved in a general manner, 
it may be proposed to determine what values the unknown 
quantities will take for particular hypotheses made upon the 
known quantities. The determination of these different val- 
ues, and the interpretation of the results, to which we arrive, 
form what is called the discussion of the problem. 

The discussion of the following problem presents nearly all 
the circumstances that can ever occur in equations of the first 
degree. 

Two couriers set out at the same time from two different 

9 
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points A and B in the lin^ £ D and travel towards D until 

they meet ; the courier, who sets out from the point A, travels 

at the rate of m miles an hour, the other travels at the rate of 

n miles an hour ; the distance between the points A and B is 

a miles ; at what distance from the points A and B will they 

meet ? 

I I 

E C A B C D 

Suppose C to be the point in which they meet ; let x = 
the distance A C, y = the distance B C. We have for the 
first equation x — y = a 

The first courier, travelling at the rate of m miles an hour, 

X 

wUl be — hours in passing over the distance a; ; the second, 
m 

travelling at the rate of n miles an hour, will be - hours in 

n 

passing over the distance y ; and since these distances must 

each be passed over in the same time, we shall have for the 

second equation , 

m n 

Resolving these two equations, we have - 

am a n 



m — n ^ m — n 



Discussion. 

1. Let m be greater than n. In this case the values of x 
and y will be positive, and the problem will be solved in the 
exact sense of the enunciation ; for, it is evident, ^that if the 
courier, who sets out from A, travels faster than the other, 
they will meet somewhere in the direction A D. 

2. Let n be greater than m. This being the case, we shall 
have 



dm an 






n — m n — m 

Here the values of x and y are negative. In order to inter- 
pret this result, we observe that the courier from B travelling 
faster than the courier, from A, the interval between them 
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nmst increase continually. It is absurd therefore to require 
that they should meet in the direction A Di The negative 
lvalues for x and y indicate then an absurdity in the conditions 
of the question. To show how this absurdity may be done 
away, let us substitute in the equations of the problem 
— Xj — y instead of x and y^ we shall then have 

— ? + y = «) Cy — x = a 
— ^ = — ^{^^\ -=1 

The second equation is not affected by the change of sign, 
as indeed it ought not to be, since it only expresses the equal- 
ity of the times. In regard to the first, however, we have 
y — X = a, instead of x — ^ = a. This shows that the point, 
in which the couriers meet, must be nearer A than to B by 
the distance A B ; it must therefore be at some point C on 
the other side of A with respect to B. In order then to re- 
move the absurdity in the enunciation of the question, it is 
necessary to suppose the couriers instead of travelling in the 
direction A D to travel in the opposite direction B £« In- 
deed, if we resolve the equations 

y — x = a 

we have x = , y = , values which are positive, 

It — m n — — M 

and which answer the conditions of the problem modified, 
thus, 

Two couriers set out at the same time from two points A 
and B in the line E D and travel towards £ ; the courier, 
who sets out from the point B, travels at the rate of n miles 
^m hour, the other travels at the rate of m miles an hour; the 
distance between the points B and A is a miles ; at what dis- 
tance from the points B aiui A will they meet ? 

3. Let nis=n. In this case we have m — o s=s 0, and the 
values of x and y become 

am an 
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But how shall we interpret this result ? Returning to the 
question, we perceive it to be absolutely impossible to satisfy 
the enunciation ; for, the couriers travelling equally fast, the 
interval between them must always continue the s«ne, how- 
ever far they may travel in either direction^ It is impossible 
then that they should meet, and no change in the enunciation, 
so long as we have m = 91, can make it possible. Indeed, 
the equations of the problem on the hypothesis m =^ n become 

X — y = a 
x — y = 

equations, which are evidently incompatible. Zero being a 
divisor is, then, a sign of imposstbOitif, 

The expressions —- , — are considered, however, by math- 
ematicians as forming a species of value for x and y, to which 
they give the name of infinite value. To show the reason for 
this, let us suppose that the difference between m and n with- 
out being absolutely nothing is very small ; in this case, it is 
evident, that the values of x and y will be very large. Let, 
for example, ms=3, m — n=iO. 01, we shall then have 
n = 2. 99, whence 

utti 3 A on 

=^* = 300o, -^^ = 299 a 



m — n .01 HI — n 

Again let m — n = .0001, m being equal to 3, n will then 

=8 2. 9999, whence 

dm on 

= 30000 a, =s 29999 a 



m-'^n , m — » 

In a word, so long as there is any difference, however small 

betweeti m and ft, the couriers will meet in one direction or 

the other; but the distance of the point, in which they meet, 

from the points A and B will be greater in proportion as the 

difference between m and n is less. If then the diffetence be^ 

tween m and n is less than any assignable ^ptantity, the ^Mances 

o m on .«, . m .TV . 
J fffUl i^e greater than any assignable quantity or 

infinite. Since then is less than any assignable quantity^ we 
may employ this character to represent the vUknate state of a 
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quantity \vhich may be decreased at pleasure ; and since the 
value of a fractional quantity is greater, in proportion ^s its 

denominator is less, tbe eitpression ~-, and in general, any 

quantity with zero for a denominator may be considered as the 
symbol of an infimte quantity ^ that is, a quantity greater than 
any, which can be assigned. 

We say then that the values x = ---, y = -- are infinite. 

To show how the notion indicated by the expression -rr— 

> does away the absurdity of the equations 

X— y = a, ar — y = 0, 

from the second of these equations, we deduce the value < of 
y and substitute it in tKe first, we then have x — x s=sa; di- 
viding both sides of this last by x, we have 

a a 

1 — 1=-, or - = 

X X 

Here, as we put for x values greater and greater, the fraction 
- will differ less and less from 0, and the equation will ap- 
proach nearer and nearer to being exact. If then x be greater 
than any assignable quantity, - will be less than any assign- 

X 

able quantity or zero. 

4. Let us suppose next m=ny and at the same time a = 0, 
we shall then have 

0' ^ 
But how shall we interpret this new result ? Returning to 
the enunciation, we perceive, that if the couriers set out each 
from the same point and travel equally fast, there is no partic- 
ular point in which they can be said to meet, since in this 
case, they will be together through the whole extent of their 
route. Indeed, on this hypothesis the equations of the prob- 
lem become 

X— - v = 
.9* 
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equations, which are identical ; the problem is therefore « 
detenninai€y since we have in fact but one equation with twQ 

unknown quantities. The expresssion ^ is therefore a sign of 

(ndetermincUian in the enunciation of the problem. 

The preceding hypotheses are the only ones, which lead to 
remarkable results. They are sufficient to show the manner 
in which algebra corresponds to all the circumstances in the 
enunciation of a problem. 

GENERAL FORMULAS FOR EQUATIONS OF THE FIRST DE- 
GREE WITH ONE OR TWO UNKNOWN QUANTITIES. 

87. Every equation of the first degree with one unknown 
quantity may, by collecting all the terms, which involve x into 
one member and the known quantities into the other, be re- 
duced to an equation of the form ax=^b^ a and b denoting 
any quantities whatever, positive or negative. 

Let there be, for example, the equatioli 

x — 1,23 — X ^ 4 + x 

Freeing from denominators, we have 

20 a? — 20 -It 644 — 28 a: =980 — 140 — 35 a; 

* 

or transposing and uniting terms 

27 X = 216 

Comparing^ this equation with the general formula, we have 
a = 27, 6 = 216. 
Again let there be the equation 

M X 

— —p = x — q 

Freeing from denominators, transposing and uniting terms^ 
we have (m — n) x =n (p — q). 

Comparing this equation with the general formula, we have 
m — n= a^n (p — q) = i* 

88. Resolving the equation a a? = (, we have x a -. This 

a 
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18 a general solution for equations of the first degree with One 
unknown quantity. 

DiscuBsian, 

- 1. Let it be supposed, that in consequence of a particular 
hypothesis made upon the known quantities, we have a = 0| 

the value of x will then be -. But the equation ax s=^h on 

this hypothesis becomes X a; s= 6, an equation which it is 
evident, cannot be satisfied by any determinate value for x* 
The equation X « = ^ niay, however, be put under the 

form - = 0. Here, if we consider a; greater than any as- 
signable quantity, the firaction - will be less than any assign- 

Ju 

able quantity or zero. On this account we say that infim^ 
ty in this case satisfies the equation. It is evident, at least, 
that the equation cannot be satisfied by any finite value for x, 

2. Let us suppose next a == 0, and at the same time 6 = 0. 
the value of % will then take the form -^. In this case the 

» 

equation becomes X a; = 0, an equation which may be sat- 
isfied by any finite quantity whatever, positive or negative. 
Thus the equation, or the problem, of which it is the alge- 
braic translation, is indeterminate. 

It should be observed, however, that the symbol ^ does not* 

always indicate that the problem is indetenninate. 

Let for example the value of x derived from the solution of 
a problem be 

^— a« — 6« 
If we put o = 6 in this formula, it will under its present 

form be reduced to ^ • hut this value for x may be put under 
the form 

="— (a — J) (0 + 6) ' 
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If then before making the h]jrpothe0is a c=s 6) we suppress 
the factor a — 5, the value of x becomes 

from which we obtain x =-: ~ on the hypothesis a =a 6. 

We conclude therefore that the symbol -- is sometimes in alge" 

bra the sign of the existence of a factor common to the two terms 
of a fraction^ which in consequence of a particular hypothesis be- 
comes 0, and reduces the fraction to this form. 

Before deciding then, that the result r is a sign that the 

problem is indeterminate, we must examine whether the ex- 
pressions for the unknown quantities, which in consequence 
of a particular hypothesis are reduced to this form, are in their 
lowest terms, if not, they must be reduced to this state ; the 

particular hypothesis being then made anew, the result ^ 

shows that the problem is really indeterminate. 

89. Every equation of the first degree with two unknown 
quantities may be reduced to an equation of the form 

o, b and c denoting any quantities whatever, positive or nega- 
tive. It is evident, that all equations of the first degree 
with two unknown, quantities may be reduced to this state, 1*** 
by freeing the equation from denominators ; 2°. by collecting 
into one member all the terms, which involve x and y, and 
the known quantities into the other ; 3°. by uniting the terms, 
which contain x into one term, and those, which contain y 
into another. 

Let us take the equations 

ax -{- b y = c 
a'x-i- b^y = (f 

The letters a, &, c in the second of these equations are mark- 
ed with an accent, to show that they represent quantities dil- 
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ferent from those which are represented by the same letters 
in the first equation. 

Resolving these equations we have 

c 5' — he' ad — c a! 

^ — ah' — hd' ^^ah' — hct ' 

This is a general solution for all equations of the second 
degree with two unknown quantities. 

To show the use, which may be made of these formulas in 
the solution of equations, let there be the two equations, 

5x + 3y = 19, 4a; + 7y = 29 

Comparing these with the general equations, we have 

a = 6, 5 = 3, c = 19, a' = 4, 5' = 7, c' = 29, 

whence by substitution in the formulas for x and y, we have 

_ 19 X 7 — 3 X 29 _ 133 — 87 _46_ 
*~ 6X7 — 3X1 35 — 12 ""23 "~ 

_ 5 X 29 — 19 X 4 __ 145 — 76 _69 _ 
y ""5X7 —3 X 4 "" 36 — 12 ""23 ~ 

Diaoisiion. 

In the above formulas for x and y let o 6' — b a^ = 0j 
cV — h if and a c' — c tf' being each different from zero, we 
shall then have 

cV — h €f ad — c a! 

x~ - -, y= ^ 

To interpret these results, we observe that the equation 

ah' — h a' == gives c^ = -^ ; substituting this value in 

the equation a' x + 6' y = c', we have 

aV 



h 



X + b' y = if; 



h d 
from which we obtain a x -|- 6 y == ~^; comparing this with 

the equation a x -^^ h y x=:i c^ the left hand members, it will 
be perceived, are identical, while the right are essentially dif- 
ferent; for if in the numerator cV ^^h d^cVht greater than 
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h d 

h c\ c will be greater than -z—j and if c b' be less than 6 c', 

€ will be less than— r— . We conclude therefore, that the two 

eqtmtions proposed cannot in this case he satisfied^ at the same 
time, by any system whatever of finite values for x and y* The 
question therefore in this case is impossible. 

Again let us suppose a 5' — 5 a' == 0, and at the same time 

c &' — 6 c' = ; the value of x in this case is reduced to -. 

To interpret this result, we remark that the equations pro- 
.posed may, in consequence of the relation ab' — h a' =i 0, be 
put under the form 

a X -{- b y = c 

ax + by = -^ 

equations, which are identical, since from the relation 

c b' — & c' == 0, we have -jy- = c- 

In order then to resolve the problem, we have in fact but 
one equation with two unknown quantities ; the question 
therefore is indeterminate. 

Since the equation a h* — ft a' = ^ves V = — y we have 

by substitution in the equation c 5' — 6 c' = 0, 

cba! , 

bd=:0 

a 

or reducing, a c' — c a' = ; we infer therefore that if the value 
of X be of the form ^ , the value of y wHl be of the same form 
and the converse. 



PROBLEMS FOR SOLUTION AND DISCUSSION. 

1. To find a number such, that if it be added to the num- 
bers a and b respectively^ the first sum will be m times the 
second. 
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Putting X for the number, we have 

f» ft -^— o 
1 — m 

How shall we interpret this result when m = 1 ? How 
when TO = 1, and at the same time a = 6? How when 
m is greater than 1, and m 6 greater than a? What con- 
ditions are necessary in order that the question may be solved 
in the exact sense of the enunciation ? 

2. The sum of two numbers is a, and the sum of their pro- 
ducts by the numbers m and n respectively is b. What are the 
numbers ? 

Putting X and y for the numbers, we have 

b — na tn a — b 

m — n m — n 

How shall we interpret these results, when m is greater than 
n, and n a greater than b ? How when m=^n? How when 
w = w, and at the same time na:=b? What conditions are 
necessary in order that the question may be solved in the ex- 
act sense of the enunciation ? 

3. It is required to make a mixture of gold and silver, the 
weight of which shall be a grains, in such proportions that 
the price of the mixture shall be b shillings, the value of a 
grain of gold being c shillings, and that of a grain of silver d 
shillings ; how much must be taken of each to form the mix- 
ture required ? 

Let X =z= the quantity of gold, y that of the silver, we have 

a{b — d) a{c — b ) 

''~ c — d ' ^—T=r5- 

How shall we interpret these results when c = d? How 
when -6 = c and at the same time c = d? What conditions 
are necessary in order that the question may be solved in the 
exact sense of the enunciation ? 

4. The sides of a rectangle are to each other in the propor- 
tion of m to w; but if the quantity a be added to the first and 
the quantity b subtracted from the second, the surface of the 
rectangle will be diminished by the quantity p. What are 
the sides? 
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Let X and y represent the sides respectively, we hav6 

^_i_ m(p — a b) n(p — a b) 

mo — na^^ mb — na 
What conditions are necessary in order that this problem 
may be solved in the exact sense of the enunciation ? When 

will the values of x and y take the form q. ' What will be the 

values of x and y if p = 0, and how should the enunciation of 
the question be altered to correspond to these values ? 

6. A banker has two kinds of money, in the first there are 
a pieces to the crown, and in the second b pieces to the crown ; 
how many pieces must be taken from each, in order that there 
may be c pieces to the crown ? 

Putting X and y for the number of pieces of each respective- 
ly, we have 

a(c—b) b(a — c) 

^— a-'b ' ^~ a — b 

In what cases will the values of x and y become infinite or 
impossible ? When will one of them become negative and 
how are we to interpret the result in this case ? When will 

they fake the form ?. When will either one or the other 

of the quantities become ? What conditions are necessary 
in order that the problem may be solved in the exact sense of 
the enunciation ? 

Section X. — Theory of inequalities. 

90. In the reasonings, which relate to the discussion of a 
problem, we have frequent occasion to make use of the ex- 
pressions " greater than,^^ ^^less than,^^ In such cases we shall 
attain a greater degree of conciseness, by representing each 
of these expressions by a convenient sign. It is agreed to 
represent the expression " greater than?"^ by the sign ^ ; thus, 
a greater than b is expressed by a ]>• 6. The same sign by a 
change of position is made to represent the phrase ^'less 
than ;" thus, a less than b is expressed by a <^ ft. 

An equation of the form a = ais called an equality. An 
expression of the form a'^b or a <^b is called an inequality. 
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The principles established for equations apply in general to 
inequalities. As there are some exceptions however, we 
shall state the principal transformations, which may be made 
upon inequalities, together with the exceptions which occur. 

1^. We may always add the same quantity to both members of 
an inequoMty^ or subtract the same quantity from both members^ 
and the inequality will continue in the same sense, • 

Thus, let 3 <[ 5 ; adding 8 to both sides, we have 

8 + 3 < 5 + 8, or 11 < 13 
Again let — 3^ — 6; adding 8 to both sides we have 

8 — 3>8 — 5, or5>3 
This principle enables us, as in the case of equations, to 
transpose a term from one member of an inequality to the other ; 
thus, from the inequality a' -f- 6^ ]> 3 c' — a*, we obtain 
2 a* + i» > 3 c*. 

2^ We may in aU cases add member to member two or more in" 
equalities established in the same sense^ and the inequality ^ which 
resuUs, wiU exist in tUe sense of the proposed. 

Thus, let there be a>> 6, c ]> cf, e ^/; we have 

a-^ c-jf- e"^ b -\-d + f 

But if we subtract member from member two or more inequaU^ 
ties established in the same sense, the inequality y which resuUsy 
wiU not always exist in the sense of the proposed. 

Let there be the inequalities 4 <[ 7, 2 <[ 3, we have by 
subtraction 4 — 2 < 7 — 3, or 2 < 4. 

But let there be the inequalities 9 <[ 10 and 6 <^ 8, sub- 
tracting the latter from the former, we have 

9 — 6 > 10 — 8, or 3 > 2. 

3^ We may multiply or divide the two members of an inequalr 
ity by any positive or absolute number j and the inequality^ which 
results, tviU exist in the sense of the proposed. 

Thus, if we have a <! 6, multiplying both sides by 6, we 
have 5 a <[ 6 6. 

By means of this principle, we may free an inequality from 
its denominators. Thus, let there be 

a' — b^ a^ — lt' 

2d -^ 8a 
10 
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we have by nraltiplication (a» — **) 3 a > (o* — lF)2dj 
and by division Z a'^2 d. 

But if toe multiply or dimde the two members of an inequoK^y 
by a negatwe quantityy the inequality^ which resuUsy will exist in 
the contrary sense, 

ThuBy let 8^7, multiplying both sides by — 3, we have 

— 24<— 21. 

From this it follows, that if we change the sign of each term 
of an inequality y the ine^pialityy which resuUsy vnU exist in a sense 
contrary to that of the proposed ; for this transformation wiU be 
equiioalent to multiplying both members by — 1. 

91. Let there now be proposed the inequality 

23 2 

7x-->-x + 6 

Multiplying both sides by 3, we have 

21 X — 23 > 2 X + 15 

whence transposing and reducing, we have 

x>2 

Here 2 is the limit to the value of tc, that is, if we mbstl- 
tate for x in the proposed any value greater than 2, the ine- 
quality will be satisfied. The process, by which the limit to 
the value of the unknown quantity is determined, is called 
tesdoing the inequality. 

EXAMPLES. 

1. To find the limit to the value of x in the inequalities 

25 ^,„ , 2x 

* 2. To find the limit to the value of x in the inequalities ] 

x, x^^^7 2x 

X X ^6 X 
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3. To dnd the limit to the value of x in the inequalities 

__ax + a6<y 

92. The theory of inequalities may be applied to the solu- 
tion of certain problems. 

1. The double of a number diminished by 5 is greater than 
25, and triple the number diminished by 7 is less than double 
the number increased by 13. Required a number that shall 
possess these properties. 

By the question, we have 

2 « — 5 > 26 

3« — 7<2x + 13 

Resolving these inequalities, we have x ^ 16, x <^ 20. 
Any number therefore, entire or fractional, comprised between 
15 and 20 will satisfy the conditions of the question. 

2. A shepherd being asked the number of his sheep re- 
plied, that double their number diminished by 7 is greater 
than 29, and triple their number diminished by 5 is less than 
double their number increased by 16. Required the number 
of sheep. 

Resolving the question, we have x ^ 18, and x <^ 21. 
Here all the numbers, comprised between 18 and 21, will 
satisfy the inequalities ; but since the nature of the question 
requires that the answer should be an entire number, the num- 
ber of solutions is limited to 2, viz. x = 19, x = 20. 

3. A market woman has a number of oranges, such, that 
triple the number increased by 2, exceeds double the number 
increased by 61 ; and 5 times the number diminished by 70 is 
less than 4 times the number diminished by 9. How many 
oranges had she. 

4. The sum of two numbers is 32, and if the greater be 
divided by the less, the quotient will be less than 6 but great- 
er than 2. What are the numbers ? 

5. The sum of two numbers is 25 ; if the greater be divid* 
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ed by the less, the quotient will be greater than 3, and if the 
less be divided by the greater the quotient will be greater 
than |. What are the numbers ? 

Section XL — Extraction of the Square Root. 

93. Let it now be proposed to find a number, which multi- 
plied by five times itself will give a product equal to 125. 

Putting X for the number required, we have by the question 
6 a:* = 125, from which we obtain x* = 25. This equation is 
essentially different from any, which we have hitherto consid- 
ered. It is called an equation of the second degree, because 
it contains x raised to the second power. To find the value 
of Xy we must see what number multiplied by itself will give 
25. It is obvious, that the number 5 will fulfil this condition ; 
we have therefore x = 5. 

The value of x is easily found in the present example, but 
in others it will be more difiicult. Hence arises this new arith* 
metical question, viz. To find a number , which multiplied hy it- 
self wHl give a product equal to a proposed number, or which is 
the same thing, from the second power of a number to deter- 
mine the first. 

A number, which multiplied by itself will produce a given 
number, is called the square or second root of this number. 
The process for finding the second root is called extracting the 
square or second root. 

In the following table, we have the nine priniitive numbers 
with their squares written under them respectively. 

1, 2, 3, 4, 5, 6, 7, 8, 9, 
1, 4, 9, 16, 25, 36, 49, 64, 81. 

By inspection, of this table, it will be perceived, that among 
entire numbers consisting of one or two figures, there are nine 
only, which are squares of other entire numbers. The 
remainder have for a root an entire number plus a fraction. 
Thus 63, which is comprised between 49 and 64, has for its 
square root 7 plus a fraction. 

The numbers in the second line of this table being the 
squares of those in the first, conversely the numbers in the first 
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line are the square roots of v those in the second. If therefore 
the numher, the square root of which is required, consist of 
one or two figures only, its root will he readily found hy means 
of the tahle. 

Let it he proposed to find the root of a numher consisting; 
of more than two figures, 6084, for example. 

The square of 9, the largest number consisting of one figure, 
is 81, and the square of 100, the smallest number consisting 
of three figures, is 10000 ; the square root of 6084 will there- 
fore consist of two places, viz. units and tens. 

To determine then a method, by which to return from the 
proposed number to its root, let us observe the manner, in 
which thje different parts of a number consisting of two places^ 
47, for example, are employed in forming the square of thiat 
number. For this purpose we decompose 47 into two part?,, 
viz. 40 and 7, or 4 tens and 7 units. Designating the tens by 
a and the units by 6, we have a -|- 6 =s 47, and squaring both 
sides a^ 4-2 ab + P=^ 2209. Thus the square of a number, 
consisting of units and tens, is composed* of three parts, viz. 
the square of the tens^ plus twice the product of the tens multiplU 
ed by the unitSj plus the square of the units. Thus in 2209, the 
square of 47, we have 

the square of the tens (a') = 1600 

ttDice the tens hy the units (2 o5) i= 660 
the square of the units (^) t= 49 

2209 

Considering then tl^e proposed number 6084 as composed of 

the square of the tend of the root sought, twice the product 

of the tens by the units, and the square of the units, if we 

can discover in this number the first of these parts, viz. the 

square of the tens, the tens of the root will be readily found. 

The square of an exact number of tens, it is evident, can 

have no figure inferior to hundreds. Separating then the two 

last figures of the proposed from the rest by a comma, the 

square of the tens will be found in 60, the part at the left of 

the comma, which in addition to the hundreds in the square 

of the tens will also contaiA those, which arise from the other 

10 * 
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parts of the square. 60 is comprised between 49 and 64, the 
roots of which are 7 and 8 respectively ; 7 will then be the 
figure denoting the tens in the root sought. Indeed 60 00 
is comprised between 49 00 and 64 00, the squares of 70 and 
80 respectively ; the same is the case with 60 84 ; the root 
required will therefore consist of 7 tens and a certain number 
of units less than ten. 

The figure 7 being thus obtained, we place it at the right 
of th« proposed, taking care to separate them by a vertical 
line ; we then subtract 49, the square of 7, from 60, and to 
the remainder 1 1 we bring down 84, the two other figures of 
the proposed. The result 1184 of this operation will then 
contain twice the product of the tens of the root by the units, 
plus the square of the units. Twice the product of the tens 
by the units will, it is evident, contain no figure inferior to 
tens. Separating then 4, the right band figure of the remain- 
der 1184, from the rest by a comma, the part 118 of this re- 
mainder, at the left of the comma, must contain the double 
product of the tens by the units, together with the tens aris- 
ing fi:om the square of the units. 

The double product of the tens is 14 ; dividing therefore 
118 by 14, the quotient 8 will be the unit figure exactly, or 
in consequence of the tens arising from the. square of the 
units, it may be too large by 1 or 2. To determine whether 
8 be the right figure for the units ot the root, we multiply 
twice the tens by 8 and subtract the result from 1184, the re- 
mainder 64 being equal to the square of 8 shows that 8 is the 
unit figure sought. We have 78 therefore for the root requir- 
ed. The operation will stand thus, 

» 

7 



60,84 
49 



118,4 
112 

64 
64 



14 



To complete the root, we place 8 the unit figure at the 
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right of 7 the figure for the tens. The work, moreover, may 
he ahridged by writing the 8 at the right of the divisor, and 
multiplying 148 the number thus formed by 8. We thus ob- 
tain in one expression twice the tens by the units and the 
square of the units ; this being equal to the remainder 1184 
proves as before that 8 is the right figure for the units of the 
root. 

With this modification, the work will stand thus 

60, 84 I 78 
49 



118,4 
1184 



148 



Let us take, as a second example, the number 841. Pur- 
suing the same course as in the preceding example, we find 
2 for the tens of the root ; subtracting the square of the tens 
the remainder will be 441. Separating the unit figure in this 
remainder from the rest by a comma, and dividing the part at 
the left by double the tens, in order to obtain the unit figure 
of the root, we have 1 1 for the result. This is evidently too 
much. Indeed, we cannot have more than 9 for the units; 
we therefore try 9. This proves to be the correct figure* 
The root sought is therefore 29. 

The operation will be as follows 

8, 41 29 
4 

44, 1 [49 
44 I 



94* Any number however large may be considered as coffl** 
posed of units and tens ; 345, for example, may be considered 
as composed of 34 tens and 5 units. 

Let it now be proposed to find the second root of 190969. 
This number exceeds 10 000 and is less than 1000 000; its 
root will therefore consist of three places* But from what 
has been said, the root may be considered as composed oi 
two partS) units and tens* The proposed will then consist of 
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three parts, viz. the square of the tens of the root, twice the 
tens hy the units and the square of the units. The square' of 
the tens will hare no figure inferior to hundreds. Separating 
therefore the last two figures from the rest hy a comma, the 
tens of the root will be found by extracting the square root of 
1909, the part of the proposed, at the left of the comma. 
Regarding 1909 for the moment as a separate number, its root 
will evidently qonsist of two places, units and tens. The 
method of finding the root will therefore be the same as in 
the preceding examples. Performing the necessary operations 
we obtain 43 for the root and a remainder of 60. There will 
therefore be 43 tens in the root of the proposed, and bringing 
down the last two figures of the proposed by the side of 60, 
the result 6069 will contain twice the product of the tens of 
the root sought by the units, plus the square of the units. 
Separating therefore the right hand figure from the. rest by a 
comma, we divide 606, the part on the left of the comma, by 
86 twice the tens ; this gives 7 for the unit figure. Placing 
the 7 therefore at the right of 43 the part of the root already 
found, and also at the right of 86, and multiplying this last 
by 7, we have 6069 for the result. 7 is therefore the right 
unit figure, and the root of the proposed is 437. 
The following is a table of the operations. 

19,09,69 437 
16 



309 I 83 
249 



606,9 
606,9 



867 



The same process, it is easy to see, may be extended to any 
number however large. From what has been done, therefore, 
the following rule for the extraction of the second root will 
be readily inferred, viz. 1°. Separate ike number into parts of 
two figures eacA, begmning at the right. 2^ Find the gre&tesi 
second power in the left hand part; write the root aa a quotient 



1 
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in division^ and subtract the second power from the left hand part, 
3^. Bring dovm the two next figures ai the right of, the remainder 
for a dividend and double the root already found for a divisor. 
See how many times the divisor is contained in the dividendy neg^ 
kcting the right handfigure. Write the result in the root at the 
right of the figure previously foundy and also at the right of the 
divisor. 4^. Mtd^ply the divisor^ thus axigmentedj by the last fig^ 
we of the root and subtract the product from the whole dividend, 
6°. Bring down the next two figures as before^ to form a new divi^ 
dendy and double the root already found for a divisor^ and pro' 
ceed as before. Hie root will be doubledy if the right hand fig-- 
lire of the last divisor be doubled. 

95. If the number proposed be not a perfect square, we shall 
obtain by the above rule, the root of the greatest square num- 
ber contained in the proposed. Thus, let it be required to 
find the square root of 1287. Applying the rule to this num- 
ber, we obtain 35 for the root with a remainder 62. This re- 
mainder shows that 1287 is not a perfect square. The square 
of 35 IS 1225, that of 36 is 1296 ; whence 35 is the root of 
the greatest square contained in the proposed. 

96. When the proposed number is not a perfect square a 
doubt may sometimes arise, whether the root found be that of 
the greatest square contained in this number. This may be 
readily determined by the following rule. The square of 
o-f" lisa*4"2a-|-l; whence the square of a quantity great- 
er by unity than a exceeds the square of a by 2 a -f- 1. From 
this it follows, that if the root obtained should be augmented by 
unity or more than unity y the remainder after the operation must 
be at least equal to twice the root plus unity. When this is not 
the case, the root obtained is that of the greatest square con- 
tained in the proposed. 

EXAMPLES. 



1. To find the square root of 56821444. 

2. To find the square root of 17698849. 

3. To- find the square root of 698486673, 



J 
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4. To find the square root of 1420913025* 

5. To find the square root of 48303^84206084. 

"97. From what has heen done, it will be perceived, that 
there are many whole numbers, the roots of which are not 
whole numbers. Whfit is remarkable in regard to these num- 
bers is, that they will have no assignable roots. Thus the 
numbers 3, 7, 11 have no assignable roots,Hhat is, no number 
can be found either among whole or fractional numbers, which 
multiplied by itself will produce either of these n^mbers. 
The proof of this depends upon the following proposition, 
which we shall now demonstrate, viz. 

Every number P, which wUl exactly divide the product A.B of 
two numbers A and B, and which is prime to one of these numbers^ 
must necessarily divide the other number. 

Let us suppose that P will not divide A, and that A is great- 
er than P. Let us apply to A and P the process of the great-* 
est common divisor, designating the quotients, which arise by 
Q, Q', Q" . . . and the remainders by R, R', R" . . , re- 
spectively. It is evident, that if the operation be pursued sirf- 
ficiently far, we shall obtain a remainder equal to unity, since 
by -hypothesis A and P are prime to each other. This being 
premised, we have the following equations 

A=PQ+R 
P = RQ'+R' 
R=:R'Q"+R" 



Multiplying the first of these equations by B, and dividing 
by P, we have 

A B 
By hypothesis -p- is an entire number, and since B and Q 

are each entire numbers, the product B Q is an entire number. 

B R 
It follows therefore, that -p~ must be an entire number ; whence 

B multiplied by the remainder R is divisible by P. 
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Again, multiplying the second of the above equations by B 

and dividing by P, we have 

_ BRQ' , BR' 

B R 
But we have already shown, that -p- is an entire number ; 

whence — p — is an entire number. This being the case, -5- 

must be an entire number ; whence B multiplied by the re- 
mainder R' must be divisible by P. 

If then the remainder R' is equal to unity, the proposition 
is demonstrated, since in this case we shall have B X 1 or B 
divisible by P. But if the remainder R' is not equal to unity, 
it is evident, that if the process of the greatest common divi- 
sor be applied to the quantities A and P until a remainder is 
obtained equal to unity, we may, in the same manner as 
above, prove that B multiplied by this remainder will be divi- 
sible by P. 

We conclude therefore that if P, which we have supposed 
not to divide A, will not divide B, it will not divide A B the 
product of A by B. 

Returning now to our purpose, it is evident, in order that 

ct 
a fractional number ^ may be the root of an entire number c, 

we must have 



a* 



52 — V 

But if c be not a perfect square, its root will not be an en- 
tire number, that is, a will not be divisible by b ; but from 
what has just been demonstrated, if a is not divisible by 
6, a X ^ or «* will not be divisible by 6, and by consequence 

a* will not be divisible by 6* ; whence --. cannot be equal to 

an entire number c. 

98. Though the roots of numbers, which are not perfect 
squares cannot be assigned either among whole or fractional 
immbers, yet, ^t is evident, there must be a quantity, which 
multiplied by itself will produce any number whatever. Thus 
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the root of 53 cannot be assigned ; yet there must be a qiian* 
tity, which multiplied by itsel( will produce 53. This quan- 
tity, it is evident, lies between the numbers 7 and 8, for the 
square of 7 is 49, and the square of 8 is 64. If then we di- 
vide the difference between 7 and 8 by means of fractions, we 
shall obtain numbers, the squares of which will be greater 
than 49 and less than 64, and which will approach nearer and 
nearer to 53. 

99. All numbers whether entire or fractional have a com- 
mon measure with unity ; on this account they are said to be 
commensurable ; and since the ratio of these numbers to unity 
may always be expressed by entire numbers, they are on this 
account called rationai numbers. 

The root of a number which is not a perfect square, can 
have no common measure with unity ; for, since it is impossi- 
ble to. express this root by any fraction, into how many parts 
soever we conceive unity to be divided, no fraction can be as- 
signed sufficiently small to measure at the same time this root 
and unity. The roots of numbers, which are not perfect 
squares, are on this account called incommensurable or irrational 
quantities. They are sometimes also called surds. 

To indicate that the square root of a quantity is to be taken, 
we use the character y^/, which is called a radical sign. Thus 
^16 is equivalent to 4. yy/2 is an incommensurable or surd 
quantity. 

EXTRACTION OF THE SQUARE ROOT OF FRACTIONS. 

100. Since a fraction is raised to the second power by rais- 
ing the numerator to the second power, and the denominator 
to the second power, it follows, that the square root of a frac- 
tion will be found by extracting the square root of the numerap 

9 3 
tor, and of the denominator. Thus, the square root of rg is j. 

If either the numerator or denominator of the fraction is 
not a perfect square, the root of the fraction cannot - be found 
exactly. We may, however, always render the denominator 
of a fraction a perfect square by multiplying both terms of 
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the fraction by the denominator. This will not alter the 

value of the fraction. The root of the denominator may then 

he found, and for that of the numerator, we must take the 

number nearest the root. Thus, if it be required to extract 

3 
the square root of g, multiplying both terms by 5, thie frac- 

lion becomes g^, the root of which is nearest =, accurate to 

within less than ^« . 

If the denominator of the fraction contain a factor, which 
is a perfect square, it will be sufficient to multiply both terms 
by the other factor of the denominator. Thus, let it be re- 

quired to find the square root of ^ ; multiplying both terms 

48 7 

by 6, the fraction becomes ^^ the root of which is |g, accu- 
rate to within less than rg. 

If a greater degree of accuracy is required, we convert the 
fraction into another, the denominator of which is a perfect 
square, but greater than that obtained by the method above. 

3 1 

To find, for example, the square root of g to within jp the 

fraction must be converted into 225ths. This is done by mul- 

3 135 
tiplying both terms by 45. Thus we have gii=™ , the root 

12 1 

of which is nearest j^, accurate to within less than j^ . 

After making the denominator a perfect square, we may mul- 
tiply both terms of the proposed fraction by any number^ 
W^hich is a perfect square, and thus approximate the root 
more nearly. If, for example, we multiply both terms of 

15 2J60 

^ by 144, the square of 12, we obtain ^g^jj- the root of which 

46 8 

is nearest ^. Thus, we have the root of g- to within less 

than ^. 

101. We may in this way approximate the roots of whole 
numbers, the roots of which cannot be exactly assigned. 

11 
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If it be required, for example, to find the square root of 2 ; 

we convert it into a fraction the denominator of which will 

- ^, .^ 450 , ^ 

be a perfect square. Thus, if we put 2 = ^, we nave for 

the root jp or 1-^^, accurate to within less than j^. 

In general, to find the square root of a number accurate to 
within a given fraction, we multiply the proposed number by 
the square of the denominator of the given fraction ; ice then find 
the entire part of the square root of this product^ and divide the 
result by the denominator of the given fraction. 

This rule may be demonstrated as follows. Let a be the 
number proposed, and let it be required to find the root of a 

to within less than -. 

n 



an' 



We shall have it is evident, a = — =-; let r be the entire 

part of the root of the numerator an'] a n' will be compris- 
ed between r* and (r -f- 1)', and by consequence the square 

r' (r + lY 

root of a will be comprised between those of -= and -^ — , ^ 

^ vr n' 

f f —L. \ f 

that is to say, between - and — - — ; whence - will be the 

n n n 

1 

root of a to within less than -^ 

n 

102. To approximate the root of a number, which is not a 
perfect square, it will be most convenient to employ some 
power of 10 as the multiplier of the proposed, or which is 
the same thing,' to convert the proposed into a fraction, the 
denominator of which shall be some power of 10. Thus, to 

approximate the root of 2, let us put 2 = Jq^ or 2.00, the ap- 

20000 
proximate root will be 1. 4. Again, let 2 = tj^^ or 2.0000, 

the approximate root will be 1. 41. 

103. From what has been done, and indeed firom the na- 
ture of multiplication it follows, that the number of decimal 
places in the power will be double the decimal places in the 
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root To find the approximate root of an entire number by 
the aid of decimals therefore, we must annex to this number 
twice as many zeros as there are decimal ^places wanted in 
the root Thus, if 5 places are required in the root, ten zeros 
must be annexed. The zeros may be annexed as we pro- 
ceed, it being observed, that two zeros must be annexed for 
every new figure placed in the root. 

The root of 7, to three places, will be found as follows 

7 (2. 646 
4 

300 
276 



2400 
2096 



30400 
26425 



3975 

If the proposed be already a decimal, the number of deci- 
mal places must be made even by annexing a zero, if necessa- 
ry. If the root of the number, thus prepared, is not sufficient- 
ly exact, two zeros must be annexed for every new figure re- 
quired in the root. 

' 104. To find the root of a vulgar fraction by the aid of deci- 
mals, we convert this fraction into a decimal and then extract 
the root. 

If the proposed consist of an entire part and a fraction, we 
convert the fraction into a decimal, annex it to the entire part, 
and then extract the root. 

In converting the fraction into a decimal, it will be neces- 
sary to pursue the operation, until twice as many decimals are 
obtained, as are wanted in the root. 

EXAMPLES. 

144 

1. To find the root of ^ 

129 

2. To find the toot of 13^-^ 



136 
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3. To find the approximate root of 5 

■to 

4. To find the approximate root of oS 

5. To find the approximate root of ^ 

6. To find the approximate root of 29 

If. To find the approximate root of 4. 426 

8. To find the approximate root of =7 

9» To find the approximate root of 0. 01001 

13 
10. To find the approximate root of 2 ji 

EXTRACTION OF THE SQUARE ROOT OF ALGEBRAIC QWANTITIESw 

105. By the rule for multiplication we have 

(5 a*6'c)*=5a'*6'cX 5a'*6'c = 25a*6*c* 

A monomial is therefore raised to the square by squaring the 
coefficient and doubling the exponent of each of the letters. 
Whence to extract the square root of a monomial, it is ne- 
cessary 1^. to extract the root of the coefficient. 2^. to divide- 
the exponcTU of each of the letters by 2. 

According to this rule, we have 

a/ 64 o« 6*"= 8 a" b^ 

V 626 o* 6» c« = 25 a 6* c» 
In order that a monomial may be a perfect square, its coeffi>- 

cient, it is evident from the preceding rule, must be a perfect 

square and the exponent of each of the letters must be an 

even number. 
Thus 98 a b* is not a perfect square. Its root can therefore 

only be indicated by means of the radical sign, thus A/gSabK 

Expressions of this kind are called irrational quantities of the 
second degree, or more simply radicals of the second degree. 

106« The second power of a product, it is easy to see, is 
the same as the product of the second powers of all its fac- 
tors. It follows therefore, that the square root of a product 
mU be the same a» the product of the square root of aU its factors.. 

By means of this principle, we may frequently reduce to a 
more simple form expressions of the kind, which we are here 
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considering. Thus, the above expression ^gg^-gT may be 
put nnder the fo rm Vioft^X ^2^^ but V49p = 7jt^ 

whence a/98 a 6* = 7 6* V2a. 
In like manner, we have 

In the expressions lVs/2a^ 12 ab*c^^etc^ the quan- 
tities 7 6*, 12 o 6* c* placed without the radical sign are called 
the coefficients of the radical. The expressions themselves are 
said to be reduced to their most simple form. 

From what has been done, we have the following rule for 
reducing irrational quantities, consisting of one term, to their 
most simple form, viz. Separate the quantity proposed into two 
partSj one of which shdl contain aU the factors^ which are per- 
fect squares^ and the other those^ which are not ; write the roots 
of the factors^ which are perfect squares without the radical sign 
m multipliers of the radical quantity^ and retain under the radi- 
eal sign the factors^ which are not perfect squares, 

EXAMPLES. 

1. To reduce Vl75 a" b^ c^ d to its most simple form. 

2. To reduce \/405 a^b*c^de to its most simple form. 

3. To reduce a/245 a^ ¥ c^ d^ ^ to its most simple form. 

4. To reduce a/sOS a^ 6* c* rf* to its most simple form. 

6. To reduce \/ 1014 a^ b^ c^ d to its most simple form. 

107, The square of — a, it will be observed, is o*, as well 
as that of -{- a ; the root therefore of a' may be either + a 
or — a. Both of these roots may be comprehended in one 
expression by means of the double sign ±« Thus 

a/^= ±: a, V25 6* c* == db 5 6* c. 

The double sign, it is evident, should be considered as af- 
fecting the square root of all quantities whatever. 

If the monomial proposed be negative, the square root 
is impossible; since there is no quantity positive or neg- 

11 * 



1 
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ative, which multiplied by itself will produce a negative qtian^ 

tity. Thus, a/ — a, V — 3 6* are impossible or imaginary 
quantities. ' 

Expressions of this kind may be simplified in the same 

manner as radical expressions, which are real. Thus \/ — 9 

may be put under the form ^ — 1X9; whence 

A/Iir9"= 3 V— X 

, In like manner \^ — 4a*==2a\/ — 1, 

108. We proceed to the extraction of the square root of 
polynomials. 

A quantity consisting of two terms cannot, it is evident, b e 
a perfect square, for the square of a simple quantity will be a 
simple quantity, and the square of a binomial consists always 
of three terms. 

This being premised, let the proposed be a trinomial, its 
root, it is evident, will consist of at least two terms. Let 
m + w be the root, we have (m -f- w)* = mz -{- 2 m n + w*. 

This shows, that if the proposed be arranged with reference 
to the powers of some letter that, 1°. the first term of the 
proposed will be the square of the first term of the root 
sought ; 2^ the second term of the proposed will be equal to 
twice the first term of the root multiplied by the second ; 3^. 
the third term of the proposed will be. the square of the sec- 
ond term of the root. 

Let it be proposed to extract the root of the trinomial 

24 a' 6» c + 16 a* c» + 9 6« 

Arranging with reference to the letter a, the proposed be- 
comes 16 a* c2 +- 24 a^ 6' c + 9 ¥. 

In order to obtain the root, we extract according to what 
has been said the root of the first term 16 a* c*, <vhich gives 
4 a* c. This is the first term of the root. Dividing next the 
second term 24 a* 6' c by 8 a* c, twice the term of the root al- 
ready found, we have 3 b^ for the second term of the root, and 
since the square of this is equal to 9 b* the remaining term of 
the proposed, the proposed is a" perfect square, the root of 
which is 4 a' c + 3 6^ 
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Again, let the proposed consist of more than three terms^ 
its root will consist of more than two terms. Let it consist 
of three and let m + « + ja be the root The expression 
m -f- n -f- j9 may be put under the form (w + «) + p^ forming 
the square after the manner of. a binomial, we have for the re- 
sult (m + n)' -|- 2 {m-\-n) p + p% or, developing (i» -}- n)\ 
the result will he m^ + 2 m n -^ n^ -\- 2 (m -}- n) p -\- p^. The 
proposed therefore being arranged with reference to the pow- 
ers of some letter, it is evident, that the first term of the root 
will be found by extracting the root of the first term of the 
proposed, and that the second term of the root will be found 
by dividing the second term of the proposed by twice the first 
term of the root already found. If then we subtract from the 
proposed the square of the two terms of the root already ob- 
tained, the remainder will be equal to twice the first two terms 
of the root multiplied by the third plus the square of the 
third. Dividing this remainder therefore by twice the terms 
of the root already found, or which is the same thing, divid- 
ing the first term of the remainder by twice the first term of 
the root, we shall obtain the third term sought. Subtracting 
from the first remainder twice the product of the first two 
terms of the root by the third, together with the square of the 
third, if the result be 0, the proposed is a perfect square, and 
the root is exactly obtained. 

Let it be proposed to find the square root of the polynomial 
49 a* ^2 _ 24 a^b^ + 25 a* — 30 a^ 6 + 16 b\ 

The proposed being arranged v#ith reference to the letter a, 
the work will be as follows 

25a^ — 30a^6-f49o'6' — 24a6^4-16&M5 fl^ — 3a64- 4 6» 
25 a* — 30a56+ 9a'fe* MOa' 

■ 

40a'b^ — 24ab^-\'lGb^ 
40aH2 — 24a6» + 16 6* 




We begin by extracting the root of 25 a*, this gives 5 a^ for 
the first term of the root sought, which we place at the right 
of the proposed and on the §ame line with it ; we then mul- 
tiply this term of the root by 2 and write the result 10 a' un- 
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• 

der the root. Dividing next the second term of the proposed 
hy 10 a' we obtain — 3 a & for the second term of the root 
sought. Squaring the part of the root already found, viz. 
5 a' — S aby and subtracting the square from the proposed, we 
have for the first term of the remainder 40 a' 6*. Dividing 
this last by 10 a' the double of 5 o', we obtain 4 6' for the 
quotient. 

This is the third term of the root sought ; forming next the 
double product of 5 a' — 3 a 6 by 4 6', and subtracting the re- 
sult together with the square of 4 b^ from the first remainder 
the result is 0. The proposed is therefore a perfect square, 
and we have for the root required 

6o««-3a6 + 46». 

The calculations in the above example may be performed 

with more facility as follows. 

25a* — 30a^6+49a«6a — 24afe'-|-16M 5a' — 3a6 + 4ft^ 

25 a* lOa*— 3a6 

10a'— 6a6 + 46a 



— 30a'6 

— 30a^6 



49 a* 6» 
9a2 6' 



40a«6« — 24.a6»+16 6* 
40a2ft2 — 24a6'+16 6* 




Having found the first term 5 a* of the root, we subtract its 

square from the first term of the proposed, and bring down the 

next two terms for a dividend. Dividing the first term of the 

dividend by 10 a', we obtain^^— 3 a 6, the second term of the 

root; this we place by the s»ide of 10a*; we then multiply 

the whole, viz. 10 a' — 3 a6 by this second term and subtract 

the result from the dividend, which gives a remainder 40 a^ 6*; 

to this remainder we bring down the two remaining terms of 

the proposed for a new dividend. Doubling the two terms of 

the root already found for a new divisor, we write the result 

under 10a'; dividing next the first term of the new dividend by 

the first term of the divisor, we obtain 4 6' the third term of 

the root, which we place by the side of the last divisor ; we 

then multiply the whole by this last term of the root, and 

subtracting the result from the last dividend remains. 
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109. The same process it is easy to see, may be extended 
to a polynomial of any number of terms whatever. 

EXAMPLES. 

1. To find tbe square root of 

4a* -f- 12 a'x + 13 a« «« +6 a X* + «* 

2. To find tbe square root of 

a?«4-4x»+ 10a;* + 20«» + 25x2-f.24a?+16 

3. To find tbe square root of 

4x* + 12x*.+ 5x* — 2x» + 7x2 — 2x+l 

4. To find tbe square root of 

9 ;e* — 12 ar» + 16 x« — 8 X + 4 
6. To find tbe square root of 

4 X* — 16 x» + 24 x« — 16 X + 4 

6. To find tbe square root of 

16 o* — 40 a» ft + 25 ft* a* — 80 a ft« c + 64 ft« c« 

64ftc 

110. Tbe polynomial proposed being arranged witb refer- 
ence to tbe powers of some letter, if tbe first term of tbe 
proposed is not a perfect square, or if in tbe course of tbe 
operation we arrive at a remainder, tbe first term of wbicb is 
not divisible by twice tbe first term of tbe root, tbe proposed 
is not a perfect square, and tbe root cannot be exactly assign- 
ed. 

Tbe polynomial o' ft + 4 a* ft* + 4 a ft', for example, is not, 
it is easy to see, a perfect square ; tbe root therefore can only 

be indicated, tbus, ^a^ ft -f- 4 o* ft* + 4 a ft'. We may, howev- 
er, apply to expressions of this kind tbe same simplifications^ 
that have already been applied to monomials. Tbe proposed 

indeed may be put under tbe form \/(a*-|-4oft-f-4ft*) oft; 
but tbe root of a* + 4 a ft + 4 ft* is evidently a + 2 ft, whence 

Vo' ft + 4 a* ft* -f 4 a ft' 3= (a + 2 ft) Voft 
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EXAMPLES.. 

1. To find the square root of 3 a** — 6 a' 6* + 3 a« ft* 

2. To find the square root of 5 a* ft — 30 a 6« + 46 ft* 

3. To find the square root of 12 a^ ft« + 12 a« ft' + 3 a ft* 
• 4. To find the square root of o* + 3 a« ft + 3 a ft* + ft* 

6. To find the square root of a* -|" ®* * "^ ® ^* — ^ 

Section XIL — Equations of the Second Degree. 

111. An equation is said to he of the second degree, when 
it contains the second power of the unknown quantity with- 
out any of the higher powers. 

In an equation of the second degree there can be therefore 
three kinds of terms only, viz. 1®. Terms, which involve the 
second power of the unknown quantity, 2^ terms, which in- 
volve the 'first power of the unknown quantity, 3°. terms con- 
sisting entirely of known quantities. 

An equation, which contains all three of these different 
kinds of terms is called a complete equation of the second de- 
gree. 

If the second of these different kinds of terms be wanting, 
the equation is then called an incomplete equation of the sec- 
ond degree. 

A complete equation of the second degree is sometimes 
called an affected ^equation, and an incomplete equation is some- 
times called a pure equation of the second degree. 

112. We are now prepared for the solution of incdmplete 
equations of the second degree. 

Let there be proposed, for example, the equation 

3 a;» — 29 = ~ 4- 610 

4 

Freeing from denominators, we have 

12x> — 116 = x' + 2040 
transposing and uniting terms 

llai«=B:2166 
or x»=»196 

whence, extracting the root of both members 

a:=14 
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Equations of the second degree, it should he ohserved, admit 
of two values for the unknown quantity, while those of the 
first degree admit of hut one only. This arises from the cir- 
cumstance, that the second power of a quantity will he posi- 
tive, whether the quantity itself he positive or negative. 

Thus we have x in the preceding example equal + 14 or 
— 14, or, uniting hoth values in one expression, we have 

a:=± 14. 

Let us take, as a second example, the equation 

5 2 

J a;* — 8=^4 — gX* 

Freeing from denominators, transposing and reducing, we 
have 



x^ :^= Qo", whence x = 4 / ^ 
^ K 29 



In this example ^ is not a perfect square ; we can theren 

fore ohtain only an approximate value for x. 
Let us take, as a third example, the equation 

x« + 25 = 9 
Deducing the value of x from this equation, we have 

To find the value of x, we are here required to extract the 
square root of — 16. But this is impossible; for, as' there is 
no quantity positive or negative, which multiplied by itself 
will produce a negative quantity, — 16, it is evident, cannot 
have a square root either exact or approximate. — 16 may 
indeed be considered as arising from the multiplication of -|- 4 
by — 4 ; but + 4 and — 4 are diflferent quantities ; their pro- 
duct therefore is not a square. 

The result x = y^_ 16 shows then, that it is impossible to 
resolve the equation, from which it is derived. In general, 
an expression for the square root of a negative quantity is to 
be regarded as a symbol of impossibilitt/. 

113. Equations of the kind, which we are here considering, 
may always be reduced to an equation of the form a x* = ft, 
a and b denoting any known quantities whatever, positive or 
negative. It is evident, that they may be reduced to this 
state, by collecting into one member the termsy which involve x* 
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fmA reducing them to one term, and coUecting the known tetms 
into the other member. 

Resolving the equation a x* =s: 6, we have 



-vi 



This is a general solution for incomplete equations of the 
second degree. 

If - be a perfect square, the value of x may be obtained ex- 
actly, if not, it may be found with such degree of approxima^ 
tion as we please. If - be negative, we shall have \/^ — > 

a symbol of impossibility. 

From what has been done, we have the following rule for 
the solution of incomplete equations of the second degree, 
viz. Collect into one member aU the terms^ which involve the 
square of the unknown quantity and the known quantities into the 
other ; free the square of the unknown quantity from the quanti- 
tieSj by which it is multiplied or divided; the value of the unknown 
quantity wHl then be obtained by extractivg the square root of 
each member, 

QUESTIONS PRODUCING INCOMPLETE EQUATIONS OF THE 

SECOND DEGREE. 

1. What two numbers are those, whose difference is to the 
greater as 2 to 9, and the difference of whose squares is 128. 

Ans. 18 and 14. 

2. It is required to divide the number 18 into two such parts, 
that the squares of these parts may be in the proportion of 25 
to 16. Ans. 10 and 8. 

3. It is required to divide the number 14 into two such 
parts, that the quotient of the greater part divided by the less 
may be to the quotient of the less divided by the greater as 
16 to 9. Ans. 8 and 6. 

4. Two persons A and B lay out some money on 'specula- 
tion. A disposes of his bargain for £>\\ and gains as much 
per cent, as B lays out; B's gain is ;£36, and it appears that 
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A gaim 4 times as much per cent, as B. Required the capi- 
tal of each. Ans. A's £5^ B's iei20. 

6. A charitable person distributed a certain sum among some 
poor men and women, the numbers of whom were in the pro- 
portion of 4 to 6» Each man received one third as many shil- 
lings as there were persons relieved ; and each woman receiv- 
ed twice as many shillings as there were women more than 
men. Now the men received all together 18*. more than the 
women. How many were there of each ? • 

• Ans. 12 men, and 16 women. 

6: In a court there are two square grass plots ; a side of one 
of which is 10 yards longer than the side of the other; and 
their areas are as 25 to 9. What are the lengths of the sides ? 

Ans. 25 and 15 yards. 

7. A person bought two pieces of linen, which together 
measured 36 yards. Each of them cost as many shillings a 
yard as there were yards in the piece ; and their whole prices 
were in the proportion of 4 to 1. What were the lengths of 
the pieces ? Ans. 24 and 12 yards. 

8. There is a rectangular field, whose length is to the 
breadth in the proportion of 6 to 5. A part of this equal to 
^ of the whole being planted, there remain for ploughing 625 
square yards. What are the dimensions of the field ? 

Ans. The sides are 30 and 25 yards. 

9. Two workmen A and B were engaged to work for a cer- 
tain number of days at different rates. At the end of the 
time, A, who had played 4 of the days, received 75 shillings ; 
but B, who had played 7 of the 4ays, received only 48 shil- 
lings. Now had B played 4 days, and A played 7 days, they 
would have received exactly alike. For how many days were 
they engaged ; how many did each work, and what had each 
per day ? Ans. 19 days ; A worked 15, and B 12 

days, and A received 5s. and B 4s. a day. 

10. Two travellers A and B set out to meet each other, A 
leaving the town C at the same time that B left D. They 
travelled the direct road C D, and on meeting, it appeared that 

12 
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A had travelled 18 mileg more than B; aad that A could hsve 
gone B's journey in 15^ days, bat B would have been 28 days^ 
in performing A's journey. What was the distance between 
G and D ? Ans. 126 miles^ 

11. What two numbers are those, whose difference beii^ 
multiplied by the greater, and the product divided by the less, 
the quotient is 24 ; but if their difference be multiplied b^ 
the less, and the product divided by the greater, the quotient 
is 6. Ans. 12 and 24. 

12. A and B carried 100 eggs between them to market and 
each received the same sum. If A had carried as many as B 
he would have received 18 pence for them, and if B had ta- 
ken only as many as A, he would have received only 8 pence. 
How many had each ? Ans. A 40, B 60. 

13. What two numbers are those, whose sum is to the great- 
er as 11 to 7, the difference of their squares being 132 ? 

Ans. 8 and 14. 

COMPLETE EQUATIONS OF THE SECOND DECREE. 

1 14. Let us take next the equation x' -f- 8 a; &= 209. This 
Lb a complete equation of the second degree. The solution 
of this equation, it is evident, would present no difficulty, if 
the left hand member were a perfect square. But this is not 
the case ; for, the square of a quantity consisting of one term 
will consist of one term, and the square of a quantity consist- 
ing of two terms will contain three terms. Let us then see 
if x* -}" ® ^ ^^^ ^® made a perfect s'quare ; for this purpose, it 
will be recollected, that the three parts, which compose the 
square of a binomial are 1^. the square of the first term of the 
binomial^ 2^. twice the first term multiplied by the secondy 3^. the 
square of the second term. Thus 

(x + o)*= x* -f 2 ax + a 

If then we compare x* -f- 8 « with x* + 2 c x + a', it is evi- 
dent, that x' + 8 X may be considered the first and second • 
terms in the square of a binomial. The first term of this hi* 
nomial will evidently be x ; then as 8 x must contain twice 
the first term by the second, the second will be found by di» 
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ifeiding 8 a; by S s, which gives 4 for tiie quotiei^ 2* + Sz 
is therefore the first two terms in the square of the binomial 
a; -f- ^ If then we add 16, the square of 4, to x* -f- ^ ^> the 
left hand member of the proposed, the result x* -{- 8 x -f* 16 
will be a perfect square> But if 16 be added to the left hand 
member, it must also be added to the right, in order to pre- 
serve the equality. ; the propdsed will then become 

x* + 8 a; + 16 =:== 225 

£xtracti«ig the root of each member of this last, we have 

X + 4 = ± 16 
whence « =» 11, « ss — 19. 

Let us take as a second example, the equation 

a? — I X = 164 

■2 

Comparing x* — ~ x with the square of the binomial x — ii| 

2 
viz. x* — 2 a X 4- <z^> it is evident, Aat x* — ^x may bt con- 

sidered the first two terms of the square of a binomial. By 

the same course of leasonimg as in the preceding example, we 

1 1 

find this binomial to be x — -. If then the square of ^bead- 

3 3 

ded to both sides, the left hand member will be a perfect 

square, we have then 

Extracting the root of each member, we have 

X — - = ±4 
3 

whence x==4^, x = — 3f, 

Let us take as a third e^Laniple, the equation x* -{- jp x as* y. 

Comparing the left hand member of this equation with 

• a:* + 2 a X + 0*, it is evident, that it may be considered as 

the first two terms in the square of the binomial x -f- - ; 

rbejice if the square of 5, be add^d to both sides, the left 

'■•■•■.. 3 .... * 
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hand member T^ill become a perfect square, and vre shall h«^e 

Extracting the root of each member 

^2 ^v q+T 



whence 



Making the left hand member a perfect square is called 
completing the square. This is done, as will readily be infer- 
red from the preceding examples, by adding to both sides the 
square of one half the coefficient of x in the second term. 
Let us take, for a fourth example, the equation 

3 _ 61 — a ;' 
5 4x — 2~ 

Freeing from denominators, we have 

140 X— 70 — 12 ai' 4- 6 ar = 305 — 5 a:* 

Transposing and uniting terms, we have 

146 a: — 7 X* = 375 

Or changing the signs of each term, and dividing by the 
coefficient of a^ 

^ 146 a; __ 375 
"*"7~~ "t" 

Completing the square, we haVe 

_ 146 ar 6329 _ ^ 375 5329 _ 2704 

^ 7 '""49"" "7""*" 49 "~ 49 

Whence extracting the root of each member 

73 52 

a? — — S=rf: d= Tj;- 
Xc= 17f, *tes3. 

The raje for completing the square applies only, it is evi- 
dent, to equations of the form 3^ + p x =z q, p vad q denoting 
aay quantities whatever, positive ch* negative. 

If not already of the form x* + ;> a; s= j, equations of the 



kind, which we are here con8ide4Qg9 must always be reduced 
to this form, before completing the square. Thus, in the pre- 
ceding example^ th^ given equation was reduced, befor^ com- 

pleting the square, to ar a? = --, an equation of 

WW 

the fbr^ requii^di ' ■ 

It is evident, that all complete equations of the second de- 
gree may Ibe >fedueed ito tbe Iprin jx^ .-f- p ap^= ^, V ^y ^dlect- 
ing all the terms which involve x into the first inember and 
uniting the tepnSt iwhich ^onlajj} oE^into one tesn^i and,th(pse 
which contain x into another, 2^ by changing the signs of 
each term, if necessary, in order to render that of ^ pQ^itiye, 
3^. by dividing all the terms by tfae multiplier of a^, if it have 
a multiplier, and multiplying all the )<|erms by the divisor of 
x*j if it have a divisor. 

CLX CX 

Let the equation — — -6a:»=-- -^^aebe reduced to the 

form x^ + p xs=sq. .,. ^ 

I'redng from denominators, we haxe 

bax — 20 fta* = 4cf-f 20 ac 

Bf trsittigpcWitton — 20 6 a:» + 6 a a; — 4 c »= 20 a « 

Changing signs 20 6 a:* -r- 6 a x_4- 4 C ar ±= — 3p a e 

Uniting terms 20 6a:* — (5 a — 4c)x = — 20 ae 

« 

T^- -J- 1. «A L \ (5 a — 4 c) de 

PlVldmg l^ 20 fr . 33^ — ^ L ?: TSSLrr-.-j- 

Comparing this equation with the general formula, we havo 

(5 a — 4 c) ae 

From what has been done, we have the following .riile.f<$r 
the solution of complete equations of the second degree^ viz. 
1^ Tht equation hdng reduced to the form x^ + P ^ ;±ss q,'Ai(fti 
to both members the square of ha^f the coefficient of x in the sec- 
end term ; 2^. extras the square root of both membersy taking 
care to give to the root of the second member the dotd>k sign ± ; 
3^ deduce the value <>f x fr<ym the equation^ which arises from the 
last iteration* 

12* 



EXAMPLES. 

. ■ • . ■ .. . \ ' ' 

i. Given ^^ + 3J = - 4- 8, to find the values of x- 

2. Given 4 a; — ^^ "^ ^ = 46, to find th« value* of x- 

X 
4-0 27 

3. Given -— — I = J3, td find tke values of x. 

x-^6 * X 

4; Given 4 x iHl? = 14, to find the values of x, 

X + 1 

6. Given = , to find the values of x, 

x + 60 8x — 6' 

6. Given ^"^^ 4- ^^~^^ = 54, to find the values of x. 
2 2 X — 5 . ' 

^' I^'I^ "1^^ ^o^i.^ 1 \ to find the values of x and y. 
andy* + 4x = 2y + llj 

8. Given 2 X + 3 y ^ 118 J to find the vakea of a? and y. 

and 5 x' — 7 y« = 4333 J 

2x4-7tf 61+2x1 

9. Given — ^I— ^ =2 y j[^— I to find Ac va|- 

, 4x + 3v « I uesofxandy. 

115. We pass next to the solution of some questions. 
1. To find a number ^uch, that if three times this number 
be added to twice its square, the s\im will be 65. 

Putting X for the number sought, we have by the question 

2 X* + 3 X = e5 

. 3 65 

Dividing by 2, we have x*-}-- x==-- 

3 9 65 , 9 

Completing the square ** + 2*+i6~T"'16 • 



3 ^23 

Extracting the root x + - = dr -j- 

13 
whence xs=6, xs= — — 



The Arst value of x sEtisfies the qaestiofi in the senses in 
which it is enmieiated. In order to interpret the second, it 
win he observed, that if we put — x instead of -x in the equa* 
tion 2 Qi^-^- 3x^^S5jit becomes 2 ac* — ^Xss65, Resolv- 



13 
ing this equation, we obtain x ess — , xss — 5, values of x, 

which differ from the preceding only in the signs. The niim- 

13 
her —- will therefore satisfy the conditions of the question 

modified thus, 

To find a nnmber such, that if three times this number be 
subtracted from twice its square, the remainder will be 65. 

3. A person bought some sheep for J872 ; and found if he 

had bought 6 more for the same money, he would have paid 

£ 1 less for each. How many did he buy ? 

Let X = the number, we have 

72 72 

X x + 6 
from which we obtaiil x = 18, or — 24. To interpret the 
negative result, we write — x for x in the equation, which be- 
comes .72 72 



— X — «-f-6 
or which is the same thing 

72 72 






X — 6 X 

an equation, which corresponds to the following enunciation. 

A person bought some sheep for £72^ and found if he had 
bought 6 less for the same money, he wouFd have paid £ 1 
more for each. How many did he buy ? 

The negative values here modify the proposed questions, in 
a manner analogous to what takes place, as we have already 
seen, in equations of the first degree. 

4. To find a number such, that if 15 be added to its square 
the sum will be equal to eight times this number. 

'Putting X for the number sought, we have by the question 

x« + 15 = 8x 

Resolving this equation, we have 

X=:5, Xs=3 



Hi . BLBlMilim Off iiL0«BIIA» . ^ 

[ In this exampk both, vdhiet of iv.Are foBitiri^ vi4 uwvrer 
directly the CQ]iditiOou9 of the quoition^ ia the ^enae in whlcb 
it is enuBcifeited. 

5. To find a number sucfa, thftt if the aquare of this number 
be augmented by 6 times the number and also by 6, the result 
will be 2. 

Puttii]^ X for the number sought, we hare by. the question 

a:* + 5«4-6=2. 

Whence, resolving the equation we hare ' , 

«= — 1, ar = — 4 

The values of x in this example are both ];iegative ; the 
question therefore, as is evident from inspection^ cannot be 
solved in the sense, in which it is enunciated. 

If instead of a^ we write — x in the equation of the propos- 
ed it becomes x* — 5x-)-63=r2, from which we obtain x = 1, 
X sss 4. The numbers 1 and 4 will therefore satisfy th^ con- 
ditions of the proposed modified thus, 

To find a number such, that if five times this number be 
subtracted from its square, and 6 be added to the ren^ainder, 
the result will be 2. 

6. To divide .the number 10 into two such parts, that the 
product of these parts will be 30. 

Putting .X for one of the parts 10 — x will be the other; we 
have therefore by the question 

lOx — x> = 30 

I^esolving this equation, we obtain 

arT=5 + V^^ x=ix 5 — ^*115: 
This result indicates, that there is some absurdity in the 
conditions of the question proposed, since ii) order to obtain 
the value of x, we must extract the root of a negative quanti- 
ty, which is impossible. 

In order to see in what this absurdity consists, let us exam- 
ine into what two parts a given number should be divided, in 
order that the product of these parts may be the greatest pos- 
sible. 

Let us represent the given number by p, the product of the 
two parts by q^ and the difference of the two parts by d ; the 
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greater part will then be ^ -j- - and the less ^ , and we 

jB £ 2 2 

shall hare 

or -^— * ss a 

4 4 ^ 

Here the value of g^ it is evident, will be greater as that of 
d is less ; the value of q will therefore be the greatest possi- 
ble when d is zero, that is, the product mU be the greatest pos- 
siblcj when the difference between the two parts is zero^ or in other 
words J when the two parts are equal. 

, The greatest possible product, which can be obtained by di- 
viding 10 into two parts and taking their product will be 25. 
The absurdity of the question above consists therefore in re- 
quiring, that the product of the two parts, into which 10 is to 
be divided, should be greater than 25. 

116. The following questions will serve as an exercise for 
the learner. 

1. There is a field in the form of a rectangular parallelo- 
gram, whose length exceeds the breadth by 16 yards, and it 
contains 960 squaie yards. Required the length and breadth. 

Ans. 40 and 24 yards. 

2. There, are two numbers, whose difference is 9, and their 
sum multiplied by the greater, produces 266. .What are those 
numbers ? Ans. 14 and 5. 

3. A regiment of soldiers^ consisting of 1066 men, is form- 
ed into two. squares', one of which has four men more in a side 
thap the other. What number of men are^ in a side of each 
of the squares ? Ans. 21 and 25. 

4. Two partners A and B gained iSl8 by trade. A's money 
was in trade 12 months, and he received for his principal and 
gain iS26. Also B's ^oney, which was ^30, was in trade 16 
months. What money did A put into trade ? 

Ans. iS20. 

5. The plate of a looking glass is 18 inches by 12, and is 
to be framed with a frame of equal width, whose area is to be 
equal to thatt of the glass. Required the width of the frame. 

Ans. 3 inches. 
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6. A grazier bought as many sheep as cost him £M ; out 
of which he reserved 15, and sokl the remainder for iS54, 
gaining 2 shillings a head by them. How many sheep did he 
buy, and what was the price of each ? 

Ans. .75 sheep, and the price was 16«. 

7. A person bought two pieces of cloth of different sorts ; 
whereof the finer cost 4 shillings a yard more than the other; 
for the finer he paid iS 18; but the coarser, which exceeded 
the finer in length by 2 yards, cost only iBl6. How many 
yards were there in each piece, and what was the price of a 
yard of each ? 

Ans% 18 yards of the finer, and 20 of the coarser, and 
the prices were £l and 16«. respectively. 

8. Three merchants. A, B, and C, made a joint stock, by 
which they gained a sum less than that stock by £B0 ; A's 
share of the gain was iS60, and his contribution to the stock 
was £17 more than B's. Also B and C contributed together 
dS325. How much did each contribute ? 

Ans. 75, 58, and 267 pounds respectively. 

9. Two messengers, A and B, were dispatched at the same 
time to a place 90 miles distant ; the former of whom riding 
one mile an hour more than the other, arrived at the end of 
his journey an hour before him. At what rate did each travel 
per hour ? Ans. A 10 miles, B 9. 

10. The joint stock of two partners, A and B, was (416. 
A^s money was in trade 9 months and B's six months; on di* 
viding their stock and gain, A received $228, and B $252. 
What was each man's'stock ? Ans. A's $192, B's $224. 

11. A and B sold 130 ells of silk, of which 40 ells were 
A^s and 90 B's, for $42. Now A sold for a dollar i of an ell 
more than B did. How many ells did each sell for a dollar ? 

Ans, B sold 3 ells, and A 3 j^ for a dollar. 

12. A square court-yard has a rectangular gravel-walk round 
it The side of the court wants 2 yards of being 6 times the 
breadth of the gravel walk ; and the number of square yards 
in the walk exceeds the number of yards in the periphery of 
the court by 164. Required the area of the court. 

Ans. 256 yards. 
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13. A vintner sold 7 dozen of sherry and 12 dozen of elaret 
for $50. He sold 3 dozen of sherry more for $10 than he 
did of claret for $6. Required the price of each ? 

Ans. The sherry $2, and the claret $3 a dozen. 

Section XIII. — ^Discussion of the general equation 

AND OF problems OF THE SECOND DEGREE. 

117. All complete equations of the second degree may, as 
we have already seen, be reduced to an equation of the form 
as* -}- /) a: = gr, p and q denoting any known quantities what- 
ever positive or negative. Resolving this equation, we have 

^ — l±V/7+| 

This is a general solution for equations of the second degree. 
We shall now examine the circumstances, which result from 
the different hypotheses, which may be made upon the known 
quantities p and q. This is the object of the discuanon of the 
general equation of the second degree. 

118. Before proceeding to this discussion, however, we shall 
first demonstrate, that every equation of the second degree ad- 
mits of two values for the unknown quantity and of two only. 
In order to this, we take the general equation 

x^ + px = q (1) 

completing the square, we have 



or 



(•+i)=»+f 



Let g -j- ^ =r m', we shall then have 



or 
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But the first member of this equation^ being the difference 
betiTveen two squares, may be put under the form 

(x+f + m)(. + J-«) 
we have therefore 

(x+% + m) (x + |-«) = (2) 

The first member of this last being composed of two fac- 
tors, if either of the factors be equal to 0, the whole member 
will become 0, and the equation will be satisfied. 

If x + | — m = 0, thenx==:— l^ + m 

If X + 1 + w = 0, then x = — | — m. 
Or substituting lor m its value, we have 



X 






The first member of equation (2), it is evident, can become 
iero only by putting for x a value, which will reduce to zero 
one of the two factors in which it is found. Since then equa- 
tion (2) is a necessary consequence of equation (1) and the 
converse, it follows that every equation of the second degree ad- 
mits of two values for the unknown quantity and of two only. 

Either of fhe two values for x, it will be observed, taken 
separately will satisfy the equation. They cannot, however, 
be introduced together, for, being different, their product can- 
not be X*. 

119. Let us now proceed to the discussion proposed. Re- 
suming the value of x obtained from the general equation 
x' -j- p X = gr, we have 

In order to find the value of this expression, which con- 
tains a radical, that is, a quantity the root of which is to be 
extracted, we must be able to extract the root either exactly 
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«r by approximation; g 4-1- tke quantity placed under the 

radicul sign, must therefore be positive. But ~ will necessa- 

lily be positive, whatever the sign of jo may be ; the sign of the 

quantity q -f-^ will therefore depend principally upon that of 

gy or the quantity in the equation altogether known. 

1. This being premised, let q in the first place hepositwe. 
In this case the general equation will be of the form 

from which we have 

Here S' + j- will evidently be positive ; the value of x 

may tberefore be obtained, either exactly or with such degree 
of approximation as we please. 

With respect to the two values of x, the first, viz. 

will be positive, for the square root of ^ alone being ^, the 

square root of gr + ^ will be greater than ^, the value of x 

will therefore have the same sign with the radical and will by 
consequence be positive. This value will answer directly the 
conditions of the equation, or the problem of which the equa- 
tion is the algebraic translation. 

The second value of x, viz. a; == qp 5 — \x 9 H~^' being 

also necessarily of the same sign with the radical, will be es- 
sentially negative. This value, though it satisfies the equa- 
tion, will not answer the conditions of the question, from 
which the equation is derived. It belongs to an analogous 
question corresponding to the equation, after — x has been in- 
troduced instead of a?, that is, to x^^ pxz=q. Indeed, from 

this last equation, we deduce x = ± s' ± \x q _[-^, values, 

13 
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which do not differ from the preceding except in the sign* 
Thus the same equation connects together two questions, which 
differ from each other only in the sense of certain conditions. 

2. Again, let q be negative. The equation will then be of 
the form x* ± p x = — q^ and we have 

Here in order that the root of the quantity placed under the~ 
radical sign may be taken, or in other words, that the value of 

X may be real, it is evident that q must not exceed ^. 



Since moreover 1/ ?- q is numerically less than -, it 

follows, that the values of a; will both be negative^ if p is pos- 
itive in the equation, that is, if the equation is of the form 
X* -]-px = — q'j and that they will both be positive^ if p is 
negative in the equation, that is, if the equation is of the form 
a:* — p X =ss — q. 

Indeed, it may be shown a priori, that alway« when q is 
negative, in the second member and p negative in the first, the 
problem will admit of two direct solutions, provided tha^ q does 

not exceed ~. 

4 

The equation x' — jt) x = — q may, by changing the signs 
of all the terms, be put under the form 

px — x^=sq, OT X (p — x) = gr.' 

But the equation x (p — x) = q is evidently the algebraic 
translation of the following enunciation, viz. To divide a num- 
her p into two parts, the product of which shaU be equal to a gii>- 
en number q. For if we put x for one of the parts, the other 
part will be p — x, and the product of the two parts, will be 
X (p — x). 

This being premised, the enunciation of the problem ad- 
mits, it is evident, of two direct solutions ; for the equation of 
the problem will be the same, whether x be put for one or the 
other of the parts ; there is no reason then, why the equation, 
when resolved, should give one of the parts rather than the 
other ; it should therefore give both at the same time. 
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Moreover, in order that the prohlem may be possible, it 
is necessary, that q should not exceed ^ y for the greatest pos- 
sible product of the parts, into which the number p may be 
divided being equal only to ^ it is absurd to require that their 
product, which we have represented by q^ should be greater 
than V« We conclude therefore that, in all cases when the 

4 

known quantity is negative in the second member, hut numericMy 
greater than the square of half the coefficient of the second term^ 
the question proposed is impossible, 

120. The following examples will serve as an exercise upon 
the different cases, which we have here been considering; What 
change must be made in the enunciations of the first five ques- 
tions respectively, in order that the negative solutions may 
become positive ? How must the sixth question be modified, 
so that the answers shall become positive ? In what does 
the absurdity in the ninth question consist ? 

1. A company at a tavern had iS8, I5s. to pay, but two of 
them having left before the bill was settled, those 'who re- 
mained had each in consequence lOs. more to pay. How 
many were in the company at first ? 

2. A man travelled 105 miles, and then found that if he had 
not travelled so f^st by 2 miles an hour, he should have been 
6 hours longer in performing the same journey. How many 
miles did he go per hour ? 

3. A regiment of foot was ordered to send 216 men on gar- 
rison duty, each company being to furnish an equal number ; 
but before the detachment marched, 3 of the companies were 
sent on another service, when it was found that each company 
that remained was obliged to furnish 12 additional men, in 
order to make up the complement 216. How many companies 
were there in the regiment, and what number of men was each 
ordered to send at first ? 

4. A and B set out from two towns, which were distant 247 
miles, and travelled the direct road till they met. A went 9 
miles a day ^ and the number of days- at the end of which 
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they met, was greater by 3, than the number of mfles, whicb 
B went in a day. Where between A and B did they meet ? 

5. A merchant sold a commodity for 56 dollars, and gained 
as much per cent, as the whole cost him. What was the cost? 

On substituting — or for x in the equations, which pertain 
respectively to the preceding questions, it will be easy to trans- 
late these equations into enunciations analogous to those of the 
questions proposed ; there are questions however, in which it 
will be very difficult to do this, and the negative solutions in 
such cases are to be regarded merely as connected with the 
first in the same equation of the second degree. 

6. A gentleman counting the guineas, which he had in his 
purse, finds that if 24 be added to their square, and 8 times 
their number be subtracted from 17, the sum and remainder 
will be equal. How many guineas had he in his purse ? 

7. A set out from C towards D, and travelled 7 miles a day. 
Aiter he had gone 32 miles, B set out from D tawards C, and 
went every day one-nineteenth of the whole journey ; and 
after he had travelled as many days as he went miles in one 
day, he met A. Required the distance oi the places C and D ? 

8. Two merchants sell each a certain number of yards front 
the same piece of cloth, the second three yards more than the 
first, and received jointly $35. Said the first to the second, 
at my price I should have received $24 for your eloth, and I,. 
replies the other, at my price should have received only $12^^ 
for your cloth. How many yards did each sell ? 

9. The difference of two numbers is 7, and the square of 
the greater \% equal to 25 tiaoes the less ; Wh«t are the num- 
bers ? 

EXAMINATION OF PARTICULAR CASE». 

1. In the general equation let q be negative, that is, let the 
equation be of the form x* -f- 1) x ==. — gr, ^ being of any siga 

whatever ; if we suppose q =^, the radical 



\/?- 
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will be redueed to 0^ and the values of x will be equal each to 
— ^. Thus if grbe negative in the equation and equal to^, 

the values of x will be equal, and will both be positive if p is 
negative, or both negative if p is positive. 
2. In the general formula 

let q==0^ the values of x will then be x = 0, x = — p. 
3.f In the same formula let jj = 0, we have then 

x=i=fc://?> 
that is to say, the values of x will in this case be equal, but of 

contrary signs, real if q is positive, and imaginary if q is neg- 
ative. 

4. Let ;? =■ 0, ^ = 0, the values of x will then be each 
equal to 0. 

5, We have next to examine a remarkable case, which fre- 
quently occurs in the solution of problems of the secolid de- 
gree. For this purpose, let us take the equation 

a x* + 6 X = c. 
This equation being resolved, gfves 

X — — o 

Let it now be supposed, that in consequence of a particular 
hypothesis made upon the given things in the question, we 
have a = 0, the values of x then become 

25 

The second value of x here presents itself under the form 
of infinity and may be regarded as a true answer, when the 
question is susceptible of infinite solutions. In order to in- 
terpret the first, if we return to the equation, we see that the 
hypothesis a = reduces it to 6 x = c, from which we deduce 

h 
X = -, an expression finite and determinate, and which must 

be regarded as the true value of 5 in the present case. 

6. Let it be supposed finally, that we have at the same time 
c = 0, b = Oy c = 0. The equation will then be altogether 

13* 
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indeterminate. This is the only case of indetermination, which 
the equation of the second degree presents* 

DISCUSSION OF PROBLEMS. 

121* T}ie following problems offer all the circumstances^ 
which usually occur in problems of the second degree. 

1. To find on the line A B, which joins two luminous bod- 
ies A and B, the point where these bodies shine with equal 
light. 

C^' A C *"fe C" 

The solution of this problem depends upon the following 
principle in physics, viz. The intensity of light from the same 
luminous body will be, at different distances, in the inverse 
ratio of the square of the distance. 

This being premised, let a = A B the distance between the 
two bodies ; \eib = the intensity of A at the unit of distance, 
c = the intensity of B at the same distance ; let G be the 
point required, and let A C = x. 

The intensity of A at the distance 1 being by its intensity 

at the distance 2, 3, 4 . . . will be j, -, — . . ., and by 

consequence, at the distance x, it will be — . For the same 
reason, the intensity of B at the distance a — x will be 



c 



, ; whence by the question, we have 



(a— Jt) 

b 



x^ {a — a?)* 
From which, we obtain 

ab I y gt h» atf 

, . a{b±:^bc) 
or reducing x = , - 

But b±s/ he may, it will be observed, be put under the 
form s/ h (\/ ^ ± \/ c) , and b — c may be put under the form 
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Taking advantage of this remark, the value of x may be ex- 
pressed more simply, thus 

* = "TirT — >~7 whence a — a;= sl 7 , 

DISCUSSION. 

1. Let & be greater than c. 

The first value of x is positive and less than a since 

■ ■' ^ — y— is a fraction. The point sought therefore, accord- 

ing to this value of x, is situated between A and B. It is 
moreover nearer B than to A ; for, in consequence of 6 > c, 
we have ^ b -{- ^ by or 2 a/ b'^ ^ b -\- ^ Cj whence 

^ , . r- ^-, and by consequence —rr-^ — j- J> r- 

This indeed should be the case, since we have supposed the 
intensity of A greater than that of B. 

The corresponding value of a — a; is also positive and less, 

as it will be easy to see, than 5. 

The second value of x is positive, but greater than a, since 

we have ^, ;— ^ 1. This value of x gives therefore a 

second point C situated upon A B produced and at the right 
of A and B. Indeed, since the light from A and B expands 
itself in all directions, there should be, it is easy to see, on 
A B produced a second point where A and B shine with equal 
light. This point moreover should be nearer the body, the 
light of which is least intense* 

The second value of a — x is negative, this should be the 
case, since we have x ]> a. 

2. Let b be less than c. 

The first value of x is positive, but less than -. The cor- 
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responding value of a — a: is also positive and greater than — 

Tkus oil the present hypothesis fhe^point C, situated be- 
tween A and B should be nearer A thaai to B. 

The second value of x is essentially negative. In order to 

inteifpret it, we return to the equation, which becomes by sub- 

h c 

stituting — X for a:, -^ =5 7— 7— -cy " But a — x expressing in 

the first instance the distance of the point sought from B, 
a-{-x must in the present case express the same distance. 
Thus the point sought should be at the left of A, in C" for 
example. Indeed, since by hypothesis the intensity of B is 
greater than that of A, the second point sought should be 
nearer A than to B. 

3. Let 6 = c. 

The first value of a:, and also that of o — z is reduced in 

this case to -. Thus we have the middle of A B for the 
point sought. This result conforms to the hypothesis. 

The remaining values are reduced to ♦— ^5:1 — ^ or become in- 
finite, that is, the second point, wherii the bodies shine with 
equal light, is situated at a distance from A and B greater than 
any assignable quantity. This result corresponds perfectly 
with the present hypothesis ; for, if we suppose the difference 
h — c, instead of being absolutely nothing to be very small, 
the second point will exist, but at a very great distance from 
yA and B. If then 6 = c or 

the point required must cease to exist or be placed at an in- 
finite distance. 

4. Let 6=cand a = 0. 

The first system of values of x and a — x reduce them- 
selves in this case to 0, and the second system to ^ . This 

last character is here the symbol of indetermination ; for, on 
returning to the equation of the problem 

{h — c) x^ — 2 a 6 X =: — a* 6 
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this equation becomes on the present hypothesis ^ 

0. x» — 0. x = 0, 
an equation which may be satisfied by any number whatever' 
taken for a?. Indeed^ since the two bodies have the same in- 
tensity and are placed at the same point, they should shine 
with equal light upon any point whatever in the line A B. 

5. Finally let a = 0, ,^ being different from c. 

Both systems in this case will be reduced to 0, which in- 
dicates, that there is but one point, where the bodies shine 
with equal light, viz. the point, in which the two bodies are 
situated. 

2. To find two numbers such, that the difference of their 
products by the numbers a and h respectively may be equal to 
a given number «, and the difference of their squares equal to 
another given number q. 

Denoting by x and y the numbers sought, we have by the 
question ax — by =:s 

ar* — / = g 

Resolving these equation, we have for the first system of 
values for x and y. 

^g + aVg^ — y( a^ — fr») 

^ ~ a» — 6' 

and for the second system, we have 

as — b j>^ g2_y (aa_"p ^ 

— ^^ — a a/ ^^qip^ — ^) 

DISCUSSION. 

1. Let a be greater t.han 6, and by consequence a' — 6* pos- 
itive. 

In order that the values of x and y may be real, it is neces- 
sary that we have 

q (a* — 6*) -< «*, and therefore q <^ , .> 



r 

166 ELBMEIVT8 OF ALGKBRA.. 

This condition being fulfilled, the values of x and y in tbe 
irst «ystem will be necessarily positive, and will by conse- 
quence form a direct solution of the problem in the sense, in 
vhich it is enunciated. 

In the second system the value of x will be essentially pos- 
tive ; for, a ]> 6 gives as^hsy and for a still stronger reason 

With respect to the value of 5/, it may be either positive or 
negative. In order that it may be positive, we must have 

or, squaring both sides 

or, adding a' q (a* — h^) to both sides of this last, and sub- 
tracting h^ s^ from both sides 

a* q (a^ — ly') > s^ (a^ — b^) 

or, by division ^ ^ ^ , 

Thus in order that the second system may be a real and 
direct solution^ we must have 

If then we take for a, 6, and s any absolute numbers what- 
ever provided that we hav#v ^ ^ ^) ^^^ that we take for q a 

number comprised between the two limits — and -z n> we 

shall be certain of obtaining two direct soliUions. 
Thus, let a = 6, 6 = 4, » = 15 ; we have 
s* 225 , »2 225 

i? = -36-= ^i' ^^ ^^r=Y. = -20-= iH ' 

if then we take g = 10, for example, we shall have 

6 X 15 =±= 4 \/225 — 20 X 10 11 7 
x= ^ = -2-'^'2 

4X 15=±z6\/225 — 20 X 10 9 3 
If on the present hypothesis, we have q "^C--^, and foi;a still 



DISCUSSION OF PROBLEMS OF TH£ SECOND DEGREE. 167 

stronger reason q <^ ^ ,4 , the value of y in the second sys- 
tem will be negative. This system therefore will not be a so- 
lution of the proposed problem in the sense, in which it is 
enunciated, but of an analogous problem, the equations of 
which are ax'\-hy=9 

and which will differ from the proposed in this respect only, 
that s will express an arithmetical sum instead of difference. 

2. Let a be less than b and therefore a* — 6* negative, 
I In this ca^e the expressions for x and y in the first system 
may be put under the form 

^ — bs — aVs^-^q (b^—a^) 

and in the second 

^^as + b^ s^ + q{b^--a^) 

_ — 6 « + a V 8^-\-q (63 — a*) 

The values of x and y in both systems, it is evident, will 
be real, since the quantity placed under the radical is essen- 
tially positive. 

In the first system the values of a: and y are essentially neg- 
cUive ; in the second the value of x, it is easy to see, is neces- 
sarily positive, but the value of y may be either positive or neg- 

ative ; in order that it maybe positive, we must have 9 ]>~^. 

3. Let a = &, and therefore a^ — b^ = 0. 

On this hypothesis, we have for the first system of values 

for X and y 

2as 2 as 

and for the second 

0' ^ 
Returning to the equations of the proposed in order to inter- 
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pret these last, we obtain for x and y on the present hypothesis 

a^q + s ^ a^q — s* 

^^^ 2a» ' ^ 2 as 

PROBLEMS FOR SOLUTION AND DISCUSSION. 

1. There are two numbers, whose sum as a and the sum of 
whose second powers is b. Required the numbers. 

Putting X for one of the numbers, the other will be a — Xy 

and we have 

art V26— a^ 
x= 2 

a=3= V2T^^a» 



a — ar = 



2 



What conditions are necessary in order that the values of x 
and a — X may be real ? When will the values of x both be 
positive ? When will both be negative ? When will one of 
them be positive and the other negative, and to what question 

does the negative value belong ? . . . ^ . 

2 To find two numbers such, that the sum of their products 
by the numbers a and b respectively may be equal to 2 «, and 
their product equal to p. 

Putting X and y for the numbers, w e have 

ztzs/ s^ — abp 



s 

a 



sz±=.s/s^ — abp 

y== 6 

What conditions are necessary in order that the values of x 
and y may be real ? What is the greatest value of which p 
admits ? Can either of the values of x or y be negative ? 

3. To find two numbers such, that the sum of their products 
by the numbers a and b respectively may be equal to a given 
ntimber », and the sum of their squares equal to another given 

number 9. 

Putting X and y for the numbers respectively, we have 

asz±zb^/{a^ + b^) 9 — g*" 
^ tf2 + 6« 
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What eonditions are accessary in order that the values of x 
and y may be real ? Within what limits must q be comprised 
in order that both values of x may be positive ? Within what 
limits must, q be comprised in order that both values of y maj 
be positive ? In the second system of values for x s^d y^ 
when will the value of x be positive, and that of y negative, 
and what is the analogous problem, to which this system be- 
longs ? 

4. To find a number such, that its square may be to the 
product of the differences between this number and two other 
numbers a and b in the ratio of q to p. 

Putting a; for the number sought, we have 

__ g (a + &) =±= V92 (a — b)* +4nqab 

"" 2 (q—p) 

Let this formula be examined on the different hypotheses 

q<Py q=py q>P' 

Section XIV. — Maxima and Minima. 

122. In several of the preceding questions, the given things, 
we have seen, are so connected among themselves, that one is 
determined by the others to be comprised within certain lim- 
its, or to have a greatest or least possible value. 

A quantity, the value of which may be made to vary, is 
called a variable quantity ;' the greatest value of which is 
called a maximum and the least a minimum. 

Questions frequently occur, in which it is required to deter- 
mine under what circumstances the result of certain arithmet- 
ical operations performed upon numbers will be the greatest or 
least possible. We shall resolve a few questions of this kind, 
the solutions of which depend upon equations of the second 
degree. 

1. To divide a number, 2 a, into two parts such, that the 
product of these parts may be a ma>ximum. 

Let X be one of the parts, then 2 a — x will be the other, 
and their product will be a; (2 a — -x). By assigning different 
values to a:, the product x (2 a — x) will vary in magnitude, 
and the question is to assign to x a value such, that this pro* 

14 
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duct may be the greatest possible. Let m be the masinmiit 
sought, we have by ihe question 

x(2a — .«)=m* 

Regarding for the moment m as knawn, and deducing from 
this equation the value of x, we have 

X = o i: 4^ a' — m 

From this result it appears, that in order that z may be- real^ 
m must not exceed a^ ; the greatest value of m will therefore 
be a*, in which case we have x=za. Thus to obtain the grwl" 
eit possible product^ the proposed must be divided into two^ equal 
parts^ and the maximum obtained will be equal to the square ef one 
of these parts. 

In the equation x{2a — x) = m, the expression x*(2 a — x) 
is called a function of x. This function is itself a eariable^ the 
value of which depends upon that given to the first variable 
or X. 

2. To divide a number, 2 a, into two parts such, that the 
sum of the square roots of these parts may be a maximum. 

Let X* be one of the parts, then 2 a — x* will be the other^ 

and the sum of the square roots will be x + 'v 2 a — x*. Let 
m be the maximum sought, we have by the question 

X -j-^2a — oc^^=m 
from which we obtain 



w , t /w* , 2a— m' 



or simplifying x=:. ^±^a/ 4a — m* 

In order that the values of x may be real, the value of m* 
must not exceed 4 a; 2>^ais therefore the greatest value, 
which m can receive. 

Letusputms=2 >^a, we have x = >v/ « and 3i^=^ay whence 
2 a — x*=fl. Thus, the proposed must be divided into two 
equal parts in order that the sum of the square roots of the parts 
may be a maxhkum. This maximum moreover will be equal to 
twice the square root of one of the parts, 

3. Let it be proposed next to find for x in the expression 

•TT — -^- a value such as to render this expression a mmanum. 
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Puttinff ,-2 — 3^ asc m, we have 

jp*ap* — (p* — ^)m«3es— jf" 
!from whichwe obtain 

In order that the values of x may be real (p* — ^ym* must 
*t least be equal to 4p* ^^ and by consequence m must at least 

be equal to » Putting m = , ^ in the expression 

for Xf the radical disappears, and we have 

O m M 

The least value of the proposed is therefore ^ « , and 
the value of x, which will render the proposed a minimum, is 

P 
From what has been done, the following rule for the solu* 

tion of questions of the kind, which we are here considering 
will readily be inferred, viz. Having formed- the algebraic ex" 
pression of the qtw/ntity susceptible of becoming a maximum or 
minimum, make this expression equal to any quantity m. If the 
equation thus made is of the second degree in x, x designating 
the variable quantity^ which enters into the algebraic expressiony 
resolve this equation in relation to x ; make next the quantity un* 
der the radical equal to zero, and deduce from this last e<fu€Uion 
the value of m ; this wiU be the maximum or minimum sought. 
Substituting finaUy^ the value of m in the expression for x, we 
obtain the value of x proper to satisfy the enundcUion proposed. 
If, the quantity placed under the radical remains essentially 
positive, whatever the value of to, we infer that the expres- 
sion proposed may be ^f any assignable magnitude whatever, 
or in other words, that it will have infinity for a maximum and 
zero for a minmtm* 

Thus let there be proposed the expression ^ .^ — XTT"' 

to determiae whether this e3q[>ressi<m is suseeptible of a mem* 
fliunt or mtflimtm. 
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Putting 6 /o 4_i\ =^ ** *^" dcdacing the value of « we 

3m— 1 1 f^ ^ 

hare a7= — r — db " V 9 m' -f* 4* Here, whatever value we 

give to m, the quantity placed under the radic«d will be posi- 
tive ; the proposed therefore may be of any magnitude what- 
ever, 

EXAMPLES FOR PRACTICE. 

1. To divide a given number a into two factors, the sum of 
which shall be a minimvan, 

Ans. The two factors should be equal. 

2. Let d be the difference between two numbers ; required 
that the square of the greater divided by the less may be a 
mMttminn. 

Ans. The minimum required is 4<2. and the value 
of the greater part corresponding is 2d. 

3. Let a and h be two numbers of which a is the greater, to 
find a number such, that if a be added to this number and h 
be subtracted from it, the product of the sum and difference 
thus obtained being divided by the square of the number ; the 
quotient will be a maximum. 

2ab . (<»+^)' 

Ans. The number = r, and the maximum = — ^ — r- 

4. To divide a number 2 a into two parts such, that the sum 
of the quotients obtained by dividing the parts m^utually one 
by the other may be a minimum. 

Ans. The number should be divided into two equal 
parts, and the minimum is 2. 

5. To find a number such, that if a and b be added to this 
number respectively, the product of the two sums thus obtain- 
ed divided by the number may be a minimum. 

Ans. The number sas^ aby and the minimum, 

=^{^a^^by 

6. Let d be the difference between two squares ; required 
the least value of the excess of the product of the greater of 
the two roots by a given number a above the product of the 
oAer root by a givefi nuraber by a being greater than k. 
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* 

Let X be the less root, the other will be V rf -f- a;', and the 

minimum sought will be m = Yd (a* — 6*). 

7. Let p and q be two given numbers, it is required to find 

P 9 (f>/ P '\' f^ 9)^ 

the least value of the sum - 4- — ^--. Ans. • 

X • a — X o 

^S. To find the least value of the expression 

11 ,2 

-j . Ans. "•• 



X a — X a 

9. To find the least value of the expression 

* I'X^i^+^X^^- Ans. 2VP«- 

Section XV. — ^Powers and Roots of Monomials. 

123. When a quantity is multiplied into itself the product, 
we have seen, is called a powtr^ the degree of which is mark- 
ed by the exponent of the product, thus acMaa or c^ is called 
the fifth power of a ; in like manner a*" is called the mth 
power of a. 

The original 'quantity, from which a power is derived^ is 
called the root of this power. The degree of the root is de- 
termined by the number of times the root is found as a factor 
in the power ; thus a is the fifth root of a' ; in like manner a 
is the mth root of o^ . The number which marks Uie degree 
of the root is called the index of the root. 

124 . Let it be proposed to find the fifth power of 2 a' i' ; 

this power is indicated thus, (2 o' 6*)*, and we have, it is evi- 
dent, 

(2a' by = 2 a'6» X 2 a^h* X 2 oH» X 2 «»&« X 2c^A« 
Here, it is evident, 1^ that the coefficient 2 must be multi- 
plied into itself four times or raised to the fifth power, 2^. that 
each one of the exponents of the letters must be added, until 
it is taken as many times as there are units in the exponent of 
Hhe power, or in other words, multiplied by 5 ; we have there- 
fore (2 o» 6«)* =55 32 a" 6*« 
In like manner (8 a» 6» c)» = 612 a* *• c». 
To raise a monomial therefore to any given power, wt rai$e 

14* 
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t^ coefficiefU to this power ^ and multiply eadk oim of the exponr 
ents of the letters by the exponent of the power. , 

With respect to the sign, with which the powers of a mo- 
nomial should be affected, it is evident, that whatever be the 
sign of the quantity itself, its second power will be positive. 
Moreover if the exponent of the power of a monomial be an 
even number, it is easy to see, that this power may be consid- 
ered as a power of the square of the proposed qg^antity. Thus 
a% it is evident, may be considered the fourth power of o* ; 
in like manner a* "», any even power of a, may be considered 
the mth power of a*. It follows therefore, that whatever be the 
sign of a monomialy any power of it, the exponent of which is an 
even number ^ is positive. 

Again, since the power of a simple quantity, the exponent 
of which is an odd number, is equal to a power of this quanti- 
ty of an even degree multiplied by the first power, it follows, 
that every power of a monomial, the exponent of which is an odd 
number^ vnU have the same sign as the quantity from which it is 
formed. 

125. Let it now he proposed to find the third root of 

64 a* *• c\ The root required is indicated, thus, V 64"a* ^ (f^ 
the sign ^^ being employed to denote in general that a root is 
to be taken, and the index 3 placed above the radical sign to 
denote the particular root required. 

Since the root of a quantity must evidently be sought by a 
process the reverse of that, by which it is raised to a power, 
in order to extract the root of a monomial, 1^ we extract the 
root of the coefficierU. 2® we divide the exponent of cacife of the 
letters by the index of the root. 

According to this rule the third root o( the proposed will 
be 4 a* 6' c. In like manner the seventh root of a** 6*^ c** i» 
a^b'e. 

With respect to the signs, with which the roots of mon- 
omials should be affected, it is an evident consequence of the 
principles already established that, 

1^ Every root of an even degree of a positive monomial may 
have indifferently either the sign + or -^^ Thus tbe sixth root 
of «4a"i8db2a*- 
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2^^ Every rooty the degree of which is expressed by an odd 
nwnbery will have the same sign as the qtumtity proposed, TJius 
the fifth root of — 32 o*° 6* is — 2 a* b. 

3^. Every root of an even degree of a negative monomicd is an 
impossible or imaginary root. For there is nd quantity, which 
raised to a power of an even degree can give a negative result. 

Thus ^/ — a, a/ — b denote impossible or imaginary quan« 

tities, in the same manner as aZ-^^Oj a/— 6. 

126. From what has been said, it is evident in order that a 
root may be extracted, 1^ that the coefficient of the proposed 
must be a perfect' power of the degree marked by the index 
of the root to be extracted. 2®. that the exponents of each of 
the letters must be divisible by the index of the root. 

When this is not the case the root can only be indicated. 
It should be observed, however, that radical expressions, 
of any degree whatever admit of the same simplifications as 
those of the second degree. These simplifications are found- 
ed upon the principle, that any root whatever of a product is 
equal to the product of the same root of the seioeral factors. 

Thus let it be proposed to find the third root of 54 a* b^ c*. 
The third root, it is -evident, cannot be taken ; for 54 is not a 
perfect third power, and the exponents of the letters a and c 
are not divisible by 3. We therefore indicate the root, thus, 

^ 54 a* h^ c* ; but this expression may be put under the form 
'\/ 270^6' X 2 a c' ; whence taking the third root of the fac- 
tor 27 a** i^ we have V^ 64 a* 6' c * =s 3 a 6 V2 a c* 

EXAMPLES. 

1. To reduce V a x' + ft x* to its most simple form. 

2. To reduce '^27 a'*-!- 81 a^b to its most simple form. 

3. To reduce* V 96 a* b'' c" to its most simple form. 

4. To reduce i x ^ — - to its most simpl e form. 

V 81 o» — 3240*6 
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Sbotion XVI. — Powers of cohpound Quantities, Tmeort 
6f CombinatioMSi Binomial Theorem. 

Powers of compound quantities, are foond like those of 
monomials by the continued multiplication of the quantity 
into itself. They are indicated by inclosing the quantity in a 
parenthesis, to which is annexed the expi^nent of the power. 
The third power of c? -{- 5 a b -^ b €^j for example, is indicated, 
thus, {a'^'\-5ab — 6 c*)^ This same power may also be indi- 
cated thus, a^ + 5ab — b€*\^ 

Next to monomials binomials are those, which are the least 
complicated. We begin therefore with these. 

Below are several of the first powers of the binomial x-^-Oy 

viz. 

(x'\-ay=iX-\-a 

(x + o)' = 3r» + 3ax» +3o»x + a' 
(x+o)* = «* + 4ox*+6oV + 4a'x + a* 

We have formed the different powers o( Z + ain this table 
by the continued multiplication of x -f- ^ into itself. In this 
way we arrive only at particular results. To form any of the 
higher powers, the process of multiplication must still be con- 
tinued. This would be tedious especially as the power, to 
which the binomial is to be raised, becomes more find more 
elevated. We proceed therefore to investigate a method, by 
which a binomial may be raised to any power whatever with- 
out the necessity of forming the inferior powers. This meth- 
od was discovered by Newton. The principle on which it is 
founded is called the Binomial Theorem. The most simple 
Rud elementary demonstration of this theorem depends upon 
the theory of combinations, to which we shall first attend. 

theory of combinations. 

127. The results, obtained by writing one after the other 
in every possible way a given number of letters, in such a 
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iBiaimer, that all the letters ' will enter into each result, are 
called permtUations. 

Let there be, for example, two letters, a and b. These give, 
it is evident, two permutations, ab^ba. 

Again, let there be three letters a, 6, and c. If we set 
apart one of the letters, a for example, the remaining letters 
give two permutations, viz. b c, c b ; placing next the a at the 
right of each of these, we have two permutations of three 
letters, viz. b c a^ c b a ; but each of the remaining letters b 
and c, being set apart in the same manner, will also furnish 
each two permutations of three letters ; whence the permutations 
of three letters unll be equal to the permutations of two letters 
multiplied by three. « 

In like manner the permutations of four letters wiU be found 
equal to the permutations of three letters mtdtiplied by four. 

And in general, the permutations of any number whatever n of 
letters unll be equal^ it is evident j to the permutations ofn — I let' 
tersy mtdtipHed by n the number of letters employed. 

Let Q represent the permutations of n — 1 letters, then Q n 
will represent the permutations of n letters ; thus Q n will be 
a general formula for permutations. 

In the general formula Q n let n = 2, then Q will be 1 ; 
whence 1X2 will be the permutations of two letters. Again 
let n = 3, then Q will be 1 X 2 ; whence 1X2X3 will be 
the permutations of three letters. In like manner the per- 
mutations of 4 letters will be 1 X 2 X 3 X 4. The following 
rule for permutations will therefore be readily inferred, viz. 
Multiply in order the natural numbers I, 2, 3, 4, &c. to the numr 
ber denoting the letters employed inclusive ; the result will be the 
permutations of the given number of letters, 

128. When a given number of letters are disposed in order 
one after the other in every possible way, 2 and 2, 3 and 3, 
and, in general, n and n at a time, the number of letters taken 
at a time being always less than the given number, of letters, 
the results obtained are called arrangements. 
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Let k be fequired to form tlie arrangements of three letters, 
a, 6, and Cy two and two at a time. 

a, ah 

a c 



by b a 

be 



Cy c a 

cb 
Setting apart first one of the letters, a for example, we write 
after this letter each one of the reserved letters b and c; we 
thus form two of the arrangements sought, viz. abjac; setting 
apart next the letter 6, and writing by its side each on^e of the 
reserved letters a and c, we form two more of the arrange- 
ments sought, viz. ba, 6c; pursuing the same course with 
the remaining letter c, we have in the result, it is plain, all 
the arrangements required and no more ; whence the arrange- 
ments of three letters 2 and 2 at a timej toiU be equal to the. ar- 
rangements of the same letters one at a time^ midtiplied by the 
number of letters reserved. 

Let it be required next to form the arrangements of four let- 
ters a, 6, c, <2, three and three at a time. 
a by a b c ctty cab 

a b d cad 



a c, 


a cb 


Cby 


cb a 




a c d 


C dy 


cbd 


% df 


ad b 


c da 




a d c 


d ay 


cdb 


b ay 


b a c 


dab 




bad 


dby 


dac 


b Cy 


b c a 


db a 




bed 




dbc 



b dy b d a d Cy d c a 

b dc deb 
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Haying formed the arrangements of the given letters, % and 
2 at a time, we set apart one of these, a b for example, and 
write successively by its side each one of the reserved letters 
c and dj we thus form two of the arrangements sought, viz* 
a 6 c, abd. The same being done with each one of the re- 
maining arrangements of the given letters, 2 and 2 at a time, 
we obtain, it is evident, all the arrangements required and no 
more. Thus, the arrangements of 4 letters^ taken 3 and Z at a 
' tianey wUl be equal to the arrangements of the same letters, taken 
2 and 2 at a time^ mtdtipUed by the number of letters reserved. 

In like manner, understanding by letters reserved those 
which remain, when the given letters are taken one less than 
the required number at a time, we have the arrdngements of 
any number m of letters tdken^ n and n at a time^ equai to the ar^ 
rangements of the same letters^ n — 1 at a timej multiplied by the 
number of letters reserved. 

Let P represent the arrangements of m letters n — 1 at a 
time ; it being required to take the letters n and n at a time, 
the reserved letters will be m — (n — 1), or m — w + 1 ; thus 
the arrangements of m letters, n and n at a time, will be ex- 
pressed by the formula, 

j^^ni — n + l) 
This will be the general formula for arrangements. 
In the general formula P (m — «+ 1), let n equal 2. In 
this case P will represent the arrangements of m letters 1 at a 
time ; thus P will equal m ; whence m {m — 1), will express 
the arrangements of m letters 2 and 2 at a time. 

Again, in the general formula P (w — »-{- 1), let n = 3. 
In this case P will represent the arrangements of m letters 2 
and 2 at a time ; P will therefore equal m {m — 1) ; whence 
m {m — 1 ) (wi — 2) will express the arrangements of m let- 
ters 3 and 3 at a time. 

In like manner the arrangements of m letters 4 and 4 at a 
time, will be expressed hjm(m — 1) {m — 2) {m — 3.) 

From inspection of the above formulas the following rule 
for arrangements will be readily inferred, viz. From the num~ 
ber denoting the given letters subtract successivehf the natural num- 
bers 1, 2, 3, &c. to the number, which denotes the letters to be 
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tdken ai a time ; mukiply these several remavnders and the numier 
denoting the given letters together ; the product toiU be the otr* 
rangements required, 

129. Arrangements, any two of which differ at least by one 
of the letters, whieh enter into them, are called combinations* 

Let it be proposed to determine the number of combina^ 
tions of three letters a, by and c taken two and two at a time. 
The arrangements of these letters, two and two at a time, 
will be 

a b 
b a 



a c 
c a 



be 
cb 

Among these arrangements we have, it is evident, but three 
combinations, viz. a 6, a c, & c, each one of which is repeated 
as many times as there are permutations of two letters. Hence 
the combinations of three letters^ taken 2 and 2 at a time, will be 
equal to the arrangements of three letters 2 and 2 at a time^ di- 
vided by the permutations of two letters. 

In like manner, it will be seen, that the combinations of 4 
letters, 3 and 3 at a time, are equal to the arrangements of 4 
letters, 3 and 3 at a time, divided by the permutations of 
three letters. 

And in general the combinations of m letters, n and n at a 
timCy will be equal, it is evident, to the arrangements of m let- 
ters, n arhd n at a time, divided by the permutations of n letters. 

From what has been done, we have therefore the following 
general formula for combinations, viz. 

PJmj—n+l) 
Qn 

In the general formula let n = 2, the formula, which re- 

.11 <! *w (nt — 1) 
suits, will be y— — '- . 
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This will give the combinations of m letters 2 and 2 at a 

time. 

Again, let n =£ 3 ; the formula which results will be 

m (m — 1) (in — 2) 

1. 2. 3^ * 

This will give the combination%of m letters 3 and 3 at a time. 

T ..1 , . »» (w — 1) (»« — 2) (m — 3) 

In like manner we obtain — ^ \ \ ^ —^-^ -* a 

1. 2. 3. 4 ' 

formula which! gives the combinations of m letters 4 and 4 at 

a time. 

From inspection of the formulas obtained by making 

n=2, 3, 4,'&c. in the general expression, we may infer a 

general rule for combinations as has been done already with 

respect to permutations and arrangements. 

1. For how many days can 7 persons be placed in a differ- 
ent position at dinner ? 

2. How many words can be made with 5 letters of the al- 
phabet, it being admitted that a number of consonants may 
make a word ? - 

3. How many combinations can be made of 24 letters of 
the alphabet, taken two and two at a time ? 

4. A general was asked by his king, what reward he 
should confer on him for his services ; the general only desir- 
ed a farthing for every file of 10 men in a file, which he could 
make with a body of 100 men. At thi^ rate what would he 
receive ? 

m 

BINOMIAL THEOREM. 

130. If we examine with attention the different powers of 
a: + <*? 8urt. 127, it will be easy to fix upon the law, according 
to which the exponents of x and a proceed. But it will not 
be so easy to determine the law for the numerical coefficients. 
If we observe, however, the manner in which the different 
terms, which compose a power are formed, we shall perceive 
that the numerical coefficients are occasioned by the reduc- 
tion of several similar terms into one, and that these similar 
terms arise from the equality of the factors, which compose 
a power. These reductions, it is easy to see, will not take 

15 
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place, if the second terms of the binomials are different. We 
begin therefore by investigating a law for the formation of the 
product of any number of binomials x -}- a, x •\' b, x -{- c . . . , 
the first- terms of which are the same in each, while the sec- 
ond are different. 



{x + a) (x + 6) = a;^+ a 

b 

b 
c 

(x+a) (x + 6) (x + c) (x + d) 



X'\-ab 

a^-^-ab 
ac 
be 



x-\'abc 



=x* + a 


x^ + ab 


b 


ac 


c 


ad 


d 


be 




bd 




ed 



X* -{- abe 
ab d 
aed 
bed 



x + abed 



From inspection of the above products, which we have 
formed by the common rules of multiplication, it will be ob-* 
served, 

1^ In each product there is one term more than there are units 
in the number of factors. 

2^. The exponent of x in the first term is the same as the nuM" 
her of factors f and goes on decreasing by unity in each of the 
following terms, 

3°. The coefficient of the first term is unity. The coefficient 
of the second term is equal to the sum of the second terms of the 
binomials; that of the third term is equal to the sum of the dif 
ferent combinations or products of the second terms of the binom- 
ials taken two and two ; that of the fourth is equal to the sum of 
the products of the second terms of the binomials taken three 
and three and so on. The last term is equal to the product of 
the second terms of the binomials, 

131. We readily infer from analogy,, that th(e same law will 
obtain, whatever be the number 0f factors employed. This 
law may however readily be shown to be general; In order 
to this, it will be sufficfent to ^how, that if the law be true 
for the product of any number m of binomials, it will also be 
true for the product of m -f ^ binomials. 
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The number of binomial factors being represented byfiiy the 
different powers of x will be ««,«:»»— I, a:»»— 2 &c. Let 
A) B, C . . . U denote the quantities, by which these powers 
beginning with x^ — ^&re to be multiplied ; but as the num- 
ber of terms must remain indeterminate, until m receives a par- 
ticular value, we can write only a few of the first and last 
terms of the expression, designating the intermediate terms 
by a series of points. 

The product of any number m of factors will then be rep- 
resented by the expression 

Multiplying this expression by a new factor x + K, it becomes 



xi^+i + A, 
E 



x"»+B 
AK 



BE 



arw — 2 . . . . U E 



Here the law for the exponents is evidently the same, as in 
the first expression. With respect to the coefficients, it is 
evident, 1^ that the coefficient of the first term is unity, 2° 
A + E, the coefficient of the second term, is equal to the 
sum of the second terms of the m -f- 1 binomials. 3^ Since B 
by hypothesis expresses the sum of the second terms of the m 
binomials taken two and two, and A E expresses the sum of 
the second terms of the m. binomials multiplied each by the 
new second term E, B + A E, the coefficient of the third 
term, will be the sum of the products two and two of the sec- 
ond terms of the nt -f 1 binomials. 

In the same manner C -f- B I^? ^t is easy to see, will be the 
sum of the products three and thr^e of the second terms of 
^the m-j~l binomials, and so on. 4°. The last term U E, it is 
evident, is the product of the OTtJ- 1 second terms. 

The law laid down, art. 130, being true therefore for expres- 
sions of the fourth degree will, from what has just been de- 
monstrated, be true for those of the fifth ; and being true for 
expressions of the fifth degree, it will be true for those of the 
sixth and so on 4 thus it is general. 

132. If in the different products, which have been formed. 
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art. 130, we make 6, c and d each equal to a, these products 
will be converted into powers of a? + «, thus 

(x + a) (« + 6) = (x + o)«=rx' + a 



a 



(« + a)(aj + ^)(x + c)=:(j?-fa)«=x» + o 

a 
a 

(x + a) (x + b) (x + c) (x + d) =- (x + a)* 

s=x*4-ff 
a 

a 

a 



X* -f- ^' 






x + o*' 
x* + a» 



*'+«! 


x» + o> 


a» 


o' 


o' 


a» 


o' 


o» 


a* 




o* 





X +tt^ 



Comparing these expressions with the different products^ 
from which they are derived, we perceive 1^ that the multi- 
plier of X in the second term has been converted into the first 
power of a, repeated as many times as there are units in the 
number of binomials employed, or which is the same thing, 
as there are units in the exponent of x in the first term. 2\ 
That the multiplier of the third term has been converted into 
the second power of a, repeated as many times, as there can 
be formed different products froin a number of letters equal to 
the number of binomials employed, taken two and two at a 
time. 3**. That the multiplier of the fourth term has been con- 
verted into the third power of a, repeated as many times as 
there can be formed different products from a number of let- 
ters, equal to the number of binomials employed, taken three 
and three at a time, and so on. 

133. From what has been done it is evident therefore, that 
whatever be the power to which a binomial x -f ^ is to be raised, 
1^ the exponent of x in the first term will be equal to the ex- 
ponent of the power, and that it will go on decreasing by 
unity in each of the following terms to the last, in which it 
will be 0. 2**. That the exponent of a in the first term will be 
0, in the second unity, and that it will go on increasing by 
unity, until it becomes equal to the exponent of the power to 
,be formed. 3^ The numerical coefficient of x in the first term 
will be unity, in the second it will be equal to the exponent 
of X in the first term, in the third it will be equal to the num- 
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bar of products, wbich may be formed from a number of let* 
ters^ equal to the exponent of x in the first term, taken two 
and two at a time, in the fourth it will be equal to the number 
of products, which may be formed from the same number pf 
letters, taken three and three at a time and so on. 

Let it be required to form the 5th power of x'-f- o. The 
different terms, without the numerical coefficients, will be by 
the preceding rule 

With respect to the numerical coefficients, that of the first 
term will be 1, that of the second will be 5, that of the third 
will be equal to the number of products, which may be form- 
ed of 5 letters taken 2 and 2, that of the fourth will be equal 
to the number of products, which may be formed of 5 letters 
taken 3 and 3, and so on. Thus the numerical coefficients 
will be 1, 5, 10, 10, 5^ 1 

whence 

(x -f a)* =x* + 5 ax* + 10.a*a:'4- 10 a^x»-f6 a*x + rf' 

Let it next be required to raise x -f- « to the mth power, we 
shall have, according to the preceding rule, for a few of the 
first terms without the numerical coefficients 

x'« + ax»*— 1 + a*x^ — 2^a»ar»» — J+ . . . 

Here the numerical coefficients cannot be determined until 
we assign a particular value to m ; by the preceding rule, how- 
ever, the numerical coefficient of the second term will be equal 
to m, whatever the value of m may be. In the development 
therefore of (x -{- a)^ we write m for the coefficient of the 
second term. With respect to the third term the numerical 
coefficient will be equal to the number of products, which 
may be formed of m letters 2 and 2 at a time ; this is express-^ 

ed by the formula — j-g — , we write therefore \ o ^^' 
the coefficient of the third term. For a similar reason 

tn(m — 1) (Tjt — ^ 2) .11 11 /r». i.ii»» 

i 2~3 "^^^ "^ coefficient of the fourth term and 

so on. We have then 

. . . . a"». 

15* 



186 



ELEMENTS OF ALCEBRA. 



I 

From inspection of the different terms of this development 
it will be perceived, that the coefficient of the fourth^ for ex-^ 

ample, is formed by multiplying — y^ — , the coefficient of the 

third term, by m — 2 the exponent of % in this term, and di- 
viding by 3 the number, which marks, the place of this term. 
It virill be perceived also that the coefficient of the third term 
is formed in the same manner by means of the second term, 
and that of the second by means of the first. We readily in- 
fer therefore the following rule, by which to form the coef- 
ficient of any term whatever, viz. Multiply the coefficient of the 
preceding term by the exponent of x in that term^ and divide the 
product by the numbery which marks the place of th€U term from 
the left. 

From what has been done, we have therefore the following^ 
rule, by which to raise a binomial to any power whatever, viz. 
l^ T%e coefficient of x in the first term is unity^ and its exponenf 
is eqttal to the number of units in the degree of the power to which 
Ae binomial is to be raised. 2P. To pass from any term to the 
following, we multiply the numerical coefficient by the exponent of 
X in that term^ divide by the number which marks the place of 
that term from the lefty increase by unity the exponent of a and 
diminish by unity the expcfnent of x. 

According to this rule 
(a:+a)«=a:«+6aa:*+15aV+20o»x'+15aV + 6a*«4'a^ 

134. It sometimes happens, that the terms of the proposed 
binomial are affected with coefficients and exponents. The 
following example will exhibit the course to be pursued in 
eases of this kind. 

Let it be proposed to raise the binomial 4 a^b — 3a6c ta 
the fourth power. 
Putting 4 o' 6 = a:, and — 3 a 6 c =1 y, we have 

{x + yy = x*-^4x'y + ez^y^+4xy^-\-y* 
Substituting next for x and y their values, we have 
(4a''b — Zabcy—(4a'by+4(4a'by(—Zabc)+ . . 
6 (4a*&)*(— 3 a6c)'-f- 4(4 a»6) (—3 a6c)» + (—3 a6c)* 
or performing the operations indicated, we have 

(4a*6 — 3a6c)*=266(i«6*— 768o^6*c+864a«6*c» . . 

— 432a*ft*c»^-81a*J*c* 
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. The terms produced by this development are alternately 
positive and negative. This, it is evident, should always be 
the case, when the second term of the pressed binomial has 
the sign — . 

135. The powers of any polynomial whatever may be found 
by the binomial theorem. Let it be proposed to find, for ex- 
ample, the third power of the trinomial a -\rb^ c. 

In order to apply the rule to this case, we put a-f-5 = m ; 
the proposed is then reduced to the binomial m -|- c, and we 
have (w + c)» = «*4- 3 to' c + 3 1» c» + c» 

whence, restoring the value of m, we have 

(o -f 6 + c) » = a-' + 3 a» 6 + 3 a 6' + 6' 

•^da''c + eabc'\-Zb'c 

+ c» 
The same process, it is easy to see, may be applied to any 
polynomial whatever. 

MISCELLANEOUS EXAMPLES. 

1. To find the third power of 2 a — 6 -(" ^• 

2. To find the seventh power of 3 a* — 2 o'. 

3. To find the fifth power of o' — c — 2 d 

4. To find the fifth power of 7 a' 6* — 10 a» c'. 

5. To find the third power of 2 a'f — 4 a 6 + 3 6*. 

Section XVII. — Roots op Compound CIuantities. 

136. We pass next to the extraction of the roots of com- 
pound quantities, beginning with the third or cube root of 
numbers. 

In the following table, we have the nine first numbers, with 
their third powers or cubes written under them respectively. 

1, 2, 3, 4, 5, 6, 7, 8, 9 
1, 8, 27, 64, 125, 216, 343, 512, 729 

By inspection of this table, it will be perceived, that among 
numbers consisting of two or three figures, there are nine 
only, which are perfect third powers, the others have each for 
a root an entire number plus a firaction. 
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If the proposed number consists of not more than three fig- 
ures, its third root, or that of the greatest third power con- 
tained in it, may be found immediately by the above table. 

Let it be proposed to extract the third root of a number, 
consisting of more than three figures 103823, for example. 

The proposed being comprised between 1000, the third 
power of 10, and lOOOOQO, the third power of 100, its root 
will consist of two places, units and tens. To return therefore 
from the proposed to its root, let us observe the manner, in 
which the units and tens of a number are employed in forming 
the third power of this number. For this purpose designat- 
ing the tens by a and the units by 6, we have 

(o + 6 ) » = a^ + 3 a» 6 + 3 a 6« + 6* 
From this we learn, that the third power of a number con- 
sisting of units and tens is composed of the third power of the 
tfim^ the triple product of the square of the tens by the unitSy the 
triple product of the tens by the square of the units^ and the third 
power of the units* 

If then we can determine in the proposed the third power 
of the tens, the tens of the root will be found by extracting 
the third root of this part. The third power of the tens, it 
is evident, can have no significant figure below the fourth 
place, the three figures on the right will therefore form no part 
of the third power of the tens, and may on this account be 
separated from the rest by a comma. The third power of the 
tens will then be contained in 1 03, the part at the left of the 
comma. The greatest third power contained in 103 is 64, the 
root of which is 4 ; 4 is therefore the significant figure in the 
tens of the root sought. Indeed, the proposed is evidently 
comprised between 64000, the third power of 40 or 4 tens,, 
and 125000 the third power of 60 or 5 tens. The root sought 
is therefore composed of 4 tens and a certain number of units 
less than ten. 

The tens of the root being thus obtained, we subtract the 
third power 64 from 103, the part of the proposed at the left 
of the comma, and to the remainder bring down the figures at 
the right. The result of this operation, 39823, must contain^ 
firom what has been said, the triple product of the square of the 
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tens hy the units together with the two Femaining parts in the 
third power of the root sought. 

The square of the tens, it is evideDt, will coDtain no signif- 
icant figure less than hundreds, on this account we separate 
23, the two figures on the right of the remainder 39823, from 
the rest hy a comma ; 398, the figures on the left of the com- 
ma, will then contain the triple product of the square of the 
tens of the root sought by the units and something more, in 
consequence of the hundreds arising from the two remaining 
parts of the third power of the root sought. Dividing there- 
fore 398 by 48, the triple product of the square of the tens, 
already found, the quotient 8 will be the unit figure sought, or, 
from what has been said, it may be too large by 1 or 2. 

To determine whether 8 be the right unit figure we raise 
48 to the third power. This gives 110592, a number greater 
than the proposed ; 8 is therefore too large for the unit figure. 
We next try 7 ; 47 raised to the third power gives 103823. 
The proposed is therefore a perfect third power, the root of 
which is 47. 

The operation may be exhibited as follows. 

103,823 I 47 
64 



398,23 I 48 



103,823 



Any number however large may be considered as composed 
of units and tens ; the process for finding the root may there- 
fore be reduced to that of the preceding example. 

Let it be proposed, lor example, to find the third root of 
43725678. Considering the root of this number as composed 
of units and tens, 678 the three right hand figures, it is evident 
will form no part of the third power of the tens. On this ac- 
count we separate them from the rest by a comma. The third 
power of the tens being contained then in the part at the left 
of the comma, we obtain the tens of the root sought by ex- 
tracting the third root of this part« Considering therefore, 
for the moment, the part of the proposed 43725 as a separate 
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nuipber, its third root, it is evident, may be found as in the 
preceding example. Performing the operations, we have 35 
for the root and a remainder of 850. There will therefore be 
35 tens in the root of the proposed, and in order to find the 
units, we bring down the three right hand figures 678 by the 
side of 850, which gives 850678. Separating next the two 
right band figures of this last from the rest by a comma, and 
dividing the part on the left by the tripple square of the tens 
already found, we obtain 2 for the unit figure of the root 
sought. To determine whether this is the right, figure, we 
raise 352 to the third power, which gives 43614208, a result 
less than the proposed. 352 is therefore the root of the pro- 
posed to within less than a unit. 

The operation may be exhibited as follows 



43,725,678 
27 



352 



Ist Dividend 167,25 | 27 1st Divisor 

Third power of 35 42875 

2d Dividend 8506,78 | 3675, 2d Divisor 

Third power of 352 43614208 

Remainder 11450 

The same process, it is easy to see, may be extended to any 
number however large. The rule therefore for the extraction 
of the third root will be readily inferred. 

If it happens, that the divisor is not contained in the divi- 
dend prepared as above, a zero must be placed in the root, and 
the next figure brought down to form the dividend. 

EXAMPLES. 

1. To find the third root of 91632508641. 

2. To find the third root of 32977340218432. 

3. To find the third root of 217125148004864. 

137. If the proposed be a fraction its third root is found by 
extracting the third root of the numerator and denominator. 

Thus Y/ 27 » 3- 
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r 

If the denominator is not a perfect third power it may be 

made so, by multiplying both terms by the square of the de» 

3 
nominator ; thus if the proposed be =, we multiply both terms 

147 
by 49 ; the fraction then becomes 0J3, the root of which is 

5 1 

nearest -, accurate to within less than -. 
7 7 

138. We have seen, art. 97, that the square root of an en- 
tire number, which is not a perfect square, cannot be exactly 
assigned. The same is true with respect to the roots of all 
entire numbers, which are not perfect powers of a degree de- 
noted by the index of the root. 

The third root of a number, which is not a perfect third pow- 
er may be approximated by converting the number into a frac- 
tion, the denominator of which is a perfect third power. Thus 
let it be required to find the approximate third root of t5. This 

^ r 15 X 12^ 25920 , 
number may be put under the form ^^^ — = ^yoo -? the 

29 5 1 

third root of which is jg, or 2j5, accurate to within less than to. 

If a greater degree of accuracy were required, we should con- 
vert the proposed into a fraction, the denominator of which is 
the third power of some number greater than 12. 

In such cases it is most convenient to convert the proposed 
number into a fraction, the denominator of which shall be the 
third power of 10, 100, 1000, &c. 

Thus if it be required to find the third root of 25 to within 
.001, we convert the proposed into a decimal, the denominator 
of which is the third power of 1000, viz. 25.000000000, the 
third root of which is 2.920 to within .001 ; we have then 

'a/25 = 2.920 accurate to within less than .001. 

To apj>roximate therefore the third root of an entire number 
by means of decimals, we arrnex to the proposed three times as 
mcmy zeros as there are decimal places required in the root^ we 
then extranet the root of the number thus prepared to within a unity 
and point off for decimals^ as many places as there are decimal 
figures required in the root. 
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139. If the proposed number coDtain decimtls^ beginniiigf 
at the place of units, we separate the number both to the 
right and left into periods of three figures each, annexing ze* 
ros if necessary to complete the right hand period in the de- 
cimal part. We then extract the root, and point off for deci*- 
mals in the root as many places as there are periods in the 
decimal part of the power. 

If the proposed be a vulgar fraction, the most simple meth- 
od of finding the third root is to convert the proposed into a 
decimal, the number of places in which shall be equal to three 
times the number of decimal figures required in the root. 
The question is thus reduced to extract the third root of a de-» 
cimal fraction. 

EXAMPLES. 

1 . To find the approximate third root of 79. 

2. To find the approximate third root of 15}. 

3. To find the approximate third root of 3.00415. 

4. To find the approximate third root of 23.1762. 

5. To find the approximate third root of j-f . 

140. By processes altogether similar to that, which we 
have employed in the extraction of the third root of numbers, 
we may extract the root of any degree whatever.. The meth- 
od of extracting the root of any degree whatever, in the case 
of algebraic quantities, is also founded upon the same princi- 
ples. The following example will be sufiicient to illustrate 
the course to be pursued, whatever the degree of the root re- 
quired may be. 

Let it be proposed to extract the fifth root of the polynomial 

32 o'** — 80 a« b^ + 80 a« 6« — 40 a* 6' + 10 a» 6" — ,6" 

The proposed being arranged with reference to the powers 
of the letter a, we seek the fifth root of the first term 32 a^\ 
Its root 2 a' will be the first term of the root sought. We 
write therefore 2 a^ in the place of the quotient in division, 
and subtracting its fifth power from the whole quantity, we 
have for a remainder 

_ 80 a« 6» + 80 a« 6« + &c- 
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The second term of the hinotnial (a -j- ^)* is 5 a*b'j this shows, 
that in order to ohtain the second term of the root, we must 
divide — 80 a^ b\ the second term of the proposed, by five 
times the 4th power of 2 a*, the term of the root already 
found. Performing the operation we obtain — b^. This will 
be therefore the second term of the root. Raising 2 o^ — b^ 
to the fifth power, it produces the quantity prpposed. The 
root is therefore obtained exactly. If the root contained more 
than two terms, it would be necessary to subtract the fifth 
power of 2 0^ — * b^ from the proposed quantity, and then in 
order to find the next term of the root, to divide the first term 
of the remainder by five times the 4th .power of 2 «^ — b^* In 
this case, however, only the first term of the divisor would be 
used ; we should have therefore the same divisor, that was 
used the first tifne* 

141. When the index of the root has divisors the root may 
be found more readily than by the general method. Thus the 
fourth root may be found by extracting the square root twice 
successively ; for the s<}uare root of a* is a*, and that of a' is 
«, the fourth root of a*. In generd,l, all roots of a degree mark- 
ed by 4, 8 or any power of 2 may be found by successive ex- 
tractions of the square root. Roots, the indices of which are 
not prime numbers, may be reduced to others of a degree less 
elevated. The 6th root, for example, may be found by first 
extracting the square and then the third root ; for the square 
root of a* is cr*, and the third root of a* is a. 

EXAMPLES. 

1. To find the third root of 8 a:' + 36 x* + 64 x + 27. 

2. To find the third root of x* -}- 6 x* — 40 r» -f 96 x' — 64, 

3. To find the third root of 

15 X* — 6 X + x« — 6 X* — 20 ic» -f- 15 x'+ 1. 

4. To find the third root of 

27 «• — 54 X* + 63 X* — 44x» -f-21 X* — 6 X -f 1. 

5. To find the fourth root of 

216a«x«— 216ax^ + 81x* -f- 16 a* — 96 a» x. 
16 
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Section XVIIL— Calculus of Radical Expressions* 

142. Radical expressions, the roots of which cannot be 
found exactly, frequently occur in the solution of questions. 
On this account mathematicians have been led to investigate 
rules for performing upon quantities subjected to the radical 
sign, the operations designed to be performed upon their roots. 
In this way the calculations required in the solution of a 
question are frequently rendered more simple, and the extrac- 
tion of the root is left to be performed at last, when the radi- 
cal expression is reduced to the most simple form, which the 
nature of the question will allow. 

ADDITION and SUBTRACTION. 

143. Radical expressions of the same degree, and which 
have the quantities placed under the radical sign also the same,. 
aie said to be sim^ar. 

The addition and subtraction of similar radicals is perform- 
ed upon the coefficients. Thus the sum of the radicals 

Z^by9^bi8l2,^b] the sum of a ^W7, h ai/^—Cji/W$ 

is (a -f ^ — c) a/^cT 

In like manner 9 a/ a* c subtracted from 12 V o* c gives 

t^ a*c^ and h/v ah* subtracted from aw ah* gives 

{a — h)^T¥ 
Radical expressions, which are at first dissimilar frequently 
become similar, when reduced to their most simple form. 

Thus, let it be required to add 6 a/ 2 a* 6* and aJi/SAcfV- 
These expressions reduced to their most simple form become 

3 ,__ 8 

5 a V 2 a' ^, 3 a V 2 a^ 6' ; their sum is therefore 

B a V 2 o' ^. 
The addition and subtraction of dissimilar radicals can be 
effected only by means of the signs -|- and — • 
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EXAMPLES. 

1, To find the sum of 6 a* Vj c*, and a^dc^bcK 

2, To find the sum of ac»V 16 6' c, and 3 V a» 6' c*. 

3, To find the sum of V 147 a" 6 r*, 6 a ^/ sT?, and 

6c•^/76a^6c. 

4, To subtract a/9o^^c from 7 a VT'T^ 

MULTIPLICATION AND DIVISION. 

7 7 

144. Let it be required to multiply ^ a by ^ fr, we hare 

7 7 7 7 7 

a/^X A/b = ^ab; for a/ a X a/ b raised to the seventh 

7 

power gives a 6 for the result, and >^ a 6 raised to the seventh 
power gives also a b for the result ; whence the seventh pow- 
ers of these expressions being equal, the expressions them- 
selves must be equal. 

The same reasoning may be applied to all similar cases ; we 
have therefore the following rule for the multiplication of rad- 
ical expressions of the same degree, viz. Take the produd 
of the quantities under the radical sign^ observinff to place the re- 
mdi under a sign of the same degree* 

Let it next be required to divide sj o,hy f^ b. In this 

5 5 5 

case we have ^^- — =1/ -; for the expressions ^— , 

V/^ J being raised to the fifth power give each ^ ; these ex- 
pressions are therefore equal. 

We have then the following rule for the division of one rad- 
ical quantity by another of the same degree, viz. Take the 
fuotient arising from the division of the quantities under the rocfi^ 
cal sign, recollecting to place it under a sign of the same degree* 

FORMATION OF POWERS AND EXTRACTION OF ROOTS. 

145. Let it be required to raise the radical h/ c? b to the 
third power ; we have 

(A/'?6)* = //"fl^ X V^ X ^'cFb=^/lf9^ 
according to the rule established for multiplication. 
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Whence to raise a radical quantity to any power; we raise 
the quantity placed under the radical sign to the power required^ 
observing to place the result under the same radical sign. 

When the index of the radical is a multiple of the exponent 
of the power to which the radical is to be raised, it may be 
raised to the power required in a more simple manner than by 
the preceding rule. 

4 

Thus let it be required to raise \/ 2 « to the second power. 
The proposed from what has been said, art. 141, may be put 

under the form "y sr 2 a; but to raise this expression to the 
second power, it is sufficient to suppress the first radical sign ; 

4 

whence (v 2a)* = V'2a. 

9 

Again, let it be required to raise V^ 5 6 to the third power- 

V— = 

The proposed may be put under the form ^^ ^^ 5 6 ; whence 

9 3 

Whence if the index of the radical is divisible by the exponent 
of the power ^ to which the proposed quantity is to be raised^ the 
operation is performed by dividing the index of the radical by the 
exponent of the power. 

With respect to the extraction of roots, it is evident from 
the preceding rules, that to extract the root of a radical, we 
may eactract the root of the quantity placed under the radical signy 
the result being left under the same radical sign^ or we may multi" 
ply the index of the radical by the index of the root to be extract- 
ed. 

^ f, . — . 4 ^/ 12 

Thus, V V27a» = V3a. y VZc — a/3c. 

146. It follows from the principles established above, that 
if we multiply at the same time the index of the radical and the 
exponents of the qiiantity placed under the radical sign by *Ae 
same number ^ the value of the radical remains the same. 



Thus if we multiply the index of the radical l/a'6 by 3, 



15 



we have ^a^by the third root of the proposed; if then we 
multiply the exponent of the quantity placed under the radi- 
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cal sign by 3, we have ^^ o* 6* the third power of Va* 6, the 
second operation therefore restores the expression to its ori£^« 
nai value. ' 

147. By means of this last principki we may reduce two or 
more radicals of different indices to the same index. Thus 



let there be the two radicals ^ 2 a, ^ 6* c. Multiplying the 
index and also the exponents of the quantities placed under 
the radical sign in the first by 4, and in the second by 3, we 



19 IS U 



have for the first V 2* o* or V 16a*, and for the second ^6V, 
The proposed are therefore reduced to equivalent expressions 
having a common index 12. 

In like tnanner the three quantities 



\/a6% \/a»6», \/c*(f» 
' become respectively 

105 lOft 1<» 

. ^a^}P\ ^a''''&\ •^•^c** 
having a common index 105. f 

From what has been done we have the following rule for 
reducing radical expressions to the same index, viz. Multiply 
at the same time the index belonging to each radical sign^ and the 
exponents of the quantities placed under this sign by the product 
of the indices belonging to ail the other radical signs* 

If the indices of the radicals have common factors, the cal- 
culations are rendered more simple by taking for the common 
index the least number exactly divisible by each of the indi- 
ces. 

148, A quantity, which has no radical sign, may on the 
same principles be placed under a radical sign ; for this pur* 
pose, we raise the quantity proposed to the power denoted by the 
index of the radical sign, under which it is to be placed* 

Thus if it be required to put the quantity a* under the sign 

\/, we have for the result %/ a^^. 

Having reduced radical expressions of whatever degree to 
the same index, we may then apply to them the rules for mul- 
tiplication and division laid down above. 

16* 
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EXAMPLES. 



1. Multiply \/2by \/3 

3 

2. Multiply y/ ahy v/ 6 

8 4 

3. Multiply \/ o by >/ h 



Ans. \/2592. 



6 



Ans. y/a^b*. 



13 



4. Multiply 3 o n/ 8 o by2ftV4«'« 

6. Divide \/ 6 by \/ 2 

5 :, 

6. Divide \/ 135 by V'S 

7. Divide o V ^ by ^/ * 

8. Divide \/abyv^ft-{-^c 

n 

9. Divide 1 by v/ a + \/ 6 

10. Divide Va' 6» + 6* by ^ ^^ 



Ans. -v/a^ft'. 
Ans. 12a*6v2cl 



u 



Ans. i\/55296. 



10 



Ans. 



Ans. \/75- 
Ans. a \/h. 



Ans. 



h — c 

n 



Ans. 2 6 



I y a« + y 



11/Divide ^ %/ a + ^6 ^7 y^Va—^/h 



Ans. t /a + 6 + 2^ ^ 



Section XIX. — Theory of exponents op ant na- 
ture WHATEVER. 

149. We have seen, art. 42, that with respect to the same 
letter, division is performed by subtracting the exponent of 
the divisor from that of the dividend. The application of 
this rule to the case, in which the exponent of the divisor is 
equal to that of the dividend, gives rise to the exponent 0. 
An expression a^, in which this exponent is found, is to be re- 
garded^ art. 45 , as a symbol equivalent to unity. 



EXPONENTS OP ANY NATURE WHATfiVfiR. IW 

160, The application of the same rule to the case, in 
-which the exponent of the divisor exceeds that of the divi- 
dend, gives rise to negtUive exponents. Thus let it be re- 
quired to divide a^ by a*. Subtracting the exponent of the 
latter from that of the former, we have a " * for the result 

But a^ divided by a* is expressed by the fraction ^ ; re- 
ducing this fraction to its lowest terms, we have - . The 



a'' 



expression a"^ must therefore be rc^garded as equivalent 
toi. 



«*" 



In like manner -^ gives by subtracting the exponent 

of the divisor from that of the dividend a - " ; but the frac- 

«•" 1 

^^^ -lir4:ri gives when reduced to its lowest terms — : 

whence a - »« is equivalent to -^, 

The expression a*" " is therefore the symbol o( a division, 
Tvhich cannot be performed. Its true value is the quotient of 
unity divided by a raised io a power denoted by the negative ex- 
ponent n. 

151. To find the roots of monomials, we divide, art. 125, 
the exponents of the proposed by the index of the root re- 
quired. The application of this rule to the case, in which 
the exponents of the proposed are not divisible by the index 
of the root, gives rise to fractional exponents. Thus let the 
third root of a be required. Indicating upon the exponent of 
a the operation required in order to obtain the third root, we 

have for the result o** But we have agreed to indicate the 

third root by a/ ; the expressions ^ o, «» are therefore to 
be regarded as equivalent. In like manner, we have 

a^ = ^o, a*= V^ a '' = \/a"*' 

m 

TTie expression a" is therefore to be regarded as a symbol equiv" 
aleni to the nth root of the mth power of a. 
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162. The two preceding eases sometimes meet in the same 

expression. This gives rise to negative fractional exponents. 

Thus let it be required to extract the seventh root of a' divid- 

a' 
^edbyof; we have -^=s a-. ^^ the seventh root of which is 

a"^. In like manner the nth root of 



0« 'n 



Qtn^n 



The expression a "is therefore the symbol of a division 
which cannot be performed, combined with the extraction of 
a root. Its true value is the nth root of the quotient of unity di- 
vided by a raised to the mth power. 

The expressions a", a^"^j a% a % derived in the manner 
above explained from rules previously established, have be- 
come by agreement notations equivalent respectively to 1, 

1 * I 

ft g 

a^> tJ^-i V ^ > ^® "^'^y therefore at pleasure substitute 
the former of these expressions for the latter and the con- 
verse. 

153. We proceed to show, that the rules already establish- 
ed for performing the operations of arithmetic upon quanti- 
ties affected with entire and positive exponents are sufficient 
for these operations, whatever the exponents may be, with 
which the quantities are affected* 

MULTIPLICATION. 

Let it be required to multiply o^ by a*. To perform the 
operation required, it is sufficient to add the e^onents* 

Indeed €?:==. s/a\ a ==i^a% whence 

3 2 5 3 1» 19 

a^ X a^ = Vo»X ^o' = Vo" = a". 
• But adding the exponents, we have 

the same resnlt as before. 
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-I * 

Again, let it be required to multiply o * by o' ; we have 



12 

10 



Whence a"* X a*= 1/ Vx ^ ^* ^ V/^? ^ ^ ** 

But adding the exponents of the proposed, we have 

the same result as by the former operation. 

_** p . 

Let it be required next to multiply a nhy aq^ 

n 

we have a " = V 

n 

whence a » X «'= 1/ ^X ^a^ 



havea " = y/ ^' a^ = ^a^; 



nq 






We arrive at the same result by adding the exponents of 
the proposed. 

m p np — mq 

Indeed «"« 9=a »9~" 

To multiply two monomials therefore, it is sufficient what- 
ever the exponents, to add the exponents of the letters^ which 
are the same in each. 

DIVISION. 

154. Whatever the exponents may be, in order to divide 
one monomial by another, we subtract for each letter the ex- 
ponent of the divisor from that of the dividend. 

Indeed, since the exponent of each letter in the quotient 
should be such, that when added to the exponent of the same 
letter in the divisor, the sum will be equal to the exponent of 
the dividend, it follows, that the exponent of the quotient 
should be equal to the difference between that of the divisor 
and the dividend. 
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By this rule, we have 

a? -i- a* = a^ " ^ sss u^^ 

FORMATION OF POWERS AND EXTRACTION OF ROOTS. 

155. From the rule for multiplication, it follows, that to 
raise a monomial to any power, it is necessary whatever the 
exponents of the letters, to multiply the exponent of eaeh tet- 
ter hy the exponent ol the power required. 

Thus a" ^ raised to the third power 

Conversely to extract the root of a monomial, we divide the 
exponent of each letter by the index of the root. 

Thus ^o-* = o''^. 

The utility of exponents of the kind, which we are here 
considering, consists principally in this, that the calculation of 
quantities affected with these exponents is performed by the 
rules already established for quantities affected with entire and 
positive exponents. The calculation is moreover reduced to 
operations upon fractions, with which we are already familiar* 

156. By means of negative exponents we may give an en- 
tire form to fractional expressions. Thus let there be the frac- 
tion ■^, this is the same as x X ^5 but -5" ==y""^; whence 

157. Fractional and negative exponents enable us to arrange 
polynomials, which contain radical terms. Thus let it be re- 
required to arrange the polynomial 

Is 4 1 6 

according to the descending powers of the letter a. 

To perform the operation required, 1^. we give to the radi- 
cal quantities fractional exponents. 2®. We reduce to an en- 
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tire form terms, which have denominators. 3^ We reduce 
all the exponents of the letter, according to which the arrange- 
ment is to he made, to their least common denominator. The 
proposed may then be arranged according to the powers of the 
letter required. 

In the preceding example we have for the result 

Section. XX. — Proportions. 

• 

158. When two quantities are compared with respect to their 
magnitude, the result of the comparison is called their ratio. 
In general, there are two different ways, in which the magni-* 
tude of two quantities may be compared ; 1^ we may wish to 
determine how much the greater exceeds the less ; the result 
is then obtained by subtraction, and is called the ratio of the 
quantities % difference ; 2°. we may wish to determine how 
often one of the quantities is contained in the other ; the re- 
sult is then found by division and is called the ratio of the 
quantities 6y quotient. 

Thus the ratio by difference of the quantities a and b is 

a 
a — 6, and the ratio by quotient is ^; a and ft are the /crmt 

of the ratio. 

Tlie same quantity may he added to^ or subtracted jrom^ both 
terms of a ratio by difference without changing the ratioy for 
a — ft = (a + c) — (6 + c)==(o — c) — (6 — o) 
The two terms of a ratio by quotient may be multiplied or <K- 
vided by the same quantity without changing the ratioj for 

. a am 
b bm 
Ratios by difference are sometimes called arithmetical ratios, 
and those by quotient geometrical ratios. 

159. An expression for two equal ratios is called a propor* 
iion. If the ratios are by difference, the proportion is called 
a proportion by difference. Thus the equality 

b — a==d — c 
is a proportion by difference, and is usually written thus 

a , b : c . d 
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If the ratios are by quotient, the proportion is called a pr(h 
portion by quotient. Thus the equality - 5= - is a proportion 

O tt 

by quotient, and is usually written thus 

a : b i: c : d 

The proportions above are read thus, a is to & as <; to d. 
The first and last terms are called the extremes of the propor- 
tion ; the second and third are called the means ; a is called 
the antecedent^ 6 the consequent of the first ratio ; c the ante- 
dent J dXhe consequent of the second ratio. 

Proportion by difference is sometimes called arithmetical 
proportion, that by quotient .geometrical proportion. Propor- 
tion by difference is now, however, more commonly called 
equidifference, while the term proportion is limited to propor- 
tions by quotijent. 
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160. Let there be the equidifference a . h". c , d'^ this 1% 
the same with the equation 6 — a:=:ci — c, from which we 
deduce a -\- ^= ft -f c 

Thus in an equidifference the sum of the extremes is equal to 
the sum of the means. This is the leading property of equi- 
differences. 

Reciprocally, let there be four quantities a, ft, c, dy such 
that a-^d=zb -^ c. From this equation we obtain. 

ft — a = d — c, or a. ft: c . d 

Thus if there be four quantities suchj that any two of them give 
the same sum with the other two, the first are the extremes^ the sec^ 
ond the meansj or the converse, of an equidifference. 

Any three terms of an equidifference are sufiicient to deter- 
mine the fourth ; thus, from the equidifference, a . ft : c . cl, 
we deduce a = ft — d-{' c, ft = o-|-^ — c. 

In the equidifference o . ft : c . (i, let c=:ft ; we have 

a , b I b . d. 
This is called a continued equidifference, and ft is called an 
arithmetical mean between a and d. 
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. From the equidifference a ..bib . d, we deduce ; 

thu& the arithmetical mean between two quantities is eqwd to half 
their sum, 

161. In order that an equidifference may exist, it is sufficients 
that the. sum of the extremes should he equal to the sum of 
the means;, we may therefore make any transposition of the 
terms of an equidifference, which will not alter the equality 
between the sum of the extremes and that of the means. The 
equation a — b = c — d furnishes the eight following equi-' 
differences : 

a • b I c -d^ a . c lb . dj d ^ b i c , a^ d * ct'b • a 
b , a : d . Cj b m d I a 4 Cj c . d la . by c . al d * b 

PROPORTION BT QUOTIENT. 

162. Let us take the proportion ai b ii c : d; this retuniis 

b d ... 

to -= -, an equation, which gives 

ad = b c 

Thus in a proportion by quotient the product of the extremes 
is equal to the product of the means. This is the fundamental 
property of proportions. 

Reciprocally, let there be four quantities a, 6, c, d^ &uch, that 

b d 
ad'=sbc*j this leads to the equation -:==-> or 

aibi: cl d. 

Whence if four quantities be such^ that any two of them give the 
same product as the remaining two^ the first wiU form the ex^ 
tremes and the second the meanSy orthfC converse, of a proportion* 

Three terms of a proportion are ^ufficjent to detierwRC the 
fourth ; thus from the proportion a : 6 : : c ; <(, we deduce 

^ ■" ' be ad 

a' c ' 

The proportion a : b :i b : dyin which the two mean terms 
are the same, is called a continued proportion, and b is called a 
mean proportional between a and d. 

17 
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From the contiiiiied proportion a : hizb : dj we deduce 

V^sadj whence b s=s, ^/ad* Thns to find a mean proporium- 
§K between two quantiiiesj we take the square root of then product. 

163. In order that a proportion may exist, it is sufficient, 
that the product of the extremes should be equal to that of the 
means. We may therefore make any transposition in the 
terms of a proportion, which will leave the product of the ex- 

b d 

tcemes equal to that of the means. Thus the equation ~ =sr- 

■ * a c 

gives the eight following proportions 
aibllcldy a:c:\b\d^ bldiialCy dlcllb i a 
b\0l.ld\ej c\aild:b^ d:6::c:. a, cidiia\b 

164. The same quantity m, it is evident, may be added to 

b d 
or subtracted from the equation - = -, so that we have 

• a Cr 

h d 

whence — = 

a c 

but this last may assume the form 

c (i±wc 

g"~'6*4--tiifl 

from which we have the proportion 

b±ma : d^omcll a : c 

but since - =-,, we have also 
a 6' 

d define 

b b±ma 
from which we have the proportion 

b±ma : ddr^ie : : b : d 
These two proportions may be enunciated thus ; The farei 
amsequetit phu or minu» tie a/niecedent taken a giten number of 
fjmes, is to the second consequent plus or minus its antecedent tak- 
en the same number of timesj as the first term is to the thirdj or as 
ih€ second is to the fourth. 
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»« , d^m c c 
165, The expression -r— ; aaa-retunis to 

'^ dh w* a a 

d'\'m c c d — m c c 



whence 



b -{-ma a b — ma a 
rf-f-mc d — mc 



b-\'ma b — ma 
or b-^ma : d-^-mclib — m a : ft — mc 

or changing the relative places of the means 

b-^-ma: b — mail d-i-mc : d — mc 

whence making m= 1, we have 

6-j-^' ^ — all d-^-c : d — c 
s proportion which may be enunciated thus, 

TTie 9um of the first tvoo terms is to their difference^ as the svm 
of the last two is to their difference. 

166. The proportion a: b ::c : d may be written thiM, 

a: ci: b : dj 
^e have then 

c d 

from which we obtain 

c dtm a I d zti^b zi a : b, or :: c : d 

i^hence, the second antecedent phis or minus the first taken a giv^ 
em number of times is to the second consequent plus or minas fte 
first taken the same number of timeSj as any one of the antecedents 
whatever is to its consequent. 

If in the above proportion we make m == 1, we have 

cdd^' d::^b :: a : by or :: c : d 
whence c-{-a : c — a : : d-{'b : d — b 

Therefore the sum or difference of the antecedents is to the 
sum or difference of the consequents, as one antecedent is to its 
consequent, and the sum of the antecedents is to their difference, 
as the sum of the consequents is to their difference, 

167. Let there be the series of equal ratios 

a: b : : c : d :: e :f:: g : h . . . . 
^_d_f_h 
a~ c e ~ g 



8B8 BrLEMBNTS OF /ALdEBSX* 

Making - s= gr, we hiave . . 

b_ d_ f_ h_ 
a ^' € ^' e ^^ g 

whence ~ ,. b=:aqfd=cqyf:=:eqyh:i=gq 

'I 
adding these equations member tb inember, we have 

.* + ^ + /+^ = (a -4-^ + 6+^; q 

whence > ■ •. = a^ = - 

a-fc+c + ^r a 

or a'{' c -\-e -^ g: b-^d +/+ h : : a: b 

whence in a series of equal ratios^ the sum of any number tohat^ 

ever of emtecedents^is to the sum of the like number of consequerttSy 

as one antecedent is to its consequent, 

b d f h 
168. Let thorebe the two :e:qiiatioiu3 -»-, -=r=- Bmlti- 

u c e q 

plyii^g these equations member by member, we have 

bf_dh 

ae eg 

or ae :b f :: c g : dh 

We obtain the same result by multiplying term by term the 
proportions a:b::c:dye:f:ig,:hj this is called multiply- 
ing ^e proportions in order ; it follows then, that if two pra^ 
portions be multiplied in order ^ the, results teiU be proportional. 

It will be seen also, that if twov proportions be divided terra 
by term, or in order^ the quotients will be proportional. 

b d , 

If in the equation - =- we taise both members to the mth 
^ ,. a c ■ 

power we have 

which gives a^ : b^^ :i c"^ : d"^ . ^ 

It follows therefore that the second^ thirds and in general the 
similar powers of four proportional quantities are oho proportionaL 

In like mannejr it may be shown, thaJt the roots of the <amt 
degree of four proportional quantities are also proportionaL 
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i^VtBTtOHB IN Wkldu PHOPORTIONft' ARE CpVBtmHMb, I 

h .Tb^e sum of the squares of two numbers is to thQ diffeiw 
ence <>f their sq^vares as 17 to 18, and the product is 15, What 
are the numbers ? , 

Putting X and y for the numbers, we have by the first con- 



dition 


«»-f y':**— y':;: 17: 8. 


whence art 165^ 


2 X* : 2 y» : : fi6 : 9 


or 


x' : y' : : 25 : ,9 


wheRCe art. 16$, 


«? : y : ; 5 i 3 


wherefore 


3x=:5j( 



By the second condition we have x'y = 15, comparing this 
with the equation just found, we readily obtain xs 5, ys=s3. 

2. The product of two numbers is 24, and €he difference of 
their third powers is to the third power oi their difference as 
19 to 1. Required the numbers. 

Let X and v be the numbers, we have by the question 

a: y = 24 
3^ — f : {x — f/Y :. : 19 : 1 
Transposing terms and developing (a: — y)' in this last, we 
have ^ — y^ : 19 : : x' — 3 x'y + 3 xy* — y^ : 1 

whence art. 166, 3 x"y — 3xy' : 18 : : (x — y)' : 1 ■ 

of dividing By x — y and Isubstituting for i: y its vahie from the 
first equation 72 : 18 : : (x — y)* : 1 ^ 

whence x — y = 2 

Comparing this last with the first equation We dbtain 

X = 6, y = 4; 

3. The sum of two numbers is to their difference as 3 to 1, 
and, the difference of their third powers is 56 4 what are. the 
numbers ?! . Ans* 4 and 2» 

4. The sum X)f the ^hird powers of two numbers is to the 
diffenence of their third powers as 559 ; 127, and the square 
of the first ifiultiplied by the second is equal to 29!4. What 
are the numbett ? Ans. 7 and 6. 

5. There are two numbers, whose product is 135, and the 
difference of their squares is to the squaiie of their difference 
as 4 to 1. What are the numbers ? . . ' Ans.. 15 and 9*. 

17 * 
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6. Whwt UHipber is tiiat, to which, if 3^ 8, imd 17 be neyer- 
allj^ added, the first sum will be to the second as the second 
to the third ? *> ^^^ ^ 

7.' A merchant mixes wheat, which costs him 10 shillings 
a bushel, with barley which costs him 4 shillings a bushel, in 
such] proportion as to gain 43^ per cent* hj selling the mix- 
ture at 1 1 shillings a bushel. Required the proportion* 

Ans. 14 bushels of T^heat to d of barley. 

8. The product of two numbers is 63, and the square of 
&eir sum is to the square of their difference as 04 to 1. What 
are the numbers I Ans. 9 and 7. 



Section XXI. — ^Progressions. 

169. A series of quantities increasing or decreasing by a 
constant difference is called an arithmetical progression or pro^ 
gression by difference. The constant difference iis called the 
tatio of the progression. 

Thus let there be the two following series 

1, 4, 7, 10, 13, 16 
60, 66, 62, 48, 44^ 40 

the first is- called aa increasing progression, the ratio of which 
is 3 ; the second is called, a decreasing progression, the ratio of 
which is 4. 

To indicate that the quantities a, bj c^ d » » . form a pro- 
gression by difference, we write them thus 

1 -T- a • b , € • d • , . 

A pTOgrisssi^n by differenee^ it will readily be perceived, is^ 
simply a' serieiS' df continued equidifferences. Each term there- 
fore is at once antecedent and consequent with the exception 
of the first termj which is only an antecedent and of the last, 
which is only a consequent. The progression n- a • & . c ^d 
is enunciated thus, a is to 6 as 6 to c, as c to (2, &c. 

170. Let us take the increasing progression 

'Tra;»h*C»k*^h • • • 

and let d represent the ratio. 
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From the nature of the progression, we hftve, it is evident^ 

c ^0-^-2 d 



from which it is readily inferred, iJuU a term of any rank what-' 
ever iv equal to the. first terin pUtsaa many times the ratioy as there 
are units in the number of the preceding terms* 

Let L represent a term pf any rank whatever, and let o de- 
note the number, which marks the place of this term ; we 
have from what has been said 

L = a + {n — l)d 

This expression for L is cdled the general term of the series. 
If the series were decreasing, we should have, as it is easy to 
see, for the general term 

L = a — {n — l)d 

By means of the above formulas we may find any term of a 
progression by difference, when the first term, thie number of 

the term required, and the ratio are given. 

Thus, let it be required to fin4 the $Oth term of the pro- 
gression -T- 1 . 4 . 7 . . . . , we have by the first formula 

L=l + (50—1) 3=^148. 

Again, let it be required to find the 40th term of the pro- 
gression -5- 5 . 3 . 1 . . ., we have by the seeond formula 

L==6 — (40 — 1)2 = — 73 

171. The first and last terms of a progression are called the 
extremes ; if the number of terms be odd, the middle term is 
called the mea?! ; if the number of terms be even, the two 
terms having the same number of terms on each opposite side 
are called the means. 

Let us take the general progression -i- a »,b . c, , ».h . k , l; 
from the nature of the progression, we have 

b — a = l — k 
whence b + k^aA-l 

80 also c--bs=ssk — h 

whence c + &a=6 + t==a + i 
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&om which we infer that in a pfogr^dion by '4iiffereiiee, the 
9um of any two terms taken at e^uof Ustantes from the extremes is 
equal to the sum of the extremS. 

Let S represent the sum of all ifae terms in the progression 
-ra.6.c....A.^./. Writing this progression in an in- 
verse order below itself, we have . 

Ssa±a-^b + c .^ * ^ h . k .1 
S ^ 1 + & + A . . . ; c . h % w 
acting these equations member to dieittber aipd tomittaig the eor- 
responding tetms^ we have ;. . . 

2S==:[a + l)+{h + k) (-(^+c)+0 + 6) + (l-f«) 

but the parts h-^kj h-{-c , . • are equs^ each to a -{- Ij the 
number of these parts moreover is the ^^e, it is evident, 
with the number of the terms in the progression ; designating 
then this number by n, we have 

i^S^n{a + l) 

whence S = — 

By means of this formula We find the stitu of all the tenn% 
when the first term, the last term and the number of the terms 
are given. 

EXAMPLES. 

1. What is the sum of the natural series of numbers 1, 2, 
X 3, 4, &c. up to 1000 ? 

2. The last term in a progression by difference is 60, the 
first term 12, and the ratio 5. What is. the sum of all the 
terms ? 

3. What is the sum of the uneven numbers 1, 3, 5, 7, &c. 
up to 93? 

172. The equations Ltta a + (»—!)<«, ^^ ^.V^ + J. f^^ 

tiish us with the means of resolving the following general 
problem, viz. Any three of the Jive quarititieSy a, d, n, 1 and s, 
fiohich enter into a progression bjf difference^ hdng qiveny to deter- 
mine the remaining two. 

This general problcfm resolves itself into as many particular 
problems as there are combinations of 6 letters taken 2 and 2, 
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•or 3 and 3 at a time. Tiie number will therefore be l(k See 
the enunciatioDft below. 

Let there be given 1^. a, (2, n to find / and s 

2^. a, J, I . . . nand s 

^ 3^. dy dy 8 '• » » n and / 

4^, Gy fij I . , , d and 9 

5^ a, n, 5 . . . d and / 

6^, Oj ly 8 ... d and n 

T. dj n, I . . » a and 8 

-8^ d, rij 8 . . , a and I 

9^. d, /, r . . . a and n 

10^ ff, /, 9 ... a and d 

173. Let it now be proposed to find the number of terms in 
the progression by difference, the sum of which is 145, the 
first term 1, and the ratio 3. 

This example is a particular case of the third general prob- 
lem ; to^ prepare a formula for its solution, we eliminate L 

from the equations 

n(a + l) 

by which we obtain for the equation for n 



n- 



{d — '2a) 



n 



28 

1 



resolving this equation we have 



n = 



€i — 2 a ± ^{d — 2ay + ^dB 



2d 



from which we obtain 10 for the number of terms sought. 
This being done we readily obtain by means of the formula for 
L the last term required. 

Let the' learner prepare the formulas and solve the following 
particular cases. 

1. To find the first and last terms in a progression by differ- 
ence, the sum of which is 567, the number of terms 21 and 
the ratio 2. 

2. The sum of a progression by difference is 1455, Uie fifst 
term 5, and the number of terms 30. What is the last term 
and the ratio ? 
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3. The first teim in atprogreMion bj differenee is 5^ the Itst 
term 185, and the ratio 6, to find the number of terms, and 
the «um of all the teraos* 

4. The first term of a progression by difference is 3, the 

last term 41, and the sum of all the terms 440, what is the 

number of terms and the ratio ? 

I — a 
174. The formula. L =fl4- (» — 1)^ gives d = - , this 

expression for d enables us to resolve the following problem, 

viz. to insfH btitoem two quantities, b rmd c, m arithmetical meanSj 

that is to say, quantities, which comprised between b and c, 

will form with them a progression by difference. 

To resolve this problem, it will be sufficient to determine 

the ratio of the progression required. For this we have given 

the first term 6, the last term c, and the number of terms m -j- 2. 

Substituting therefore c, 6, and m 4~ 2 for /, a, and n in the 

/ — a 
above expression for d, viz. d = — — , the ratio required will 

c-^b c — b 

be — -r-r -•= — TIT* ^^** ^^y *^ ^^^ *^® TdXio sought, we 

divide the difference of the two numbers, b and c by the number pf 

terms to be inserted plus 1. 

Let it be required, for example, to insert 11 arithmetical 

means between 17 and 77. 

77—17 
Here d == r^ — = 5 

The progression required will therefore be 

-T- 17. 22. 27. 32 72. 77 

Let it be required as a second example to insert 9 arithmet- 
ical means between each antecedent and consequent of the 
progression -7- 2. 5. 11. 14 ... . 

It will readily be inferred firom what has been done, that, if 
b^ween the terms of a progression by difference, taken two and 
two, we insert the same number of arithmetical means, the terms pf 
Ms progresdon togeiker with the ariihmetical means inserted wiB 
fim» a progremoti by difference* 
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1. A number consisting of 3 digits, which are in arithmetic 
i^al progression, being divided by the sum of its digits g^ives a 
4|U0tieBt 48 ; and if 198 be subtracted from it the digits will 
be inverted. Required the number. 

Let X = the second digit and y the common difference, the 
three digits will then be expressed by i -(■ y* *j * — y« 

Resolving the question we obtain z s= 3, and the number 
required is 432. 

2. Four numbers are in arithmetical progression. The sum 
of their squares is equal to 276, and the sum of the numbers 
themselves is equal to 32. What are the numbers ? 

Let 2 y = the common difference and let x -|- 3 y, x 4- y> 
z — y, X — 3 y be the numbers. 

Resolving the question, we obtain for the numbers sought, 
11,9, 7 and 5. 

3. A traveller sets out for a certain place, and travels 1 mile 
the first day, 2 the second and so on. In 5 days afterwards 
another sets out and travels 12 miles a day. How long and 
how far must he travel to overtake the first ? 

Let X s=T. the number of days ; then x -|> 5 = the number of 

x + 6 
days the first travels, and (x + ^) — n — = ^® distance he 

travels. 

Resolving the question, we obtain x as 3, or 10. 

4. There are three numbers in arithmetical progression, 
whose sum is 21 ^ and the sum of the first and second is to 
tiie sum of the second and third as 3 to 4. Required the 
numbers. Ans. 5, 7, 9, 

5. From two towns which were 168 miles distant, two per- 
sons, A and B, set out to meet each other ; A went 3 miles 
the first day, 5 the next, and so on ; B went 4 nules the first 
day, 6 the next, and so on. In how many days did they meet ? 

Ans. 8. 

6. There are four numbers in arithmetical progression, whose 
Bum ia 28, and their continued product is 586. Required the 
uumbera. i Ans. 1, 5, 9, 13. 
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7. A and B, -165 miles distant from eaeb other, set out with 
a design to meet ; A travels 1 mile the first day, 2 the second, 
^d so on ; B travels 20 miles the first day, 18 the second, 
und so on. How soon will they meet ? 

Ans. They will meet in 10, and also in 33 days. 

8. Th^ sum of the squares of the extremes of four numbers 
in arithmetical progression is 200, and the sum of the squares 
of the means is 136. What are the numbers ? 

Ans. 14, 10, 6, 2, or — 14, — 10,-^6, —2. 

9. The product of five numbers in arithmetical progression 
is 945, and their sum is 25. Required the numbers. 

Ans. 9, 7, 6, 3, I. 

10. A regiment of men was just sufficient to form an equi- 
lateral wedge. It was afterwards doubled, but was still found 
to want 385 men to complete a square containing 5 more men 
in a side, than in a side of the wedge. How many did the 
regiment at first contain ? Ans. 820. 

11. After A, who travelled at the rate of 4 miles an hour, 
had been set out two hours and three quarters, B set out to 
overtake him, and in order thereto went four miles and a half 
the first hour, four, and three quarters the second, &ve the 
third, and so on, gaining a quarter of a mile every hour. In 
how many hours would he overtake A ? Ans. 8> 

PROGRESSION BY QUOTIENT. 

175k A series of quantities such, that if any term be divid- 
ed by the one which precedes it, the quotient is the saioe kk 
whatever part of the serieis the two terms are taken, is eaUed 
a ffeometriccU progression or progression by quotient. 

The eonatant quotient; is called the rolto of the ptogression. 
If the series is increasing^ the ratio will be greater than unity, 
if decreasing, the ratio will be kiss than unity. 

The following series are exaniples of this kind of progres- 
sion, 3 . 6 . 12 . 24 . 48 . 96 

64 • 16< • 4''. 1 :• ' ^ *' iV 

In the first the ratio is' 2, in the second ^. A progression 
by quotient, it Will readily be perceived, is simply a series of 
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«qual ratios by quotient, in whiob eaehierm is at a»e$ anieeed^ 
tnt and consequeitt^ with the exception of the first^ which is onbf 
an antecedent^ and of the last tohich is only a consequent. 

To indicate that the quantities a^ hy c^d , , • form a pro- 
gression by quotient, we write thiem thus 

Tfa:6:c:(2: . . . 

The. progression is enunciated thus, a to 5 as 5 to c as c, &c. 

176. Let us take the general progression 

^a : b : c : d , . . . 

and let the ratio be represented by q ; from the nature of the 
progression, we have, it is evident, 

b =aqy c = bq ^^aq*j d = cq ^s aq^ 
from which it will be readily inferred, that a term of any rank 
whatever is equal to the first term multiplied by the ratio raised to 
a power, thfi exponent of which is one less than the number j which 
marks the place of this term. 

Let L designate any term whatever of the progression, and 
let n represent the number of this term ; from what has been 
said, we have 

This is called the general term of the progression. By 
means of it we may find any term required, when the first 
term and the ratio are given. 

Thus let it be required to find the 8th term of the progres- 
sion 4f 2 : 6 : 18 . . . in this case, we have 

L = 2X3' = 4374. 

In like manner if it be required to find the 12th term of the 
progression 4f 64 : 16 : 4 : 1 : J, . ., we have 

^^ = 64(4] =^ 

177. Resuming the general progrei?sion 

rr a ' b : c : d . , » k : Ij 
we have from the nature of the progression the series of eqna** 

tions, 

b = aq^czz=bq^d=zcq. . . l=s=kq 

adding these equations member to member, we have 

b^c + d+ . . . I = (a + i-f c+ . . . A)g (1) 

18 
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Let SrepMttent the sam t^ ail the termB, we hare 

b + c + d+ .... l = S—a 
a+b+c^ .... k = S—l 

whence hj substitution in equation (1), we have 

ql — a 
and by consequence S = — — r- 

By means of this formula we may obtain the sum of any 
number of the terms of a progression by quotient ; for this pui^ 
pose, toe muiUiplif the last term by the ratio, subtract the first term 
from this product^ and divide the remainder by the ratio diminish' 
ed by unity. 

Let it be required to find the sum of the first 4 terms of the 
progression ^r 2 : 6 : 18 : 54 : 162, we have 

64 X 3 — 2 

178. When the progression is decreasing, that is, when q is 
less thaA 1, it will be more convenient to put the above ex- 

a — Iq 
pression for S under the form S = ; since in this case 

the two terms of -the fraction will be positive. 

Let it be required to find the sum of the 12 first terms of 

the progression tt 64 : 16 : 4 : 1 : j- . . . . gg^. 



4 

178. If in the formulas for S we substitute for / its value, 
viz* isssag**^!, we have 

aqn — a a—aq ^ 

^ — 1 ' l — q 

formulas, by means of which we obtain the sum of any num- 
ber of terms of a progression, when the number of terms, the 
first term and ratio are given. 

Thus to find the sum of the first 8 terms of the progression 
4f 2 : 6 : 18 : 64 • . . • we have 

S=-— P=-3^^- = 6660 



Ift the same mwiiieY, we have for the siun of ,ll^ 12 finit 
terms of the progression 4f 64 : 16 : 4 . . . 



IS 



a — aq n 64-64.(i) ^^ ^ ^^^ 

^— 1_^"— £ —°^."^ 1966061 

4 



EXAMPLES. 

1. The first term of a progression by quotient is 4, the rar 
tio 3, and the last term 78372. What is the sum of all the 
terms ? 

2. The first term of a progression by quotient is S, the last 

term 2048 ? *^^ *^® ^*^® 2 ' ^^** ^^ *^® ^""^ ^^ *^® progres- 
sion ? 

3. The first term of a progression by quotient is 8, the ra- 

7 
tio g, and the number of terms 10. Required the sum of the 

progression. 

4. The first term of a progression by quotient is g-, the ratia 

2 

3^ and the number of terms 9. What is the sum of the pro- 
gression ? 

INFINITE PROGRESSIONS BY (QUOTIENT. 

179. Let there be the decreasing progression 

r^ a \ h \ c : d ^ . . 

consisting of an infinite number of terms. The formula for 

d — — d o" ■ 
the sum of any number of terms, viz. 5^ = — — may be 

put under the form 

a a 

}—/l 1 — 9^ 

But since the progression is decreasing ^ js a fraction ; 9" is 

also a fraction ; hence as the number n becomes greater, or 

a 
as we take rfaore terms, the expression -7 — — . ^« becomes 

smtil^, and the i^lucf of fif approaches nearer to - , ^ ' . If 



n 
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then vte impose 91 greater than aAytosignaMe quantity or tw- 

finite^ - q^ will be less than any assignable quantity or 0, 

a . , 
and - — will in this case represent the true value of the 

series. 

We conclude therefore that the sum of the terms of a de- 
creasing progression, in which the number of terms is infinite, 

a 
has for its expression S= - , q being the ratio of the pro- 
gression and a the first term. 

a 
180. Strictly speaking the quantity is the limit which 

the sum of a decreasing progression can never surpass, but to 
which it continually approximates as we take more terms. 
Let there be, for example, the progression 

we have a =5 1, 9 = ^, whence 

'Here the greater the value of n or the more terms we take^ 

the less is the fraction g„_^ , and the nearer the sum of the 
series approaches to 2. If the number of terms be considered 

infinite, the fraction g^rir, will be less than any assignable 

quantity or zero, and the* sum of the series will be equal to 2. 

Strictly speaking, however, 2 is the limit, which the sum 
of the proposed series can never surpass, but to which it coi^- 
stantly approximates as we take more terms. 

Thus let the number of terms be 1, 2, 3, 4 . . . . succes- 
sively, we have 

I =2 — 1 

1+i + i =2-i 

^+i + i + i =2— i 

l + i + i + * + TV = 2-TV 
Here the more terms we tiike, ^e n^^er t;be sum of, the 



p«ogre$$io]i. will affr^picb. t».e, from whiahiiiin^iie ma4t 
to differ by a quantity as small as we .please, thoni^ ^tsittlf 
speaking, it can Aever becoppie equal to 2. 

181. When the series is increasing, that is, when q is great* 

a 
er than unity, the expression S = -r— - — cannot be consider- 
ed as the limit, which the sum of the series can never sur- 
pass. For the sum of a determinate number n of terms being 

S = -z r- — —, it is evident, that rj will increase 

1 — q 1 — q^ ' 1 — q 

more and more numerically in proportion as n increases ; by 

consequence the more terms we take, the more will the sum of 

the terms differ numerically from . In this case -z 

^ 1—9 1—9 

is merely the algebraic expression, which by its development 

g^ves rise to the series 

a-^aq-^aq^-j-aq^ -{-.,,. 

Indeed if we perform upon a the division indicated, we have 

a 
-r-^- =:a + aq + aq^ + aq^+ . . . . 

182. In the above expression let a = 1, 9 s 2, we have 

Y^ or — 1 = 14.2 + 4 + 8 + 16+ .. . 

an equation, in which the first member is negative, while the 

second is positive, and greater in proportion as 9 is greater. 

In order to interpret this result we observe, that if in the 

a 
equation -j— — = a + o9 + a9'. . . . we stop the seiries at 

any particular term, it is necessary, in order to preserve the 
equality of the two members, to complete the quotient by aa-^ 
nexing to it the fraction which remains. If, for example, we 
stop the series at the fourth term a 9', we shall have by com* 
pleting the quotient 

y— ^ = a + a9 + a9* + 09» + YII- 
l8♦ 
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an equBlioD wlkioh is exact* Indeed if in this ectuatkm, we 
Slake atssl, 9 = 8, we have 

— 1 = 1+2 + 4 + 8 + Jf 
from which we obtain — 1 == — 1. 

EXAMPLES. 

1. What is the sum of the infinite progression 

2. What is the sum of the progression 2 : f : f : 

continued to infinity ? 

3. The first term of a geometrical progression is a, and the 

ratio . What is the sum of this progression continued to 

infinity ? 

4. What vulgar fraction is equivalent ta the repeating deci- 
mal 3 ? 

Thi» decimal may be put under the form 

5. What vulgar fraction is equal to the repeating decimal 

» • * * 

26 ; what to the decimal 375 ? 

Iq — a 

183. The equations Z = a 5"- *, iS= — ■ contain all the 

relations of the five quantities a, /, 9, n, and S ; we have then 
the general problem, any three of the Jwe quamiiies a, 1, q, n 
and 8 being given to find the remaining two. This general pro- 
blem gives rise to ten particular problems, the enunciations of 
which will not differ from those relative to progressions by dif- 
ference, art. 172, with the exception, that the ratio is here ex- 
pressed by the letter q instead of d. 

184. From the formula / = a 9 « -*, we obtain 

n — X 

This expression for q enables us to resolve the following 
problem, viz. to insert between two given numbers b and c m mean 
proportionals^ that is to say, a number m of quantitieSj whidi 
comprised between h and c wiU form them a progression by qwh- 
Ment, 
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To resolve this phiblem it will -be suffieient to determine 
the ratio of the progression required ; for this we have given 
the first term bj the last term c and the number of termsm-f- 2^ 

Substituting therefore 6, c and m + 2 for a, / and n in tlie 
above expression for f, we have for the ratio of the ireipiited 
progression. 

whence to find the ratio sought, toe divide the given numbers b 
and c, one by the other j and extract the root of the ^luotient to the 
degree marked by the number of terms to be inserted plus one. 

Let it be required to insert six mean proportionals between 
the numbers 3 and 384. Here w = 6, we have therefore 



7 



The progression required is therefore 

-r 3 : 6 : 12 : 24 : 48 : 96 : 192 : 384 

From what has been done, it will be easy to see^ that if .be- 
tween the terms of a progression by quotient taken two and two, 
we insert the same number of mean proportionals^ the partial pro- 
gressions thus formed wUl together form a progression by quotient. 

185. Of the ten particular problems, which may be propos- 
ed upon progressions by quotient, four only can be resolved by 
principles thus far laid down. Below we have the enuncia- 
tion of these problems with their answers. 

1^ a, 9, n being given to find I and S 

a(nn — 1\ 

l=aqn'\ S=^-^ ^r- 

^ ' q — 1 

2^. a^ n^ I being given to find q and S 

n — 1 n-i ri-i 

hjl— s/ a 
3^. 9, n, / being given to find a and S 

— ,» A = 



9, n, S being given to find a and / 

£(£--1) 5^-.(,-i) 
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Of the remainklg probiem^- twp, ?is. those fm which a and 
qj I and 9 are the unknoiivA.qaiuititiefi^ depend upon the reso- 
lution of equations of a degree superior to the seeond. The 
odier four depend upon the resolution of an equation of a 
nature altogether different from any which we have yet seen, 
yiz. upon an equation of the form a^=by in which the expo- 
nent is the unknown quantity. 

QUESTIONS PRODUCING PROGRESSIONS BY Q^UpTIENT. 

1. There are three numbers in geometrical progression, the 
greatest of which exceeds the least by 15. Also the differ- 
ence of the squares of the greatest and least is to the sum of 
the squares of all the three numbers as 5 to 7. Required the 
numbers. 

Let X, OP y, X y* be the numbers; then by the question, we 
have xy* — x = 15 

and 7 (x*y* — x*) = 6 (x» / + x* y* + x') 

or by division 7 (y* — 1) =6 (y*'-\^y^ + 1) 

or performing the operations indicated transposing and reducing 

whence resolving this last, we have 

y* = 4, andy = 2 

Substituting next for y its value in the first equation, we ob- 
tain X = 5. The numbers required are therefore 5, 10 and 20. 

2. The sum of three numbers in geometrical progression is 
13, and the product of the mean, and the sum of the extremes 
is 30. Required the numbers. 

X 

Let the numbers be -, x and x y ; then by the question, we 
have 

X 

--f x + xy = 13 

and f--|-xyjx = 30 

By transposition in the first equation, we have 

X 

-4-xysssl3 — X 
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whence by substitution in the second, we obtain 

(13x — x) x = 30 
whence x* — 13 x = — 30 

from which we deduce 

x=10, x = 3 
Substituting the value x = 3 in the first equation, we ob- 
tain y = 3, or 3, and the numbers sought are 1, 3, 9. 

3. The diflference between the first and second of four num- 
bers in geometrical progression is 36, and the difference be- 
tween the third and fourth is 4. What are the numbers ? 

Ans. 54, 18, 6, and 2. 

4. A gentleman divided i£2 10 among three servants in ge- 
ometrical progression ; the first had iS90 more than the last. 
How much had each ? . . 

5. There are three numbers in geometrical progression, the 
sum of the first and second of which is 9, and the sum of the 
first and third is 15. Required the numbers. 

6. The sum of three numbers in geometrical progression is 
35, and the mean term is to the difference of the extremes as 
2 to 3. Required the numbers. Ans. 5, 10, 20. 

7. The sum of i£l4 was divided between three persons, 
whose shares were in geometrical progression ; the sum of the 
shares of the first and second was to the sum of the shares of 
the second and third as 1 to 2. Required the shares. 

Ans. 2, 4, 8. 

Section XXII. — Theory of Continued Fractions. * 

186. In order to form a more exact idea of a fraction, the 
terms of which are large numbers and prime to each other, 
we seek approximate values of this fraction, which are ex* 
pressed in more simple numbers. 

Let there be, for example, the fraction ^, Dividing both 

teims of this fraction by the numerator, an operation whkt^ 

will not change its value, it becomes -jg 

^ 159 
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If then we neglect, for the moment, the fraction -^ in this 

expression, the result 3 will be greater than the proposed, since 
the denominator has been diminished. 

On the other hand, if instead of neglecting the fraction j^y 

we substitute 1 for it, the result ^ will be less than the pro* 

posed, sii^ce the denominator has been increased. 

159 

493 



159 

We conclude therefore that the fraction 750 is comprised be- 



11 
tween ^ and j> we-ate thus enabled to form a very exact idea 

of its value. 

If a greater degree of approximation be required, we have 

only to operate upon ^ in the same manner as we have al- 
ready done upon ^^y we have thus 

16 1 



169 15 

9 4 

^16 

and the proposed fraction becomes 

r 

.... 3 -|- <— — — 



. 15 

9-^ 

^16 

If we neglect j^y g is greater than jkqj it follows therefore 

1. 1 . , ^ l'^9 , 1 , 1 9 

that IS less than tti^t-j but r becomes j;^ or -^ ; 

1 9 

thus the proposed is comprised between „ and gg. The dif- 
ference between these two fractions is gj ; the error therefore 

1 9 
committed in taking 3 or gg ^^^ *^^ value of the proposed frac- 
tion is less than gj* 
To attain a still greater degree of approximation, we ope- 
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, • 15 

rate in the same manner upon jg ; thus we have 

16 1 

^ + 15 
and the proposed fraction becomes 

1 

i 

3 + ~ 



1 

9+- 



1+15 

1 1 15 

Neglecting jg, the fraction j- or 1 is greater than jg; hence 

r or — is less than t^ ; therefore : 

10 159 

or 3j is greater than 193 ; thus the proposed is comprised be- 

9 10 

tween ^ and ^j. The difference between these two fractions 

isggg the error committed therefore in taking either ^ or ^ 

for the^alue of the proposed is less than ggg. 

The expression is called a continued frac- 

9+ — - 

' + 15 
tion. We understand therefore by a continued fraction a frac- 
tion which has unity for its numerator^ and for its denominator an 
entire number plus afraction^ which fraction has also unity for its 
ntanerator and for its denominator an entire number plus a frac- 
Honj and thus in order. 

It sometimes happens, that the- proposed fractional number 
is greater than unity ; to generalize therefore the above defi* 
nition, we say, that a continued fraction is an expression com^ 
posed of an entire number plus a fraction^ which has unity for its 
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numerator J and for its detiominator an entire number plus a Jrac^ 

Hanj 8fc. 

159 

187. If we examine the above ppocess for converting |qa- into 

a continued fraction, it will be perceived, that we have divided 
first 493 by 159, which gives three for a quotient and a re- 
mainder 16; we then divide 159 by ]6, which gives 9 for a 
quotient and a remainder 15 ; we next divide 16 by 15, which 
gives 1 for a quotient and a remainder 1 ; from which we read- 
ily infer the following rule for converting a fraction or fraction- 
al number into a continued fraction, viz. 

Apply to the two terms of the fraction the process of finding 
their greatest common divisor ; pursue the operation uritU a rer 
mainder is obtained equal to ; the successive quotients^ thus olh- 
tained wiU be the denominators of the fractions, which constitute 
the continued fraction. 

If the proposed be greater than unity the first quotient will 
be the entire part, which enters into the expression of the 

continued fraction. 

73 829- 
Examples. Let the fractions jj,^, g^^ be converted into 

continued fractions. 

188. From what has been said a continued fraction may be 
represented generally by the expression 

1 

o + Y 

b + — 



c -f- 



c?-|- . . . 

a, bj Cj d , . . being entire and positive numbers. The frac- 
tional number, to which this expression is equivalent, may 
moreover be represented by «. 

Ill 
The fractions t? -j i • • •> the assemblage of which con- 

b c d ^ 

stitutes the continued fraction, are called integrant fractions^ 

The denominators 6, c, d .... are called incomplete quotieatSj 

since 6, for example is only the entire part of the number 

expressed by J -| r and c only the entire part of 



I 
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tie number expressed hjc + j-^ and thus in order. Con- 
versely the expressions b -i r c_i. l ^^ 

called complete quotients. 

The Results obtained by converting successively into a sin- 
gle fractional number each of the expressions 

1 . 1 

are called reductions, 

188. The formation of these reductions is subject to a very 
simple law, which we shall now develop. 

The first is a, which may be put under the form -, the sec- 

, , 1 ^ 

ond IS a 4- J, or reducing the whole expression to a fraction, 

ub + l - . ^ 

— -^ — . To form the third, represented by 

, 1 

b+b 

' c 
It will be sufficient to substitute 6 +i for* in the second; 

making this substitution, we have 

, a (b + -) + I 

To form the fourth reduction, it Will be sufficient to substi- 
tute c + ^ for c in the third ; thus we have 

^_^l_ («^ + I)(c + ^) + a ^ 

19 {bc + l)d+b 



830 ^LEMG?VT8 OF Al^GCftHA. 

The first four reductions therefore will be 
a ab + l (ab+l)c + a [(a6 + 1) c + a] dl+ai+l 



Without proceeding further, it will be perceived, that the 
numerator of the third reduction is formed by multiplying the 
numerator of the second by the third incomplete quotient c, 
and adding to this, product the numerator of the first reduc- 
tion. With respect to the denominator, it is formed in the 
same manner by means of the denominators of the second and 
first reductions. 

In like manner, the numerator and denominator of the fourth 
reduction is formed, it will be perceived, by multiplying re- 
spectively the two terms of the third reduction by the fourth 
incomplete quotient d and adding to the two products respec- 
tively the two terms of the second reduction. 

From what has been done it will be readily inferred, that 
the above law of formation for the third and iourth reductions 
should be extended to those which follow. To demonstrate 
this law, however, in a rigorous manner, we shall show that 
if it be true in regard to any three successive reductions what- 
ever, it will be true for the reduction, which follows ; thus 
this law being already found true for the first three reductions 
will be true for the fourth, and being true for the second, third 
and fourth, it will be true for the fifth, and thus in order \^ it 
will therefore be general. 

P Q R 
Let "5;, Qyjv be any three successive reductions whatever; 

let r be the incomplete quotient, at which we stop in order to 

R 
form the reduction -^, and let it be supposed, that we have 

R Qr + P 

R—Qr + P' 

1 . /» 

Let - be the integrant fraction, which follows r, and let -a, 

be the corresponding reduction. In order to form this reduc- 

R * 1 
tion, it is sufficient to substitute in the expression for-g^r-j — 
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instead of r ; making this substitution, we have 

/ 1\ 
5 _ ^r+V+^ {Qr + P)a+Q Rs+Q ' 

We see therefore that la, is formed from the two preceding 

reductions according to the law enunciated above. This law 
is therefore general ; whence To form the numerator of any re- 
dnction whatever j we mtdliply the numeraior of the preceding re- 
dactitm by the incomplete quotient^ which corresponds to itj and 
add to the product the numerator of the reductiony which preceda 
by two ranks the one which we loish to form ; the denominator is 
formed by the same law by means of the two preceding denomina- 
tors, 
189. When the number reduced to a continued fraction is 

less than unity, we substitute j instead of a in order to appljf 

the law, which supposes necessarily, that we have already the 
first two reductions. 

Let it be proposed to find the successive reductions of the 
continued fraction 

65 1 

^ + -—1 

3+ J 

2 + -— f 

2+-— 

^ + 2 
^ . 1 
The first two reductipns bemg f » g*' ^^ h^^e for those which 

follow 

3 7 17 24 65 
' T 16' 39' 55* 149 

Ih' like manner we have for the several reductions df the 

829 
CQQ^ipued fraction arising from ^j, 

2 5 7 12, 43 829 
i' 2* 3' 5^ 18' 347 
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29 

So also the fraction ^ being converted into a continnect frac- 
tion gives the following rei^uctions, viz. ' 

6 1 1 2 3 29 
r2*3'g' 8' 77 

190. The successive reductions, it will be perceived, are al- 
t;emately leas and greater thaii the whole continued fraction, 
and they approximate this fraction nearer and nearer. 

The first reduction is always less than the whole continued 
fraction x. The reductions of an even rank are therefore greater 
than the whole continued fraction, and those of un odd rank are 
less. And since these reductions approach nearer and nearer 
the value of x, the reductions of an odd rank must go on in- 
creasing, while those of an even rank decrease. Thus the 
reductions form two series^ the terms of which approach near- 
er and nearer the value of the whole continued fraction. 

191. The difference between any two consecutive rfedoc- 
tjbns whatever has unity for its numerator. . The numerator of 

' tjie first difference is + 1, that of the second — 1. that of the 
third 4~ I9 B.nd thus in order. In general, thenvmtraior of anj^ 
differeivkos wiuUever tdU (e -{- 1, if the second of the reductions 
under consideration is of an even rank^ but -^ I if it be of an 
odd rank. 

From this property, it follows, that the two terms of any 

reduction whatever «> are prime ,to each other. 

Indeed let it be supjpoBed, that R and R have a common 
factor h ; by the preceding property, we have 

RQ' — QR' = d:l 

whence dividing both terms by A, we have 

. . RQ^^Qy 1 

h h h 

but the first member of this equation is an entire number 
since by hypothesis R and R' are divisible by A, while the 
seeoiid i« iessentially a fraction ; R and R^ OAimQt th^efore 
have a common factor. 

From this it follows, that if a fraction, the terms of which 
are not prime to each other^ b^ converted into a continued 
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frUTti<itf, and itt'tbe redkctioiis be formed tatlielaailiiixahiiriva^ 
iit«'Nst< reidfiictiofi wii) not be the pfoposed fraction, but thit 

fraction reduced to its lowest teitns. • ^ : . << 

348 , 
Let there be, for example, the fraqtiwi ^ ; converting thif 

into a continued fraction, we najve 

3ia r 1 

I = 0-1 

. 904 ^ 1 

2 + - 



t ; 



1 



1 

1+- 



the reductions of which are j-» g, ^i 5, g-j ff- The last re- 

29 
daction ^ is the proposed reduced to its lowest terms. 

192. Since the value of the whole continued fraction x is 
always comprised between any two eonsecutive reduetioBs 

Q, R . Q . 

^, ^ it follows, that the error committed in taking ^j for x is 

Q R 
less thau^Q, — ^, I but from what has been said we have 

Q_R 1^ 

Q' R'~Q'R< 
and since Q' < R', gives Q' < Q' R', we have 

Q'R'^Q'* 

The error therefore committed in taking any reduction' 
whatever for the value of the whole contined fraction is less 
than unity divided hy the denominator of this reduction multiplied 
by the denominator of the reduction which foUowSy or less exact- 
ly but in terms more simple, less than unity divided by the 
square of the denominator of the reductionj which is taken for the 
whole contiiimd f ration, 

193. The ratio of the circumference to the diameter of a 

11. , , ^ ^ . 314159 , 

Circle bemg expressed by the fraction foQOQo"* the terms of 

which are prime to each other, let it be proposed to find a. 

19 * 
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frttdtiony ilie lei^9 of wbidb 'will be store simply and 

will express the same ratio nterijr. Gomverting the proposed 

into a continued fraction, we have 



100000 » 1 

7 + -^ 



•*^*>*-m^ 



15+^ 

1+— 1 
26 + J 

1+ i 

whiclji gives for the successive, reductions 

3 ^ 333 355 9208 9563 76149 314159 
i' 7> 106' 113' 2931' 3044' 24239' lOOOOO" 

The error committed in taking the second of these redoc- 

1 22 . 
tioiis for the proposed fraction will not exceed ^ ; -^ is there* 

fore frequently employed to express the ratio of the circum* 
ference of a circle to its diameter. This is the ratio given by 
Archimedes. 

If a greater degree of approximation is required^ we take 
the fourth reduction, which it is easy to see, is but little more 
complicated than the third. The error committed in taking^ 

1 355 

this reduction for the proposed will not exceed f io v oq qi > TT5 

will therefore approximate the proposed very nearly. This is 
the ratio given by AdriUn Metim. 

We thus see the use, which may be made of continued frac- 
tions in estimating approximatively the value of fractions the 
terms of which are large numbers and prime to each other. 

EXAMPLES. 

1. A's property is to that of B's as 5743 to 80937. By 
what smaller numbers may the ratio of their property be ex- 
pressed ? 

2. The lunar month, or the time in which the moon com- 
pletes its revolution, is found by calculation to be 27.321661 
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days. Thus in 27321661 daysit would perfonn 1000000 revolu- 
tions. How may this relation be expressed in smaller numbers ? 
3. The siderial revolution ^f Mercury' is ^7.969256, and 
that of Venus 224.700817 days. How. can these periods be 
expressed by smaller numbers ? 

Section. XXIU. 
^ exfomential equa'tlons and logarithms. 



194. An equation of the fomti a*:a=5, in trhich the exponent 
X is the unknown quantity is called an exponential equation. 
The solution of this equation consists in finding the power^ to 
which it is necessary to raise a given quantity a in order t6 
produce another given quantity b. 

Let there be, for example, the equation 2' ==64; raising 2 
to its different powers, we find soon that 2* == 64 ; x = 6 an- 
swers therefore the conditions of the, equation. 

Again, let th^re be the equation 3^= 243 ; r^aising 3 to its 
different powers we find 3* = 243 ; whence x = 5. In a 
word, so long as the second member 6 is a perfect power of 
the given number a, x will be an .entire number, and its value 
may be found by raising a successively to its different powers, 
beginning with that, the exponent of which is 0. 

Let it be proposed next to resolve the equation 2*= 6. 
Putting successively-j? = 2, x = 3, we have 2' = 4, 2'^=8; 
the value of x is therefore comprised between the numbers 2 

and 3. 

1 
Let us put therefore « = 2+ ^, x' being greater than 1; 

substituting this value in the proposed, we have 

2* i== 6 or 2' X 2^ = 6, whence 2^'= ± 
or raising both members to the power x', we have 

2 

To determine the value of x', we make successively a/ = 1, 
«' = 2; thus we have f^j org less than 2, but f^j or j 
greater than 2 ; x' is therefore comprised between 1 and 2. 



(ir- 
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' ; ■ . . • ' • ' f !i .,■'•'•■'..••-• ' ' • • • ' • 

Let us put then x'==l -j-,xm^ x" being .greater .tha^ 1^ 
Substttiiting thiit valuer wd4i8(ve'<'i^''- ■ > 

whence . L^ \ /r=r -g • i - 

To detenojoe . the value ^qf ,jc''. we iwJpe, wocMssively 

(4\» 4 3 /4\* 

J y or j le6Sitiitp.^j|/tiut Tj ) 

3' ' i • ' 'If.' ' ' ' 

. : ■ , . . .i I I I ' '. 

or ^greater than ^j *" ia.tiierefore conaprwe^ b^tweep, 1 and 

2. 

Let us put then x" = 1 + ^,, *"' being greater than unity ; wt 

have by substitution 

Making successively x"' = 1, 2, 3, we find ^gj = ^5 * '^""" 

her less than 1 but (|y = ^ & number greater than i; thus 
x'*' is comprised between 2 and 3. 

Let x'" = 2 + ^,, the equation in *"' becomes 

Operating upon this last equation as upon the preceding, we 
find two entire numbers k and k -j- 1, between which x"" will 

1 " 

be comprised. Putting «"" = A: + — we determine x^ , in 

the same manner as we have already done x"", and thus in 

order. 

Bringing together the equations 

1 1 „ 1 „/ L- 
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we obtain the value of x under the form of a continued frac- 
tion, thus 

1 + 



■+W 



2 + 1 



a"" 



But we havie seen that in a continued fraction the greater 
tie number of integrant fractions, which are taken, the nearer 
we appioach the value of the number reduced to a continued 
fraction ; we shall therefore be able to determine the value of 
X in the equation 2^ = 6, it not exactly, at least with such 
degree -of approximation as we please. 

Forming the first four reductions, for example, we have 

D D 2 ' "5" > ^^^ *^^ reduction -^ differs from x by a quantity 

less than ^. 

To attain a greater degree of approximation, we determine 

- j =g-; we thus find 

■ 1 ■•.'. 
J.//// _- 2 + -^. We shall have then for the fifth reduction 

31 . _ 1 

jg-. This differs from x by a quantity less than j^j. 

195. From the preceding examples the course to be pursued 
in the solution of equations of the form cF=.6 will be readily 
inferred. In the application of this method to particular cases 
it is necessary to remark, 1°. If the .qi^antity 6 be less than a,^ 
the value of x will Jbe comprised between and 1 ; we put 

therefore x = -t. 2*1 If 6 is a fraction and a greater than 
unity, the value of x will be negative, we put therefore x=— y j 
the equation is then reduced to the form a^s=^; having found 

the value of y in this equation according to the method ei- 
plained above, the value of x will be equal to that of y taken 
negativehf. ' 
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EXAMPLES*: -^ 

l^ Given 3*^:=: 15 to find the value, of x. Ans. x = 2.4<l 

2^ . 10' = 3 . . . • Ans. x = 0.47 

2 
3®. . 6 X = ;j to find the valu^ of x. Ans. x == — 0.25 

4®. . ^lV=|. ... . . Ans. x= 0.53 

In the ahove examples the reductions furnished hy the meth- 
od are converted into decimal fractions, and the value of xis 
determined to within .01. 

■ 

THEORY OF LOGARITHMS. 

196. If in the equation €t^===yj we assign a constant value 
different from unity to a, and auppose that of x to vary, as may 
be required, we may obtain successively for y all possible num- 
bers. 

Let us suppose first a greater than 1. 

If we make successively x = 0, 1, 2, 3, 4, . . . . 

we have y = 1 j ®? fl^ ^S <**,.... 

Thus by means of the powers of o, the exponents of which 
are positive entire or fractional, we may produce all possible 
positive numbers greater than 1. 

Again, let x = 0, .--.' 1^ — ^ 2, — 3, -r-4 . . . - 
u 1 1111 

* 

1* hus by means of the powers of a, the exponents of which 
are negative enlire or fractional, we may produce all possible 
positive numbers less than I. 

If od the other hand we suppose a less than unity, still all 
ppssible positive numbers may he produced by means of the 
different powers of a, only the order in which they are pro- 
duced will be reversed. 

' We see therefore, ihatall possihlk poiitwe numbers imy be priH 
duced, by mean9 of fmy positive numbjsr whc^tever % different from 
u^tjfyiby raising this number to the requisite jpoipers. . , 

It is necessary, that a should be different from unity, ot^ier- 
wise the same number will be produced, whatever value we 
assign to x. 
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197. Let it now be supposed that We hane made a table con*- 
taiitiiig in one column all entire numbers, < aod by the side of 
these in another column the exponents of the powers, to which 
it is necessary to raise a constant number in order to produce 
these numbers ; this would be ajable of hgarithms. 

The logarithm of a number is therefore, the exponent of the 
potverj to which it is necessary to raise a given or invaruibk may- 
berj in order to produce the proposed number. 

Thus in the equation a^ = ^, x is the logarithm of ^; in like 
manner in the equation 2^ = 64, 6 is the logarithm of 64. The 
logarithm of a number is indicated by writing before it the 
first three letters of the word logarithm, or more simply by 
placing before it the letter L. 

The invariable number, from which the others are formed 
is called the base of the table. It may be taken at pleasure 
either greater or less than unity, but should remain the same 
for the formation of all numbers, that belong to the same 
table. 

Since a^ = 1, and a^:=aj whatever number may be assQm- 
ed for the base of the table, the logarithm of the base will be 
unitifj and the logarithm of unity unll be 0. , 

198. We proceed to show the properties of logarithms in 
relation to numerical calculations. 

1. Let there be the series of numbers y^ y', y", » . . to be 
multiplied together. Let a represent the base of a system 
of logarithms, w^hich we suppose already calculated, and let 
«, x\ x" . . be the logarithms of y, y" y'' . . . ; by the defini- 
tion of a logarithm we have 

y = a^y' = a^y"=/i*" 
^multiplying these equations member by member, we have 

yy/y"=^a^^^^^" 
whence log y y' y" = a? -f- ar' + %'' == log y -f- log y' -f- iog y". 

That is, th^ logarithm of a product is equal to the mm of the 
logarithms of the factors of this product* 

Ji then a multiplication be proposed, we take from a table 
of logarithms ^he logarithms, of the numbers to be multiplied $ 
the sum of these logaritl^ms ;sviU.,be the logarithm of the ]»po» 
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dnct sought. Seeking therefore thte logarithm in the table, 
the number cort esponding to it will be • the product sooght* 
Thus by means of a table of logarithais addition may be made 
io take the place of multipUcation. 

2. Let it b^ required to divide the number y by the num* 
her y' ; let x, ar' be the logarithms of these numbiers, we have 
the equations. 

dividing these equations member by member, we have 

u a^ / 

whence log -, = x — x' = log y — log y' 

That is, the logarithm of a quotient w equal to the difference 
between the logarithm of the divisor and that of the dividend. 

If then it be proposed to divide one number by another, 
from the logarithm of the dividend we subtract the logarithm 
of the divisor, the result will be the logarithm of the quo- 
tient ; seeking therefore this logarithm in the tables the num- 
ber corresponding will be the quotient sought. Thus by 
means of a table of logarithms subtraction may be made to take 
the place of division. 

3. Let it next be required to raise the number y to the pow- 
er denoted by »i, we have the equation 

a^ = y 
roisiog both members to the injth power, we have 

whence the logarithm of y *i= w x = m log y. 

That is, the logarithm of any power of a number is equal to 
the product of the logarithm of this number by the exponent of the 
power. 

To form any power whatever of a number^ by means of a 
table of logarithms, we multiply therefore ^ the logarithm of 
the proposed number by the exponent of the pdWer, to which 
it is to be raised ; the number in the table corresponding to 
tliis product, will be the power sought.* 
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4. Again, let it be required to find the nth root of y. We 
have as before ap>zs y 

whence taking the nth root of both members, we have . 

whence log v** =* ^ = ~^-^ 

That is, the logarithm of the root of any degree whatever of a 
number is equal to the hgarilhm of this number divided by the iu" 
dex of the root. 

Thus by the aid of a table of logarithms a number may be 
raised to a power by a simple multipUcationy and its root may be 
extracted by a simple division, 

FORMATION OF TABLES. 

199. The properties of Jogarithms demonstrated above are 
altogether independent of the number a or their base. We 
may therefore form an infinite variety of tables of logarithms 
by putting for a all possible numbers except unity. 

If it be required to construct a tabl^ of logarithms the base 
of which is 2, in the equation 2^ = y, we make y equal suc- 
cessively to the numbers 1, 2, 3 . . . ., and determine by the 
methods explained, art. 195, the values of z corresponding. 
We thus obtain the values of x exactly, if y be a perfect pow- 
er of 2, or otherwise with such degree of approximation as we 
please. 

To calculate the logarithm of 3, for example, we have the 
equation 2* = 3, from which we deduce 

a; = 1 H Y 

1+- 



1 
1+- 



Whence stopping at the fourth integrant fraction, and forming 

19 
the reduction corresponding, we have a; s= jg-, or reducing this 

last to a decimal we have x s= 1.583 accurate to the third deci- 
mal figure. 

20 



343 
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300. In tbe calculation of a table of logarithms, it will be 
sufficient to calculate directly the logarithms of the prime num- 
bers ly 2, 3, 5 • • ., the logarithms of compound numbers may 
then be obtained by adding the logarithms of the prime fac- 
tors, which enter into them. To find the logarithm of 35, for 
example, we have 35 =: 5 X 7 ; whence log 35 =& log 5 + log 7; 
having already calculated the logarithms of 5 and 7, the log- 
arithm of 35 will be found therefore by adding the logarithm 
of 5 to that of 7. 

Since moreover the logarithm of a traction will be equal to 
the logarithm of the numerator minus the logarithm of the de- 
nominator, it will be sufficient to place in the tables the log- 
arithms of entire numbers. 

901. Below we have a table of logarithms of numbers from 
1 to 30 inclusive, the base of the system is 2, and the log- 
arithms are calculated to 4 places of decimals. 



N. 1 Log. 1 N. Log. 1 N. Log, 


1 
2 
3 

4 
5 


0.0000 
1.0000 
1.5849 
2.0000 
2.3219 


11 
12 
13 
14 
15 


3.4594 
3.5849 
3.7000 
3.8073 
3.9065 


21 
22 
23 
24 
25 


4.3922 
4.4594 
4.5235 
4.5849 
4.6438 


6 

7 

8 

9 

10 


2.5849 
2.8073 
3.0000 
3.1699 
3.3219 


16 
17 

18 
19 
20 


4.0000 
4.0874 
4.1699 
4.2479 
4.3219 


26 
27 

28 
29 
30 


4.7000 
4.7548 
4.8073 
4.8577 
4.9065 



302. The most convenient number for a base to a system of 

logarithms, and the one employed in the construction of the 

tables in common use is 10. 

If in the equation 10^ sy we make successively 

X s» 0, 1, 2, 3, 4 . . . 

we have Sf«lj 10, 100, 1000, 10000 . . . 

Again, if we make 

x = 0, —1, —2, —3, —4 . . . 

, _. _L J_ JL 1 

we nave y — h lo > loo' iooo> loooo* • • * 

Therefore in a table of logarithms, the base of which is 10^ 
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1^ the logarithms of numbers greater than unity are positive 
and go on increasing from to infinity. 2^. The logarithms 
of numbers less than unity are negative, and their absolute 
values are so much the greater as the fractions are smaller; 
whence if we take a fraction less than any assignable quantity, 
the logarithm of this fraction will be negative, and its abso- 
lute value will be greater than any assignable quantity. On 
this account we say that the logarithm of is an infinite negor 
twe quantity, 3^. The logarithms of all numbers below 10 are 
fractions ; the logarithms of numbers between 10, and 100 are 
1 and a fraction ; the logarithms of numbers between 100 and 
1000 are 2 and a fraction ; those of numbers between iOOO 
and 10000 are 3 and a fraction ; and in general, the whole 
number which precedes the fraction in the logarithm is less 
by one than the number of figures in the number correspond- 
ing to the logarithm. On this account it is called the index or 
characteristic of the logarithm, since it serves to indicate tibe 
order of units, to which the number corresponding to the log- 
arithm belongs. Thus in the logarithm 3.75527 the charac* 
teristic 3 shows that the number corresponding to this logarithm 
consists of 4 figures or is comprised between 1000 and ]0000« 

203. The logarithm of a number being given, the logarithm 
of a number 10, 100, . . . times greater is found by adding 
1, 2, . . .units to the characteristic only; indeed log 

(yXlO")=logy + loglO» = logy + n; 
whence it will be sufficient to add n units to the logarithm of 
y in order to obtain the logarithm of a number 10" times as 
great, an addition, which may be performed upon the character-^ 

y 
istic only. Conversely, log yg- = log y — log 1 " » log y -— n ; 

thus it is sufficient to subtract n units from the logarithm of y 
in order to find the logarithm of a number 10" times smaller, 
than y. 

204. The fractional parts of logarithms in the tables are ex^ 
pressed by decimals. From what has been said the decimal 
part of the logarithm of a number will be the same for this 
number multiplied or divided by 10, 100, ... On this ae- 
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count the system of logarithms, the base of which is 10, is 
more convenient than any other system, since we have frequent 
occasion to multiply or divide by 10, 100, . . . operations re* 
duced in this case to the simple addition or subtraction of 
units. 

205. Since the characteristic of the logarithm may be easily 
determined by the number, and the number of figures in the 
number by the characteristic of the logarithm, it is usual to 
omit the characteristic in the tables to save the room. It is 
also convenient to omit it ; because the same decimal part with 
different characteristics forms the logarithms of several differ- 
ent numbers. 

206. Having already calculated a system of logarithms, it 
will be easy Irom this to form as many other systems as we 
please. 

Indeed, let N designate any number whatever, log N its 
logarithm in the system the base of which is a, X its logarithm 
in a different system, the base of which is 6, we have 

taking the logarithms of both members of this equation in the 
system, the base of which is a, we have 

X. log* = logN 

„ logN 
whence A = j^ 

. Hfivi^g calculated therefore a set of tables for a particular 
base, .to find the logarithm of a number in a proposed system 
with a different base, we take from the tables already calculated 
the logarithm of the number^ and also the logarithm of the base of 
the proposed system^ the former of these logarithms^ divided by 
the lattery will give the logarithm of the number in the proposed 

system. 

The logarithm of 6, for example, in the system, the base of 
which is 10, is .77815 and that of 3 is .47712, the logarithm 
gf 6 therefore in the system the base of which is 3, will be 

•77815 , ^«^^« 
^457j5 « K63093 
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207. The expression X == y— j- may be put under the form 

X 3= log N. j^^ , Thus having already formed a table of 

logarithms, the base of which is a, to construct from this a 
new table, the base of which shall be 6, we multiply the log- 
arithms of the first table by the quantity , ^ . This quanti* 

ty, by means of which we are enabled to pass from the old to^ 
the new table, is called the modulus of the new table ist rela?- 
tion to the old. 

MODE OF USING THE TABLES. 

208. As it is impossible to place in the tables the logarithms 
of all numbers, it is usual to place in them the logarithms of 
numbers from unity to within a certain limit. In what follows^ 
it is supposed, that the student has in his hands tables con-^ 
taiuing the logarithms of entire numbers from 1 to 1 0000. 

In order to use such a set of tables, we have the two follow- 
ing questions to resolve, viz. 1**. At^ number whatever being 
giveUy to find its logarithm. 2^. Ani/ logarithm being given^ to 
find the number which corresponds to it. 

The following examples will exhibit the method of resolv- 
ing these questions. 

1. Let it be proposed to find the logarithm of 9748. Seek- 
ing the proposed in the column of numbers, against it in the 
column of logarithms we find 98892 ; this will be the decimal 
part of the logarithm ; or as is the case with most tables, if 
the column of numbers contain but three places of figures, we 
look for 974, the first three figures of the proposed in the first 
column, and at the top of the fable we look for the fourth fig- 
ure 8 ; directly under the 8 and in the same line with 974, we 
find the decimal part 98892 as before ; then since the propos- 
ed consists of four places the characteristic will be 3, thus 
log 9748= 3.98892. 

2. Let it be required to find the logarithm of 76.93. Re- 
moving for the moment the decimal point, we find as above 
log 7693 = 3.88610, whence, art. 203, subtracting 2 units from 

20* 
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the eharacteristic 3 of this logarithm^ we shall have the iog;^ 
arithm of the proposed; thus log 76.93 = 1.88610. 

3. To find the logarithm of .75. The logarithm of this 

number may be presented under two different forms. Writing: 

75 
it in the form of a vulgar fraction, it becomes jqq. The loga- 
rithm of 75 is 1.87506, and that of 100 is 2.00000 ; whence 
subtracting the logarithm of the denominator from that of the 
numerator, art. 198, we have — 12494 = log .75. This log- 
arithm being altogether negative is inconvenient in practice ; 

it will be observed, however, that .75 = jqq X 75 ; whence 

log .75 = log j^ + log 75 = — 2 + 1.87506, 

= — 1 -f 87506 
«r placing the sign — over the 1 to show that the character- 

istic only is negative, we have log .75 = 1 .87506. 

This last form of the logarithm of the proposed is derived, 
it will be perceived, immediately from the continuation of the 
principle, art. 203, according to which the logarithm of a num« 
her 10, 100 . . . times less than a proposed number is found 
by subtracting 1,2... units from the characteristic of its 
logarithm. 

Thus since the logarithm of 750 = 2. 87506, we have 

log 75 = 1. 87506 
log 7.5 = 0. 87506 

log .75 =1.87506 

log .075 =¥.87506 

log .0075 = 3. 87056 

4 

4. To find the logarithm of -^ ; we have log 4 = .60206, 

log 5 = .69897 ; whence subtracting this last logarithm from 
theformer, we have log g. = — . 09691, in which the loga- 
rithm is entirely negative. But g reduced to a decimal becomes 

.8, the logarithm of which is \. 90309, the characteristic only 
being negative* 
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493 

5. To find the logarithm of 54J ; we have 64 J = -g- ; log 

493 3s 2.69285, log 9 = 0.95424 ; whence subtracting the latter 

, 493 
logarithm from the former, we have log -g- or 64 J = 1.73861* 

6. To find the logarithm of 675437. This number exceeds 
the limits of the table ; its logarithm, however, may be read- 
ily found. The greatest number of places in a number, the 
logarithm of which can be found in the tables is 4 ; separat- 
ing therefore the four left hand figures of the proposed from 
the rest by a point, we consider for the moment, those on the 
right as decimals. The logarithm of 6754. 37 is comprised 
between the logarithm of 6754 and that of 6755 ; the difFer- 

37 
ence between these two logarithms is .00007; iqq of this differ- 
ence therefore added to the less logarithm will give the loga- 
rithm of 6754.37 nearly ; thus log 6754.37 =3.82959 ; whence 
adding 2 units to the characteristic of this last to obtain the 
logarithm of the proposed, we have log 675437 = 5.82959. 

209. We proceed next to the second of the proposed ques- 
tions, viz. A logarithm being given to find the number^ which 
corresponds, to it. 

1. To find the number corresponding to the logarithm 
2.10449. The decimal part of this logarithm is contained in 
the tables ; in the left hand column and on the same line with 
it, according to the arrangement of the tables, in which there 
are but three places of figures in the column of numbers, we 
find 127, and at the top of the table directly over it we find 
2 ; the characteristic of the logarithm being 2, we have there* 
fore 127. 2 for the number corresponding to the proposed. 

2. To find the number corresponding to the logarithm 
3.42674 ; this logarithm is not found in the tables ; it is com- 
prised however between 3.42667 the logarithm of 2671, and 
3.42684 that of 2672 ; the difference between these two loga- 
rithms is .00017, the difference between the proposed and 
3. 42667 is .00007 ; we have then the following proportion 

.00017 : 1 : : .00007 : .41 nearly. 
The number corresponding to 3.42674 is therefore 2671.41. 
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3. To find the number corresponding to the logarithm 
— 2. 45379. The number corresponding to this logarithm 
will be comprised, it is evident, between .01 and .001 ; to ob- 
tain this number let us add to — 2. 45379 a sufficient number of 
units to make it positive, 5 for example, we have 5 — 2.45379 
= 2. 54621 ; the number corresponding to this last is 351.73 ; 
but by adding 5 units to the proposed logarithm, we have mul- 
tiplied the number, to which it belongs by 100000, whence 
dividing 351.73 by 100000, we have .0035173, the number 
corresponding to the proposed. 

4. To find the number corresponding to the logarithm 

3 .86249. Adding three units to the characteristic, the pro- 
posed becomes .86249, the number corresponding to which 
is 7. 286 ; whence as it is easy to see, the number <;orrespoBd- 

ing to. "3. 86249 is .007286. 

Section XXIV. 
Application of the Theory of Logarithms. 

multiplication and division. 

1. Let it be required to multiply 872 by .097. 

log 872 = 2.94052 

log .097 = 2.98677 



log 84.584 Ans. 1.92729 

2. Let it be required to multiply .857 by .0093. 

log .857 =T.93298 
log .0093 ="3.96848 



log .00797 Am. 3.90146 

3. Let it be required to divide 5672 by .0037. 

log 5672 = 3.75374 

log .0037 = 3.56820 
log 1533000 Am. 6.18554 
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4. Let it be required to divide .053 by 791. 

log .053 ="2.72428 = 3 + 1.72428 
log 797= 2.90146 

log .0000665 Ans. 5.82282 

To render the subtraction required in this example possible, 

vre change the characteristic 2 into 3 + 1, which has the 
same value ; this furnishes a ten to be joined with 7 for the 
subtraction of 9, the left hand figure of the decimal part. A 
similar preparation, it is evident, must be made in all cases of 
the same kind. 

FORMATION OP POWERS AND EXTRACTION OP ROOTS. 

210. Let it be required to find the 5th power of .125. 

log .125 = 1.09691 



log .000030519 Am. nearly 6.48455 
2. To find the 7th power of .73 

log .73 = 1.86332 

, 7 



log .11047 Ans. nearly 7 + 6.04324 = 1.04324 

3. To find the third root of .01356. 

The logarithm of .01356 is 2. 13226. The negative char- 
acteristic 2 of this logarithm is not divisible by 3, the index 
of the root required, neither can it be joined to the positive 
part on account of the different sign. If however we add 
— 1 + 1 to the characteristic, which will not alter its value, 

it becomes 3 -f- 1 ; the negative part is then divisible by 3, 

and the 1 being positive may be joined to the fractional part, 
we have then 

log .01356 = 2.13226 =3 -f- 1.13226 
whence dividing by 3, we have 

1.37742 = log .23846 Ans. nearly. 
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In all cases, if the negatiye characteristic is not divisible by 
the index of the root required, it must be made so in a similar 
manner. 

ARITHMETICAL COBfPLEMENT. 

211. The arithmetical complement of a logarithm is the dif- 
ference between this logarithm and 10 ; thus the arithmetical 
complement of 3.472584 is 10 — 3.472684 = 6.527416. The 
arithmetical complement of a logarithm is obtained by subtract' 
ing the right hand figure^ if it be ngnificanty from 10, and the 
others froTQ 9. 

Let it be proposed to find the value of x in the expression 

x = /— /' + r— r— r 

/, / , / ' . . being logarithms ; this expression, it is evident, may 
be put under the form 

x=/ + (io— 0+r + (io— r) + (io— r')— 30 

that is, to find the value of x, we take the sum of the logarithms 
to be added and the complements of the logarithms to be subtract- 
ed^ and from, this sum subtract as many times 10 y as there are com- 
plements employed^ 

Thus when there are several multiplications and divisions 
to be performed together, by using the complements of the 
logarithms of the divisors the whole may be reduced to the 
addition of logarithms. 

EXAMPLES. 

1. Let it be proposed to find the value of x in the expression 

_"31 139 
* "~ 95 ^ 467 

log 31= 1.49136 

log 139= 2.14301 

log 95 Coihp. = 8.02228 

log 457 Comp. = 7.34008 

18.99673 
Subtract i20 



log .09925 2.99673 
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2. To find the value of x in the expression 

'75 X 73 X .056 U 
.7498 X 125.13 / 

log 3.76 0.67403 

log 73 1.86332 

log .056 2.74819 

log 1.7498 Comp. 9.75701 

log 126.13 Comp. 7.90264 ' 

18.84519 
Subtract 20 



2.84519 
5 



product by 5 6.22595 (3 

^ Tn fi ^ *!. **''''?^''* ^^ ^ ^-^^^32 = log .01 1893 Ans. 

3. To find the value of x in the expression 

^^(24r2<jf (17) 

4821 x"6* Ans. 78.6456. 

4. To find the value of x in the expression 

/132XJ7^56)»\^ 

^ (3.25)^ '^ Ans. 144.5972. 

PROPORTIONS. 

212. Let it be required to find the fourtli f^y^ ^f ^i. 

!»« 1279 8.10687 

'"^ ®-''' 0.93952 

log 963 Comp. 7.01637 

!?,«. *!. ^°^ ".'"^ "*"• "*"^y 1-06276 
From the proportion a: b :: c. d, vehw 

a c 

b~d 
whence log«~log4 = iog c-logd 

therefore log a . log 6 : log c . log rf 



852 ELBfitBNTS OF ALO£BKA« 

that is, if four wumberi form a proportUm^ their logafitkms toill 
form an equidifference* 

EXPONENTIAL EQUATtONS. 

213. We have already explained a method for finding the 
value of X in the equation a* = 6, from which the theory of 
logarithms is derived ; but a table of logarithms being once 
constructed, there is nothing to prevent its use in the solution 
of equations of this kind. 

Let it be required to find the value of x in the equation 
3* = 15. 
taking the logarithms of both sides, we have. 

a; log 3=: log 15 
log 15 1.17609 
whence x = -j^^ ^':4^Tr2 = ^'^^^ + 

The division required in this example may be performed, it 
is easy to see, by subtracting the logarithm of .47712 from 
that of 1.17609, as in the case of any other numbers. 

PROGRESSIONS BY QUOTIENT. 

214. Logarithms are particularly useful in the solution of 

questions in progression by quotient. 

Let it be proposed to find the 20th term in the progression 

, 3 9 27 
• 2 • 4 • 8 • • 

Putting u for the last term of a progression by quotient, we 
have, art. 176, 

tt= a ^" "■ *; whence log u = log a + (» — 1) log q 

We have therefore for the 20th term in the progression pro- 
posed 

log tt 8 log 1 + 19 (log 3 — log 2) s=s 19 (log 3 — log 2) 
the term required will therefore be 2216.84 to within .01. 

Let it be required next to insert between the numbers 2 and 
15 fifty mean proportionals ; we have for the ratio, art 184, 

g=lX -; whence logg=— ? — III — 5^, 
* K «' ** w + 1 
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in the question proposed, we have therefore 

log 16 — log 2 
logy = 51— 

or performing the calculations, we obtain 

§'=±1.040286 

215. Let it be required to find the sum of the first ten 
terms in the progression rr 5.16.45 . . . ; we have, art. 178, 

a(qn — 1) 

S = — ; whence 

^ — 1 

log S = log a + log {qn — 1) —log {q— 1) 

Applying this formula to the proposed question, we have 

log S = log 5 + log (3''' — 1 ) — log (3 — 1 ) 

Calculating 3'^ by logarithms, we have 

log 3*°= 10 X log 3 

from which we obtain 3^^ = 59048 

whence log S = log 5 -f- log (59048 — 1) — log 2 

or performing the calculations, we obtain 147620 for the sum 

required. 

Let it be proposed next to find the number of terms in the 

progression, of which the first term is 3, the ratio 2, and the 

last term 6144. 

From the formula m = a ^" — i we have 

log M = log a -|- (» — 1). log^ 

log u — log a 

whence n == 1 -4 \ — - 

log ? . 

Applying this formula to the proposed question,, we have 

. log 6144 — log 3 . 

" = ^+ log2 ==1-F"^I2 

216. Let us take next the progression .. 

^ a : h : c : d : e : f : q , , . ., 

from the nature of the progression,, we have 

a b c d f . ,. 

b c d e g 

abed 
whence logT'=log -===logT==10g 

wherefore, .log a — log b = log 6 — log c = log c — log cf = . . 
from this last we have 

» , . . ■ • ; 111, f ■' * 

-r- log a . log b . log e . log <2 . ... 
21 



... 



• * . . 

e 
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If therefore the numbers a, i, c, <2 . . form a progression 
hj quotient, their logarithms will form a progression by differ- 
ence. Logarithms may therefore be defined a aeries of tnum- 
bers in arithmetical progression corresponding term to term to m^ 
other series of mmhers in geometrical progression. This is the 
definition of logarithms given in arithmetic. 

COMPOUND INTEREST. 

217. One of the most important applications of logarithms 
is to questions upon the interest of money. 

Interest is of two kinds simple and compound. If interest 
be paid upon the principal only, it is called simple interest ; but 
if the interest, as it becomes due, be added to the principal, 
and interest be paid upon the whole, it is then called com* 
pound interest. 

We have already investigated formulas for simple interest. 
Let it now be proposed to determine what sum a given prin- 
cipal p will amount to, in a number n of years, at a given 
rate r at compound interest. 

The amount of unity for one year will be 1 + r ; that ofp 
units will be therefore p {I +r). 

For the second year p (1 -{- r) will be the principal, .and its 
amount will be ;? (1 + r) (1 -f- r), or p (1 + r)^ 

The original sum p therefore at the end of the second year 
will amount to p (1 + *■)'• I^ like manner at the end of the 
third year it will amount top (I + r)'; whence putting A for 
the amount required, we have 

A=p(l-j-r)« 
this is a general formula for compound interest ; taking the 
logarithms of both sides, we have 

log A=logp-}-nlog (1 -f-O 

Let it be proposed to determine what sum $30000 will 
amount to, in 30 years, at 5 per cent, compoimd interest. 

We have log A = log 30000 + 30 log 1.05 
whence performing the calculations, we obtain 

$129658.27, Ans. 

218. The equation A =jp (1 -f-'')'* contains four quantities 



APPLICATIONS OF LOGARITHMS. 9S& 

A, jp, r, and n, any one of which may be detennined, when 
the others are known. It gives rise therefore to the four fol- 
lowing questions, viz. 

1®. To determine A, when p, r, and n are gtven^ or the prindr 
palj rate, and number of years being given^ to find the amount. 

This question we have already solved. 

2^. To determine p, when A, r, and n are gtven^ or to find 
what principal put at compound interest wiU amount to a given 
sum, in a certain number of gears^ at a given rate. 

Resolving the general equation with reference to py we 

have. 

A__ 

^-(l+r)n 

or by logarithms log p = log A — n log (1 -f- r) 

3^. To determine r, when A, p, and n are knoum, that is, to 
find at what rate a given sum must be put at compound interest^ in 
order to amount to another given sum in a given time. 

Resolving the general equation with reference to r^ we have 

n 

or by logarithms log (1 +0 = 

n 

Having by means of this last determined the value of 1 -f- r, 
that of r will be easily found. 

4^. To determine n, when A, p, and r are given, that is, to 
find for what time a given sum muist be put at compound interest 
at a certain rate in order to amount to a given sum. 

Making n the unknown quantity in the generi^l formula, we 

obtain 

log A — log p 

^"^ log (1 + ^F 

If it be asked what must be the value of n in order that the 

'I 

^ sum at interest may be doubled, tripled, &c. ; we put in the 

general formula X=kpj k denoting 1, 2, 3 .^ • ., we thus 

have 

log k 
^P — p{^+rT; whence n=j^^-^Y--py 

i^ n is therefore independent of p, that is, whatever the suM pttt 

out, it will be doubled, tripled, &c. in the same time. 
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EXAMPLES. 

1. What is the amount of $ 1000 for 25 years at 5 per cent- 
compound interest ? Ans. $3386. 

'2. What will $600 amount to in 6 years at 4 J per cent, 
compound interest, supposing the interest to be payable half 

yearly? Ans.' $783.63. 

3. In a certain province there are at present 200000 inhab- 
itants. If the population increases ^^ part yearly, what will 
it be 100 yeari^ hence ? Ans. 1448927 nearly. 

4. How much money must be placed out at compound in- 
terest to amount to $1000 in 20 years, the interest being 5 
per cent. ? Ans. $376.89. 

6. A sum of $201.22 is payable 12 years hence without 
interest. ' What sum put out at 6 per cent, compound inter- 
est will be sufficient to meet the payment at the end of that 
time! Ans. $100.00. 

6. The sum of $500 put out at 5 per cent, coppound inter- 
est has amounted already to $900. How long has it been at 
interest ? Ans. 12.04 years. 

7. A capital of $3200 having been at compound interest 
for 80 years has amounted to $34050.84, at what rate per 
cent, was it put out ? Ans. 3 per cent. 

8. lu what time will a principal be doubled at 5 per cent. ? 
In what time will it be tripled at 6 per cpnt. ? 

ANNUITIES. 

219. An annuity is a sum of money payable yearly for a cer- 
tain nutober of years or forever. 

Let it be proposed to determine what sum must be put at 
interest to pay an annuity of b dollars for n years, the inter- 
est being reckoned at the rate r compound interest. 

According to the rule for compound interest, the amount of 
the first payment, at the expiration Cf the n years, will be 
5(l-f r)''^*, the amount of the second payment will be 

5 (1 + r)"-S that of the third will be 6 (1 + r)«-» 

the last payment will be b. Putting A for the sum placed at 
interest for the payment of the annuity, its amount at the end 
of the n years will be A (1 + /)»»; we shall have therefore 
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A(l+r)n=6(l + r)«-» + 6{l + r)«-» + 6(l+r)"-»,.,i 
but the second member of this equation forms, it is evident, a 

progression by quotient the ratio ot which is ., , , or, the order 

of the series being reversed, 1 -|- r ; taking its sum, we have 

6[(l+r)«— 1] 



whence A = 



r 

b[(l+r)n-11 



r (l+r)" 

This equation gives rise also to four different questions, ac- 
cording as we make A, ft, r orn the unknown quantity. The 
following examples exhibit particular cases of these questions. 

1. A man wishes to purchase an annuity which shall afford 
him $1500 a year for 12 years; What sum must he deposit in 
the annuity office to produce this sum, supposing he can be 
allowed 7^ per cent, interest? Ans. $11602.91. 

2. A man purchased an annuity for 15 years for $100000. 
How much can he draw annually, the interest being reckoned 
at 5 per cent. ? Ans. $9634.22. 

3. A man has property to the amount of $34690, which 
yields him an income of 4 per cent. His annual expenses are 
$2000. How long will his property last him ? 

Ans. 30 years nearly* 

Section XXV. 

BINOMIAL THEOREM. — INDETERMINATE COEFFICIENTS. 

220. The rule given, art. 133, for the development of 
(x + a)"*, for the case in which m is entire and positive, is 
equally applicable whatever the value of the exponent m, 

EXAMPLES. 

1. Let it be proposed to find the development of (x + o)*; 
we have by the rule 

. . ^# # . 2 -A 2.1 -4 , , 2.1.4 ^i . 

21 * 
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or reducing 

(^ + «) -^^+3^«~3:6^« +3:6Fi5« 

2. Let it be proposed next to find the development of 

(x + o) ^** Applying the rule, we have 

.3.4 , 3.4.5 



• • 



or reducing 

221. The binomial formula furnishes a method of finding 
the approximate roots of numbers, which are not perfect pow- 
ers. 

m 

Developing (x -}- a)« according to the rule, we have 

{z -{- a)^=x'* +^axn -f__f- — IJarx^ + 

Putting in this expression m = 1, we have 

(x+a)''=x"+i-ax» +^.-(i— i ] a'x" .... 

i_ 
or reducing (x + c^)" = 

i. L i. 

i. 1 ax« 1 w — 1 a^x^ 1 n — 1 2n — 1 a'x** 

'n X w 2n x'*n2n 3n x' 



1 

X 



but this last may be put under the form (x + a)^ = 

^/ 1 a 1 n—l 0^ 1 »--l 2n — 1 a' ^ / \ 

To form a new term of this development, it will be sufficient 
to multiply the fourth by —r and by - and to change the 

A 9 9 JU 

sign, and thus in order. 

Substituting — a for a in the formula (1), we have (x — o)* 



(2) 



n/ la 1 n — 1 ^ 1 n — 1 2» — 1 a^ \ 
^^ y n'x »' 2« 'x* n* 2n ' 3» ' x' ' / 

222. Let it now be proposed to find the approximate square 
root of 6. In order to this we decompose 6 into two parts 
4^2, the first of which is a perfect square, we have then 
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6^= (4 +2)^; putting therefore in the formula (l)a: = 4 
a = 2, we have 

or reducing 6*= 2 + g— ig + ^4 . . . . 

To find the next term, we multiply according to what has 

, .^1 3n — 1 a 5 2, 

been said, ~ by — or -• j and change the sign : this 

5 
term will be therefore — j^gj. 

If we take the first two terms of this series, we shall have 

1 5 25 

6^ = 2 J the square of which -^ is greater than 6 by the frac- 

1 ' 1 39 

tion I"- If we take the first three terms, we shall have 6^=: j^ 

the square of which is less than 6 by the fraction n^- 

In order that the series may converge more rapidly, it is ne- 
cessary, as will be evident from inspection of the general 
formulas, to make the second term of the binomial into which 
the proposed is converted as small as possible. 

^L /25 ly 
Thus in the above example, if we put 6^ = f ^ — j js and 

25 1 

make in formula (2) x = -^i Cb = i we have, the reductions 

being made, . 

6* = 



i_i_l 



■ • • • 



2 20 2000 

a series, which converges much more rapidly than the one 
first obtained. Indeed, if we take the first two terms of this 

series, we have 6^^ = gQ? the square of which differs from 6 by 

400" only- 
Let it be proposed next to find the approximate third root 
of 7. Putting in formula (1) x = l,a = 6, we have 

'— ^\^^^3 13 6 1^3 6 9 1 ' ' ' J 

a series in which the terms increase continually instead of di- 
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minishing. But 7, it will be observed may be decomposed 
into 8 — 1, putting then x = 8, a = 1 in formula (2), we ob- 
tain a series the terms of which decrease rapidly. 

223. When the terms of the series decrease continually^ in 
general, the more terms we take the nearer we approach the 
value of the quantity reduced to the series. But if the terms 
of the series are alternately -^ and — ^ on stopping at a partic- 
ular term, we may determine with precision the degree of ap- 
proximation obtained. ^ 

Indeed, let it be supposed, that we have the decreasing 
series a, ^, c, cf, e . . . the terms of which are alternately + 
and — J and let x represent the value of this series. If we take 
any two consecutive sums a — b-^-c — d, a — b-^c — d-^e^ 
for example, with respect to the first, the terms which follow 

— d, will be e — /+ g — A -j- . . . ; but since the series is 

decreasing, the partial differences e — /, g — h will be posi- 
tive, that is, to obtain the value of x, we must add a positive 
quantity to o — b -{• c — d; we have therefore 

a — 6 + c — d<^x 
With jrespect to the second sum, the terms which follow 

-}- e are — h -{- ky — l-^m . . .; but the partial differences 

— h + ky — Z + TO are negative ; to obtain the value of a:, we 
must add therefore a negative quantity to a — 6-j-c — d-\- e^ 
that is, we* must subtract a positive quantity from it ; we have 
therefore a — 6-|-c — d -{- e'^z 

The value of x is therefore comprised between the two sums 

a — 64-c — dyO — b + c — d + e 
and since the difference between these is evidently e, it fol- 
lows, that the error committed in taking a certain number of terms 
for the value of the quantity reduced to the series is numerically 
less than the term immediatelif following the on€, at which we stop* 

EXAMPLES. 

1. To find the approximate fifth root of 39. 

Ans. 2.0807 to within .0001. 

2. To find the approximate third root of 65. 

Ans. 4.02073 to within .00001. 
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3. To find the approximate fourth root of 260. 

Ans. 4.01553 to within .00001. 

4. To find the approximate seventh root of 108. 

Ans. 1.95204 to within .00001. 
224. The binomial formula may also be employed to devel- 
op algebraic expressions in series. 

Let it be proposed, for example, to develop the expression 

a' . 
-J a in series. 

This expression may be put under the form a* (a* — x* )~ *, 
or which is the same thing a*a"*(l 2) j which becomes 

by reduction (1 2 J 5 developing this last, we have 



EXAMPLES. 



2 

1. Reduce jz .-;; to a series. 

(l—zy 

2. Reduce jz — ■. — it to a series. 

(1+x)* ■ 

3. Reduce to a series. 
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• 



226. In the expression A+Bx-\-Cx^'\-Dx^-i-^x*-\', . ., 
the coefficients A, B, C, D . . . being independent of a:, let it 
be required to determine what must be the values of these co- 
efficients, in order that whatever the value assigned to x, we 
may have the equation 

= A-f Bx + Cx' + Dx^ . . . 

As the coefficients A, B, C, D . . . in this expression are 
to be determined, they are on this account called indetermin- 
ate coefficients. 

Since by hypothesis the proposed equation must be verified 
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whatever the value of x, it must be verified, when we assign 
to z the particular value a = 0. Putting therefore x = in 
the proposed, it is reduced to Os=sA; we have therefore 
A = ; substituting this value of A in the proposed, and di- 
viding both sides by x, we obtain 

OcssB + Cx + Dx*-}- . . . 
but since this equation must also be verified whatever the vaJ- 
ue of X, it must be verified when we assign to x the particu- 
lar value X === ; putting x = we obtain B = 0. By the 
same course of reasoning it may be shown also that = 0^ 
D = 0. 

In general therefore if an equation of the form 
0=:A + Bx + Cx» + Dx'+ . . ., A, B, C, D . . . 
being coefficients independent of x, may be verified whateoer 
value is given to x, each separate coefficient must necessarily be 
equal to 0. 

226. This is the principle, upon which the method of inde- 
terminate coefficients is founded. We shall now give some ex- 
amples of the application of this method. 

1. Let there be a dividend x' — p x -\-]^\ let the divisor 
be X — a, and the quotient x — ^ \ to determine the condi- 
tions necessary in order that the division may be exact. 
Since when there is no remainder, the divisor multiplied by 
the quotient should produce anew the dividend, we have 

(x — a) (x — (/') = x* — p' X -^-p" 
or performing the multiplication indicated transposing and re- 
ducing 

0= (a + ^'— p')x+(;)" — o^;) 

but since this equation must be true whatever the value of x, 

we have 

a -f. gr' _p' = 0, y — a^ = 

whence eliminating g'', we have 

a* = ap' — p" 

In order therefore that the division may be exactly perfonn- 
ed, we must have o* = ap' — p" or which is the same thing 
a*— ajp'+p" = 

2. Let it be proposed, as a second example, to determine 
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for A and B values such that we may have the equation, 

3 + 6x A B 



(x — 3)(a; — 2)~x — 3^x — 2 
Freeing from denominators transposing and reducing, we 
have = (A + B — 6)a?— .(2A + 3B+3) 

whence A + B = 6, 2A+3B=— 3, 

from which we obtain A=18, B = — 13. 

3. Let there be the dividend a;* — j^'x'+y^f — y ', the 
divisor x — a ; and let the quotient be ar* — j' x -j- }". To 
determine the conditions necessary in order that the division 
may be exact. 

Ans. In order that the division may be exactly performed, 
we must have o* — o'/)' + ap" — p"' =!. 0. 

4. To find for A and B values such that, we may have 

7 + 9x A B 



(x — 5) (x — 3)~ X — 5^ X — 3 

Ans. A=26, B= — 17. 

5. Let there be the dividend x* — p'x'+|>"x — p'", the 
divisor (x — a)'; and let the quotient be x — q'. To dete> 
mine the conditions necessary in order that the division may 
be exact. 

Ans. We must have the relations 3 a* — 2ap'+/)"=0, 
2a» — a»jp'4.p'"==0. 

227. The method of indeterminate coefficients is of great 
utility in the development of algebraic expressions in series. 

Let it be proposed^ for example, to develop the expression 

—7— in series, according to the ascending powers of the let- 
ter X. In order to this, we assume 

-4— =A + Bx + Cx* + Dx» + Ex*4- . • . . 

X -7- z 

the coefficients A, B, G . . . being independent of x. 

Freeing the first member of the proposed from its denomi- 
nator, transposing, and arranging with reference to x^ we ob* 

tain 

0=sAz|x" + B« x+Cz x' + Dj8 x*+ . • . . 
—z\ A B C I 

we have tlierefore the series of equations 

Az--*;sssOyB;s + AKO, Ci^+BssOyDi:+C««e . . 
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from the first of which we obtain A ss 1 ; substitutittg this 
value of A in the second, we have B=s — -> substituting the 

value of B in the third, we have C = -2 and so on. 

Substituting the values of A, B, C . . thus obtained in the 
expression assumed, we have 

z X x' a;' a?* 

a:-f-z z'^ :^ z^"^ z^ 

Let it be proposed, as a second example, to develop the 

expression r 5 in series according to the ascending pow- 

ers of the letter x. 

Putting ^ ^ - = A + Bx + Cx'+Dx^+ . . . 

we have, freeing from denominators transposing and arrang- 
ing) 



= — 1-f 3AX + 3B 

— A 



x^' + SC 
— B 



x^+3D 
— C 



x* + 



from which we infer 

— 1=0, 3A = 0, 3B — A = . . . 
but the first of these equations, — X = 0, is evidently absurd ; 
the proposed therefore does not admit of being developed ac- 
cording to the form required. 

The expression -^ g" niay? however, be put under the 

1 1 



from -X 



; let us put therefore 



X 3-7X 



X ' ' 3 — X X 

from this we obtain 

= 3A 
— 1 



X + 3C 



«.2 



— B 



x' + 3D 



— C 



x' + 



x« + 3B 
— A 

which gives 3 A — 1 =0, 3B — A=0, 3C— B=0 . . . 

from which we obtain successively 

A — ^, B — g, C — ^^, p — 

we have therefore 



27' 



31 



• 9 • 






f. it N 
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<»3;is=5?''+l^«°+i,*+i*'+ 



» • • • 



the proposed contains therefore in its development a term af- 
fected with a negative exponent. 



EXAMPLES. 

X 



1. To develop in series the expression r^'—r'i 

1 "4" 2 X 

2. To develop in series the expression — ^ 

3. To develop in series the expression ^ . -- , according to 
the ascending powers of a, to commence if possible with s^. 



a' 



4, To develop in series the expression ^ ^^ -j. 

Section XXVI. — Praxis. 
I.— Equations of the First Degree. 

1. Given (x -f- 40)* = 10— «*, to find the value of x. 
Squaring both sides of the equation, we have 

X + 4 = 1 00 — 20 X* 4- X 
whence x:=9. 

2. Given (x — 16)* = 8 — x* to find the value of x. 

Ans» X = 25. 

2. Given (x — 24)^^ = x^ — 2, to find the value of x. 

Ans. x=!:49. 

4. Given ^_lt — -^^, 7"., -^ to fitid the value of z. 

x* + 4 x* + 6 

Freeing from denominators and reducing we have 16 a 8 x^, 
whence x = 4. 

6. Given (£^1=1= 15 + (9x )^^ ^^ ^^^ ^^ ^^^ ^^ ^ 

1^ + 2 x^ + 40 

Ans. x:s!4. 
,22 
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6. Given .l^lnl. — i 4. ii^Lzil, to find the value of r- 

Since 3 x— 1 = ^(3x)* + 1 V(3 x)^—l\ We have 

(3 0?)* — 1 ^ (3g) — 1 whence a; = 3- 
' 2 

7. Given -iilli-_i=^i^Lzi?, to find the value of ar. 

(5x)* + 3 ^ 

Ana. 2 = 5. 

8. Given (2 + x)' -\- x^ = 3^, to find the value of x. 

(2 + x)* 

Ans. x = f. 

1 4 36 _ 

9. Given x^^ + (x — 9)^= -^ to find the value of x. 

{x-9)i' 

Ans. X = 25. 

II. — Incomplete Equations of the Second Degree, and 

OTHERS WHICH MAT BE SOLVED WITHOUT COM* 
PLBTING THE SQUARE. 

Iind'^ y +t y« = 180 } *^ ^^^ *^^ ^^^'^^^ ^^ * »»^ y- 

Adding 3 times the second equation to the first and extract- 
ing the tMrd root, we have x + y = 9 

but x»y + X y* = X y (x + y)) whence 9 x y = 180, and 
X y = 20 ; comparing this last with the equation x 4- y =^ 9 
we obtain x = 5 or 4, y = 4 or 5 

^" ^'I^dy' + *P24 } to find the values of X and y. 

Ans. X = ± 2, y = ± 4. 

3. Given x* — a;y = 54),^j,, , ^ , 

and xy — j^= 18 ] ^ ^"^ *^^ ^"^^^^ ^^ * *»^ y- 

Ans. x= ± 9} y = ± 3. 

4. Givenx' — y^ =66 J . ^ . ^. , ^ , 
andx*y — xy* = 16 ) ^ ^^^ ^^^ ^*"®^ ^^ ^ *^^ y* 

Ans. XE=4or — 2, y = 2or — 4. 
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i»l 



5. Given x» + 5^«=—— ( 

g -^ V to find^ the values of x and y. 

and a; tr =^ I 

^ X— yj 

Ans. X =3= 3 or — 2, y = 2 or — 3. 

and X* + y 
Squaring the second equation 



6. Oiven x*^ + y^= 13 K^ ^^^ ^^^ ^^^^ of x aad yi 



but X* +y^= 13 



1 i 
whence by subtraction 2 x^y^ ^x 12 

subtracting this last from the first equation 

«^— 2x*y^ +y^ = l 

1 1. 
whence x^ — y^ = ± 1 

from which compared with the second equation, W6 obtain 

X = 27 or 8, y «= 8 or 27. 

^' ^SdV+ /« = 34 } *^ fi^^ *^^ ^^'^^^ ^^ ^ «^^ y- 

Ans. X as 6 or 3, y = 3 or 6. 

^' l^Jf+f Z 333 } *^ ^^^ *^ ^*!'*^^ ^^ ^ ^^ y- 

Ans. X =s2, y =3. 

9. Given X* 

^ + y\ ^ 

Ansl X =i ± 8 or rb V 8, y = 32 or 1024. 

10. Given x + x^y^ + y = 19 ) to find the valvea^ 

and a«+ xy + 2^* i=^ 138 j of * and y. 

dividing the second equation by the first, we have 

«_aiy^4.y=37 - ' 

adding this last to the first and dividing by 2, we obtain 
X -f ^ SB 13 ; subtracting it from the first, dividing by 2 and 
squaring both sides of the result, we have x y ass 36 ; compar- 
ing the equations thus obtained, we have x s 9 or 4, y «b 4 or9.^ 



/ »r — 
». Given «* + y| - 20 ) ^^ ^^ ^^ ^^j^^^ ^^ ^ ^^ ^ 
and x^ 4* v"^ = 6 J 
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11. Given ■ f^ =: 48 

^ > to find the valuer of x and v. 

and -J =: 24 

Ans. X ss 36, y ^ 4. 

12. Given x*—y*« 369) ^ « , ,, , - , 

j^ J jjS v' = 9 • values of x and y. 

Ans. X « rb 5) y «» db 4. 

and xV + a?jJ « 12 } *^ ^^^ *^^ ^"^^^* ^^ * *^^ y- 

Ans. X s 2 or 1, y s 1 or 2. 

14. Given x' + xiy^^ ^ I to find the values of x and y. 

The proposed may be put under the form 

X* (x* + y*) « 9, y*(x* + y*) = 18. 

' Ans. x = ±l, y = ±4. 

15 Given x' *4* x^v^ ^ 208 f 

^ 2 4 } ^^ fi°^ t^^ values of x and y. 

and y« + x^y*= 1053) 

^ Ans. X = dr 8, y = ± 27. 



16. Given x — y : x*— y^ : : 8 : 1 ) to find the values 

and x*y*-16J ^^ /^ ^^ y. 
Ans. X » 25 or 9, y 69 9 or 25. 

17. Given X* — y* : x*y — xy* : : 7 : 2 ) to find the val- 

ana X -f- y = 6 ) ues of X and y. 
Ans. X s= 4 or 2, y «= 2 or 4. 

y X 4 > to find the values of s^ and y. 
andx^y — xy*sarl6J 

Ans. X =5 4 or — 2, y =-2 of — 4. 

'""Sd x^^ Z%i \ *^ fi^^ *^^ ^*^^^^' ^^ * «^^ y- 

Ans. X ss 16^ y « 4- 



(t 



^J /* ,[>:•■ .' i.. I'll • ■ • . • . .■ ' :l 



i 



III. — Complete Equations of Vbb StrooNir D^oUfciu 

1. Given x* + a?^ = 756, to -find the values of x. 

« , . , % ^1 3095 

Completing the square a?^+ a;^ + j =,-j- . 



extracting the root ** + j^atb^J 

from which we obtain x = 243 or ( — 28)^. 
2. Given x* — x*=56, to find the values of x. 

Ans, X 3=3 4, or (**- 7)' 
a Qir^ 3 x?r -^ X ^ssts 3104, to find the values of x. 

4; Given x* -j- x* == 6 x^, to find the values of x. 

Ms. dl^=«2,ot-— 9i 

li. ' Giveii x^ — ^ X ^* 2 x^^, to find the values of x* ' 

Ajis. x=^4 orl, 

6. Given at + 6— (« + 5)* = 6, to find the values of x.. 

^ 1 25 
Completing the square x + 5 — (**|-5)^ + t- = -j- 

1 1 5 

extracting the root {« + 5)^— jrat^g- 

from which we obtain * x ±= 4, or — 1. 

s 

i. Given (x + 12)^ + (x + 12)^=6, to find the values of x.. 

Ans* «<=»4, 6r^» 

8. Given x + le — 7 (x + 16)^ = 10 — 4 (x + 16)^, to find 
the values of x. Abs. x ■» 9, or — 12. 

9. Given x* + (5 3J + x')^ =42 — 6 x^ to find the values of x., 

Ans. X = 4, or — 9. 

10. Given** — 2x + 6(x« — 2x-|-5)3^=ll, lo fiod tlie 
value of X. 

22* 
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Adding 6 to each member 

y»_2x+ 6 + 6 (ac^ — 2x + 6)* =« 16 

completing the square 

x« — 2x + 6+6(a:* — 2x + 6)^ + 9=25 

extracting the root and reducing, we obtain 

x = l, orrb2 a/15 

11. Given9a: — 4x« + (4x» — 9x + 11)^ = 6 to find the 
raluea of x. ^i^s. x = 2, or f. 

1^. Given (x» + 6)' — 4 X2= 160, to find the values of x. 

Ans. X = ii, or ii^/ ■*- 15. 

13. Given (x» — 7 x) + (x» — t x + 18)*= 24, to find the 
values of X. Ana, x, = 9, or — 2. 

14. 6iven2x* + ax — 5(2x8 + 3x + 9)^ + 3==:0,tofind 
the values of x. Ans. x =3, or — 4 J. 

16. Given x + (x + 6)^ = 2 + 3 (x + 6)*, to find the val- 
ues of X. Ans. x — 10, or — 2. 



18. Given ^'^'^ , « jj, to find the values of x. 



X A^ X* x^ — * X 

16. Given 7 = — :; — , to find the values of x. 

X — X* 

Ans. X =4, or !• 

/ 8\« 8 

17. Give& ( X + J ) + X « 42 — ~ to find the values of x. 

Ans. x.=5i4, or 2* 
r^(x+l)* 5 

x + {x+ 1;* 

Ans. X =s 8, or f . 

3i 6 351 /• 1 1 1 

19. OAv&k (iTZAf + ?ir4"~25^ *^ ^ 

of x» Ans. r e= rfc ^. 

20. Given ( (x — 2)* — x)» — (x — 2) ' « 90 — x, to find the 
values of x. Ans. x « 6, or — 1^. 

21. Given x*(l + g^) — (^«» + «) =« 70, to find the values, 
of X, Ans* X =s 3,1, or ^i^ 



A :} .» M / 
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22. Given 4xy =91 96 — a;*y* ) . /.. ^ ^i,^ 1 r j 

. aiidx+S=»a J to find the values of X and y. 

from the first equation x'y' + 4 x y ws 96 completing the square 
and extracting the root xy =b 8 or — 12. 

Ans. X =3 4 or 6, y = 2 or 4. 

23. Given x*y* — 7xy» — 945 ==765 > to find the values 

and xy — y «=12 ) ofx and y. 

Ans. X es 5, y =s 3. 

24. Given x* + x + y pf* 18 — y» i to find the values of x 

and X y =s 6 J and y, 

from the first equation x»-f-y»-|-a;-[-y--i8 

from the second 2 xy ^ 1^ • . 

»' H 

by fiddition x« + 2xy + y* + x + y = 30 

or (a:+yf4.(x + y)«=30. 

whenc6 x » 8 or 2, y == 2 or 3 ' 

25.. Given x* + y* — x — yB=:78)ta find the ralues of x 
and xy + a; + y = 39 ) and y. 

Ans. X = 9 or 3, y =r 3 or 9. 
26. Given x2-|-3x + y=:73 — 2xy)tb find the values of 
and y' + 8 y +x = 44 • ) x and y. 

An«, X ==^4 or 16, y = 5 or -^ 7. 

27» Given x— 2 x^ y^^ + y = x^^ — y^ ( to find the values 

andx* + y*«5 j ^^ ^ ^^ !/- 

from the first equation we have (x*— y^')* — (x^ — y^) =s 

Ans. as X 8 9, y s 4. 

28. Given x* + 2 x y + y» + 2 x = 120 — 2 y ) to find the val- 

and xy — y' = 8 juesofxandy. 

Ans. y = 4 or 1,' X = 6 or 9. 

29. Given (x + y)' — 3 y =» 28 + 3 x > to find the values of 

and 2 X y + 3 X = 36 . ) x and y. 

An^. « ==: 6 or J, y = 2 or J. 

80. Givtox + 4x^+4y«:21 + Sy^ + 4xiy^) tofind 
andx*+y*=6 ' j a: and y. 

'Ans» x&b25, y =sl» 



'( '• ■; 
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31. Given ar + y — - -^==rir7 ( to find;the values 

and a;' + y' =41 ) . ^' 

Ans. z=s±5, y=±4. 



32. Given a; + y+(x-J-y)* = 6 >tp find the vaJues of x 

and a:*-|* y'= 10 J and y. 

Ans. X = 3 or 1, y s=7 1 or 3« 

83. Givenaj* + 4(x» + 3y + 5)^=:66 — 3y ^ to find 

and6x — 7yal6 ) x and y. 

Ans. X « 5, y act 2. 
x* 4« 85^ . 
! 34. Given p + y = "g" ( to find the values of x and y. 
andx-'-y ai2 } 

Ans. X SB 5, y a 3. 

35. Given x* + 2 x* y = 441 — a;* y' ) to find the values of 

and xy=?3-f-x ) x and y. 

Ans, X =3 3 or -r- 7, y 3=; 2 or f . 

36. Given »' + 4 y* ss 2J^ — 4 x y ) to find the values of 

and3y* — x* = 39 ) x and y. 

Ans. x:^±6, y=iTdr5.' 

37. Given x+y+(x-|-y)*=sl2 rto find the values of 

andx^ + y'^ = 189 j xandy. 

Ans. X s= 5 or 4, y = 4 or 5. 

IV. — Questions producing Equations op the First 

Decree. . 

1. A farmer has a stack of hay, from which he sells a quan- 
tity, which is to the quantity remaining in the proportion of 
4 to 5. He then u#es 15 loads and finds that he has a quan- 
tity left, which is to the quantity sold ai^ 1 to 2. How many 
loads did the stack at first contain ? Ans. 45* 

2. From two casks of equal size are drawn quantities, which- 
are in the proportion of 6 to 7 ; and it appears,, that if 16 gallons 
less had been drawn fix>m that which is now the. emptier, only 
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half as much would have been drawn from it as from the oth*- 
er. How many gallons were drawn from each ? 

Ans. 24 and 28. 

3. A person engaged to reap a field of 35 acres, consisting 
partly, of wheat and partly of rye. For every acre of rye he 
received 5 shillings; and what he received for an acre of 
wheat, augmented by one shilling, is to what he received for 
an acre of rye as 7 to 3. For his whole labor he received 
£ 13. Required the number of acres of each sort. 

Ans. 15 acres of wheat and 20 of rye. 

4. Two pieces of cloth, of equal goodness but of different 
lengths, were bought, the one for ^£5 and the other for £6.108. 
Now if the lengths of both pieces were increased by 10, the 
numbers resulting would be in the proportion oi 5 to 6. How 
long was each piece, and how much did they cost a yard ? 

Ans. The price is 5s. and the lengths are 20 and 26 yds. 
6. A cistern is filled in twenty minutes by three pipes, one 
of which conveys 10 gallons more, and the other 5 gallons 
less than the third per minute. The cistern holds 820 gallons. 
How much flows through each pipe in a minute ? 

Ans. 22, 7, and 12 gallons. 

6. A person put out a certain sum to interest for 6j- years at 
5 per cent, simple interest, and found that if he had put out 
the same sum for 12 years and 9 months at 4 per cent, he 
would have received $ 185 more. What was the sum put out? 

Ans. $1000. 

7. Two persons, A and B, were partners. A's moiaey re- 
mained in the firm 6 years, and his gain was one-fourth of his 
principal, and B's money, which was iS50 less than A's, had 
been in the firm 9 months, when they dissolved partnership, 
and it appeared that if B had gained £6, 5s. less, his gain 
and principal would have been to A's gain and principal as 4 
to 5. What was the principal of each ? 

Ans. ie200 and iSlSO. 

8. The estate of a bankrupt valued at $21000 is to be di- 
vided among four' creditors proportionably to what is due to 
ftefn. His debts due to A and B are as 2 to 3 ; B's claims 
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end C's are in the proportion of 4 to 5; and C's and D's in 
the proportion of 6 to 7. What sum must each receiy e ? 

Ans. A $3200, B $4800, C $6000, D $7000. 
. 9. Two persons, A and B, began to pay their debt?. A's 
money was at first two-thirds of B's ; but after A had paid 
$1 less than two-thirds of his money, and B $1 more than 
seyei>eighths of his, it was found that B had only half as 
much as A had left. What sum had each at first ? 

Ans. A had $72 and B $108. 

10. The crew of a ship consisted of her complement of 
sailors and a lumber of ^soldiers. Now there were 22 seamen 
to every three guns and 10 over. Also the whole number of 
hands was 5 times the number of soldiers and guns together. 
But after an engagement, in which the slain were one fourth 
of the survivors, there wanted 5 to be 13 men to every 2 gans. 
Required the number of guns, soldiers, ^nd sailors. 

Ans. 90 guns, 55 soldiers, and 670 sailors. 

11. A shepherd in time of war was plundered by a party of 
soldiers, who took ^ of his fiock and j^ of a sheep ; another 
party took from him ^ of what he had left and ^ of a sheep ; 
then a third party took ^ of what now remained and j- of a 
sheep. After which he had but 25 sheep left. How many 
had he at first ? Ans. 103. 

12. A trader maintained himself for S years at the expense 
of $50 a year; and in each of those years augmented that 
part of his stock, which was not so expended by one-third 
thereof. At the end of the third year his original stock was 
doubled. What was- the stock? Ans. $740. 



13. A work is to printed on a form such, that each page 
may contain a certain number of lines, and each line a certain 
number of letters. If 3 lines more are placed on a page, and 4 
letters more in a line, then there would be 228 letters more on 
each page ; but if there are two lines less , pl^ed on a page, 
and in each line 3 letters less, then eacl; page will contain 150 
letters less* How many lines are tl^ere ii^ each pa^ ? ^d 
how many letters in each line ? 

Ans. 36 lines per page and 24 letters in a line. 
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14* A man. Vkd his wife eould drink a barrel of beer in 1(^ 
days. After drinking together 6 days, .the woman alone drank 
tfaie remainder in 30 days. In what time would either alone 
drink a barrel ? Ans. The i^an would drink it in 21.^ 

days, and the woman in 50 days. 

15. When wheat was 5 shillings a bushel and rye 3 shil* 
lings, a man wanted to fill his sack with a mixture of rye and 
wheat for the money he had in his purse. If be bought 7 
bushels of rye, and laid out the rest of his money in wheat, 
he would want two bushels to fill his sack ; but if he bouglit 
6 bushels of wheat, and filled his sack with rye he would have 
6 shillings left. How must he lay out his money and fill his 
sack ? Ans. He must buy 9 bushels of wheat, 

and 12 bushels oi rye. 

16. Three guineas were to be raised on two estates to be 
charged proportionably to their values. Of this sum, A's es- 
tate, which was 4 acres more than B's, but worse by 2 shil- 
lings an acre, paid £ll5s. But had A possessed 6 acres more, 
and B's land been worth 3 shillings an acre less, it would have 
paid £2 5s. Required the number of acres in each estate, 
and the value per acre. 

Ans. A had 12 acres worth 10$. an acre, and 
B 8 acres worth 12s. an acre. 

17. In one of the comers of a garden there is a rectangular 
fish-pond, whose area is one ninth part of the area of the garden ; 
the garden is rectangular and its periphery exceeds that of the 
fish-pond by 200 yards. Also if the greater side be increased 
by 3 yards and the other by 5 yards ; the garden will be en- 
larged by 645 square yards. Required the periphery of the 
garden, and the length of each side. 

Ans. The periphery is 300 yards, and the 
sides are 90 and 60 yards respectively. 

18. A sets out express from C towaor^s D, Mid three hours af- 
terwards B sets out from D towards C, t^ravelling 2 miles an hour 
more than A. When they meet, it appears that the distances 
they have travelled are in the proportion of 13 to 15 ; but had 
A travelled 5 hours less, and B gone 2 miles an hour more, 
they would have been in the proportion of 2 to 5. How 
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many mil^s did each go per hour, and how many hours <fid 
they travel before they met ? 

Ans. A went 4, and B 6 miles an hour, and 
they travelled 10 hours after B set out. 
19* A coach set out from Cambridge for London with a cer* 
tain number of passengers, 4 more being on the outside than 
within. Seven outside passengers could travel at 2 shillings 
less expense than 4 inside. The fare of the whole amounted 
to £9. But at the end of half the journey, it took up three 
more outside and one more inside passengers, in consequence 
of which the fare of the whole became increased in the pro* 
portion of 17 to 15. Required the number of passengers, 
and the fare of the inside and outside. 

Ans. There were 5 inside, and 9 outside passengers, 
and the fares were 18 and 10 shillings respectively. 

y. — Questions producing Equations of thb Second 

Degree. 

1. Some gentlemen made an excursion and every one took 
the same sum. Each gentleman had as many servants attend- 
ing him, as there were gentlemen ; and the number of dollars 
which each had was double the number of all the servants, 
and the whole sum of money taken out was $3456. How 
many gentlemen were there ? Ans. 12. 

2. What two numbers are those, whose difference multi- 
plied by the greater produces 40, and by the less 15 ? 

Ans. ± 8 and ± 3. 

3. There is a number consisting of two digits, which be- 
ing multiplied by the digit on the left hand, the product is 
46 ; but if the sum of the digits be multiplied by the same 
digit, the product is only 10. Required the number. 

Ans. 23. 

4. A detachment of soldiers from a regiment being order- 
ed to march on a particular service, each company furnished 
four times as many men, as there were companies in the regi- 
ment ; but these being found to be insufficient, each company 
furnished 3 more men ; when their number was found to be 
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In^reaned iiif tlri YMitf df 17 to 16. How minf ^ompiiAieB 
Wftre thef^ in tb^ iregittent. Anrf. 12. 

5. It'is reqtrir^i} to find two ntrmbers i^ti^h, thit thepr^ 
dact df (tie grefii^t ^d sqtiaif^ root of the l^ss Mtf be ^qutd 
tb 48, atid the pro^ct of tlie Us^ ditid sqtiai^i root of the 
greater may be 36. ' Ans. 16 iiid 9. 

6. A riiitner draws a certain quaiilfity Of wine out of a full 
vessel that holds 256 gallons ; atid then filling the vessel with 
water, draws off the same quantity of liquor as befote, and" so 
on, for four draughts, when there were onfy 81 gallons 6f pure 
wine left. How much wine did he draw each time. 

Ans. 64, 48, 36' and 27 gallons respectively. 

7. Find two numbers, whose product is 320, and the dif- 
ference of whose cubes is to the cube of their difference as 
61 to unity. Ans. 20 and 16. 

8. A farmer has two cubical stacks of hay. The side of 
one is three yards longer than the side of the other; and the 
difference 6f their contents is 117 solid yards. Required the 
side of each. Ans. 5 and 2 yards respectively. 



9. A and B hired a pasture, into which A put 4 horses and 
B as many as cost him 18 shillings a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired ? 

Ans. 305. per week. 

10. A man playing at hazard won at the first throw as 
much money as he had in his pocket ; at the second throw he 
won 5 shillings more than the square root of what he then 
had ; at the third throw he won the square of all he then 
had ; and then he had JS112 16s. What had he at first ? 

Ans. 18 shillings. 

11. A grocer sold 80 pounds of mace^ and 100 pounds of 
cloves for £65; but he sold 60 pounds more of cloves for 
i&20, than he did of mace for £10. What was the price of a 
pound of each ? 

Ans. The mace IO5. and the cloves 58. a pound. 
23 
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12. A and B purchased a farm containuig 900 aerea ot laad, 
at the rate of |i2 an acre, which they paid equally between 
them ; but on dividing the same, A got that part of the farm, 
which C(Hitained the best of the improvements, and.agieed to 
pay 45 cents an acre more than B. How many acres had 
each, and at what price ? 

Ans. A had 400 acres at $2.25 an acre, and 
B 500 acres at |il.80 an acre. 

IS. The fore wheel of a carriage makes 6 revolutions mpre 
than the hind wheel in going 120 yards; but if the periphery 
of each wheel be increased one yard, it will make only 4 rf y- 
olutions more than the hind wheel in the same space. Re- 
quired the circumference of each ? Ans. 4 and 5. 

VL — ^Miscellaneous Questions. 

1. Find two numbers such, that their sum and product to- 
gether may be equal to 139. 

Ans. 1 and 69, 3 and 34, 4 and 27, 6 and 19, 9 and 13. 

2. It is required to divide the fraction J^ into two other 
fractions, whose denominators are 7 and 9. What are the 
fractions ? Ans. | and ^, ^ and j^. 

3. Find the numbers divisible by 7, such, that if divided 
by 3 the remainder will be 2, if divided by 4 the remainder 
will be 3, and if divided by 5 the remainder will be 4. 

Ans. The numbers sought must be of the form 420/ -j- 119. 

4. To find in entire and positive numbers the sides of a 
rectangle, the surface of which contains four times as many 
square feet, as its perimeter contains feet. 

Ans. The sides will be 72 and 9, 
40 and 10, 24 and 12, 16 and 16. 

5. The difference between two numbers is d. What are 
the numbers, when the third proportional to the less and great- 
er is the least possible ? 

Ans. The less will be df, and the greater 2 d. 

6. To divide a given number 2 a into two parts such, that 
the sum of the greater and the third proportional to the great- 
er and less may be a minimum. 

Ans. The minimum will be 4 o (^2 — 1), and the nunn 
hers sought will be a (^2 — 1), and 0^2. 
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7* There are three numbers in geometrical progression, the 
sum of the first and last is 52, and the square of the mean ia 
lOO. What are the numberji ? Ans. 2, 10, and 50. 

8. The sum of the first and second of four numbers in ge- 
ometrical progression is 15, and the sum of the third and 

fourth is 60. Required the numbers. 

Ans. 6, 10, 20, 40. 

9. A and B set out from London at the same time, to go 
round the world (23661 miles) one going East and the other 
West. A goes one mile the first day, two the second and so 
on. B goes 20 miles a day. In how many days will they 
meet ; and how many miles will be travelled by each ? 

Ans. They travel 198 days ; A goes 19701, and B 3960 miles. 

10. The sum of three numbers in geometrical progression is 
13, and the product of the mean and the sum of the extremes 
is 30. Required the numbers. Ans. 1, 3, 9. 

11. There are five whole numbers, the three first of which 
are in geometrical progression, and the three last in arithmet- 
ical progression, the second number being the second differ- 
ence. The sum of the four last is 40, and the product of the 
second and last is 64. Required the numbers. 

Ans. 2, 4, 8, 12, 16. 

12. The number of deaths in a besieged gariAson amounted 
to 6 daily ; and allowing for this diminution their stock of 
provisions was sufficient to last for 8 days. But on the even- 
ing of the sixth day 100 men were killed in a sally, and after- 
wards the mortality increased to 10 daily. Supposing the 
stock of provisions unconsumed at the end of the sixth day to 
be sufficient to support 6 men for 61 days; it is required to 
find how long it would support the garrison ; and the number 
of men alive when the provisions were exhausted. 

Ans. 6 days, and 26 men remained alive when 
the provisions were exhausted. 

13. A gentleman puts out to interest $100 at 6 percent, and 
at the same time $50 at compound interest at the same rate. 
In what time will the two sums be equal ? 

Ans. In 29.301 years. 
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14< A merchant depo«itd in a bstik a sum (g-, st f^r^ fbr n 
years. How mtieli will le hitve? in the hank ti tb^ ei^d 6f fhh 
time, supposing the hank to divldig ^t Ih^ rate f pefr annun^. 

r 
16. There are three nuihbl^rs in ^eoiiietncal progression, 
the first term is a, and the sum of the two last tenns is s. 
What are the two last terms ? 

Ans. "' ' A anQ ' ' ^ :. 

16. Given the sum of two numbers 2 s and the difference 
of their cubes 2 g ; to find the numbers. 

Putting 2 d for the difference between the two numbers, the 
numbers will be « + J, » — cf, and we shall have 



=vx 



q — «' 



3s 
from which the numbers themselves will be readily obtained. 

17. The sum of two numbers is 2'«, and the sum of the quo- 
tients when the numbers are divided alternately one by the 

P 
other is - ; to find the numbers. 

9 

18. The difference of two numbers multiplied by the dif- 
ference of their squares is 160, and their sum multiplied by 
the sum of their squares is 680. What are the numbers ? 

19. The sum and product of two numbers added together 
make 34, and the sum of their squares exceeds the sum of the 
numbers themselves by 42. What are the numbers ? 

20. The sum of two numbers is 14, and their product mul- 
tiplied by the sum of their squares is 4770. What are the 
numbers ? 

21. The sum of the surfaces of two rectangles is g, the 
sum of their bases is a, and if the heights of the rectangles 
are alternated, the surface of the first will be p, and that of 
the second*^. To determine the rectangles. 

Ans. The base of the firsts =^^^4^f^,¥^;^^^^ 
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